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PEEFACB 


T his Tolume contains, m addition to a fuither selection fiom my 
scientific papers, a feiv articles reprinted from the last edition of the 
E%cyclop<xed%Oi Bt ita/iwtcoi , and an Introductory Lecture to my Ordinal y 
Class, devoted mainlv to the question of hovr Natural Philosophy ought, as 
well as how it ought not, to be taught For permission to reprint these 
I am mdebted to the courtesy of Messrs A & 0 Black, and of Messrs 
Isbister, respectively 

I have been assured by competent judges that my remarks on Science 
Teaching, as it is too commonly conducted, are not only in no sense 
exaggerated, but aie even now as appropriate and as much needed as they 
seemed to me twenty yeais ago 

To the short article on Quaternions I was inclined to attach special 
importance, of course solely from the historical point of view , for (m 
consequence of my profound admiration for Hamilton s genius) I had spared 
neither time nor trouble in the attempt to make it at once accurate and 
as complete as the very limited space at my disposal allowed Yet, as 
will be seen from the short note now appended to the article, the claims 
of Hamilton to entire oiiginality in the matter have once moie been 
challenged — on this occasion in behalf of Gauss [It is noteworthy that 
Hamilton himself seems to have had at one time a notion that, if he had 
been anticipated, it could have been only by that very remarkable man 
But he expresses himself as having been completely reassuied on the subject, 
by a pupil of Gauss who was acquainted with the drift of his teachers 
uupubhshed researches See Hamilton’s Yol iii pp 311 — 12, 326 3 
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It IS therefore with much regiet that I allow this volume to be issued 
before full materials are available foi the final settlement of such an 
important (][uestion in scientific history But it is reasonable to conclude 
that the so called anticipations had at least no very intimate connection 
with a subject at once so novel and so unique as Quateinions For Gauss, 
though he survived their (hitherto supposed) date of birth for about twelve 
years, certainly seems to have made no (public) claim in the matter 

The arrangement of the contents is, as nearly as possible, that adopted 
in the former volume — all papeis on one large subject, such as the 
Kinetic Theory of Gases, Impact, the Linear and Vector Function, the 
Path of a Rotating Spherical Piojectile, &c , being brought into groups 
m relative sequence I have reprinted only the later of my papeis on 
the Kinetic Gas Theory The earlier were numerous, but fragmentary, and 
a great part of their contents (often m an improved form) had been 
embodied in the later ones 

I have again to thank Drs Knott and Peddie for their valuable help 
in reading the proofs 

It 18 intended that a thud volume shall contain some later papers 
together with a complete list (including those not re published) and a 
general Index 
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LXI 

EEPOET ON SOME OF THE PHYSICAL PEOPEETIES OF 
FEESH WATEE AND OF SEA- WATER 


[F'tom the Physics and Chemistry of the Toyage of HM8 Challenge} , 

Vol II Part IV 1888] 

INTRODUCTION 

As I had taken advantage of the instruments employed for the determination 
of the Pressure Errors of the Challenger Thermometers^ to make some other physical 
investigations at pressures of several hundred atmospheres Dr Murray requested me to 
repeat on a larger scale such of these as have a hearmg on the objects of the 
Challengers voyage The results of the inquiry are given m the following paper The 
circumstances of the experiments whether favourable to accuracy or not, are detailed 
^vith a mmuteness sufficient to show to what extent of approximation these results- 
may he trusted My object has been rather to attempt to settle large questions about 
which there exists great diversity of opinion, based upon irreconcilable expenmental 
results than to attain a very high degree of accuracy My apparatus was thoroughly 
competent to effect the first but could not without seiious change (such as greatlv 
to affect its strength) have been made available for the second purpose The results 
of Grassi Amaury and Descamps Wertheim Pagliam and Vincentini, &c as to the 
compressibihty of water at low pressures differ from one another m a most distractmg 
manner, and the all but universal opinion at present seems to be that, for at least 
five or SIX hundred atmospheres, there is little or no change m the compressibihty 
the exphcit statement of Perkins notwithstandmg My experiments have all been 
made with a view to direct application m problems connected with the Challenger 
work, and therefore at pressures of at least 150 atmospheres so that I have only 
incidentally and indirectly attacked the first of these questions, but I hope that no 
doubt can now remain as to the proper answer to the second The study of the 
compressibihty of various strong solutions of common salt has I believe been earned 
out for the first time under high pressures, and the effect of pressure on the 
mg.YiTY^nm density point of water has been approximated to by three different expen- 
mental methods one of which is direct 

^ Narr CJiall Exp yoI ii App A 1882 [Ante No LX ) 
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COMPEESSIBILITY OF WATER GLASS AND MERCURY 

I General Account op the Intestiqation 

I WILL first give a general account of the subjects treated, of the mode of con 
ducting the expenments and of the difficulties which I have more or less completely 
overcome m the course of several years work The reader will then be m a position 
to follow the full details of each branch of the inquiry 

The experiments were for the most part earned on m the large Fraser gun 
fully desenbed and figured m my previous Report ^ But it was found to be im 
practicable to maintam this huge mass of metal at any steady temperature except 
that of the air of the cellai m which it is placed The great thickness of the 
College walls aided by the comparative mildness of recent winters thus hmited till the 
beginning of the present yeai the available range of temperature for this instrument 
to that from 3 C to about 12 C As I did not consider this nearly sufficient and 
as comparative expenments at the higher and lowei of these temperatures could only 
be made at mtervals of about six months I procured (m May 1887) a much less 
unwieldy apparatus It was made entirely of steel so as to be of as small mass as 
possible with the necessary capacity and strength and could at pleasure be used at 
the temperature of the air oi be wholly immersed m a large bath of melting ice 
As this apparatus was mounted not in a cellar but m a room sixty feet above the 

ground and fs cir»g the south it enabled me to obtain a temperature range of 0° C 

to 19 C with which I was obliged to content myself A gieat drawback to the 
use of this apparatus was found in the smallness of its capacity Not only was I 
limited to the use of two instead of six oi seven piezometers at a time, but the 

pressure could not be got up so slowly and smoothly a* with the large apparatus 

and (what was still worse) it could not be let off so slowly In spite of these and 
othei difficulties to be detailed later I think it will be found that the observations 
made with this apparatus are not markedly mfenor m value to those made with the 
great gun 

In the piezometers I have adhered to the old and somewhat rude method of 
recording by means of indices contaming a small piece of steel and mamtained in 
their positions (till the mercury reaches them and after it has left them) by means 
of attached hairs These indices are liable to two kinds of deceptive displacement 
upwards oi downwards by the current produced at each stroke of the pump or by 
that produced during the expansion on relief of pressure The first could almost 
always be avoided even in the smaller apparatus provided the pressure was raised 

^ Pressure Errois of the Challenger Thermometers Ant€ No LX 
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With sufficient steadiness and the index brought down to the mercury at starting 
But the instantaneous reaction partly elastic partly due to cooling and on i irc 
occasions due to leakage of the pump or at the plug after a rash stroke of the 
pump sometimes left the index a little above the mercury just before the next stroke 
If another rash stroke followed the mdex might be earned still farther above the 
pomt reached by the mercury Practically however there is little fear of my estimitcs 
of compression having been exaggerated by this process They are much more likely 
to have been shghtly diminished by a somewhat sudden fell of pressure which in 
spite of every care occasionally took place at the \ery commencement of the relief 
Once 01 twice the experiments were entirely vitiated by this cause , but as we had 
recorded the sudden outrush before the plug had been removed m oider to take out 
the piezometers we were fully warranted m lejectmg the readings taken on such an 
occasion —and we mvasiably did so whether they agreed with the less suspicious 
results or not 


Another and very puzzhng source of uncertamty m the use of those indices 
depends on the feet that the amount oi pressure required to move them vanes from 
one part of the tube to anothei sometimes even (from day to day) in the same put 
of the tube —and the index thus records the final position of the top of the moruiiy 
column m different phases of distortion on different occasions The effect of this will 
be to make all the determinations of compression too small and it will be more 
peiceptible the smaller the compression measured And m sea water and still more 
m strong salt solutions the surface tension of the mercury changes (a slight deposit 
of calomel (?) being produced), while the elasticity of the bans also is much affected 
But by multiplymg the experiments it has been found possible to obtain what 
appeals a fairly trustworthy set of mean values by this process 

I diseased the use of the alvenng process which I had employed in my earlier 
expemnents partly because I found that the mercury column was liable to break 
e^ially when seawater was used partly from the great labour and loss of time 
wbch the constant resilvermg and refillmg of the piezometers would have involved 
This process has also the special disadvantage that the substance operated on is not 
necessarily the same m successive repetitions of the experiment 

the electiical process’ which I devised for lecording the accomphshment of a 

w'LwT impossible to 

ead instated wires mto either of my compression-chambers This was much to Ko 

regretted as I know of no method but this by which we can h^ i . 

of the temperature at which the operation is conducted ^ ^ oeitain 

My nert difficulty was in the measurement of pressure In my former Renort T 

mooitoU. oto! of o doooL V tL^omoters »k6re tko 

pe. ce.. of if ^ 5 20 

0. » s- o p„ oonTTr? 

J. per cent in the reading mainly due to 

^ Proc Roy Soc Edin , yoI xii pp 223 224 o . 

* Appendix L to this Beport 
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capillary effects at the surface of the mercury column, was quite possible when the 
pressure did not exceed 160 atmospheres Fortunately I was infoimed of the great 
improvement made by Amagat on the prmciple of the old MammUre Desgoffes an 
improvement which has made it an instrument of precision instead of an mgemous 
scientific toy M Amagat was so kmd as to supermtend the construction of one of 
his mstruments for me (it will be a surprise to very many profe^om of physics in 
this country to hear that the whole work was executed m his laboratoiy) and to 
graduate it bv comparison with his well known nitrogen gauge My measurements of 
pressure are therefore only one remove fi:om Amagat s 1000 feet column of mercmy 

The change of temperature produced by compression of water is one of the most 
formidable difficulties I have encountered Durmg the compression the contents of 
the piezometer as well as the surrounding water constantly change in temperature, 
and the amount of change depends not only on the initial temperature of the water 
but also on the lapidity with which the pressuie is raised It was impossible to 
ascertam exactly what was the true temperature of the water m the piezometer at 
the mstant when the pressure was greatest and a change of even 0 IC involves a 
displacement of the hair mdex which is quite easily detected even by comparatively 
rude measurement Any very great mcety of measurement was thus obviously super 
fluous My readmgs therefore were all made directly by applying to the tube ot 
the piezometer a light but very accurate scale The zero of this scale was adjusted 
to the level of the upper surface of the mercury of each piezometer the mjant it 
was removed from the water vessel in which it was lifted from the pressure chamber, 
and the position of the index was afterwards read at leisure As the same scale was 
employed m the calibration of the piezometer tubes its unit is of course of no 

consequence The expansibility of water at atmosphenc pressure is so small at least 

lit) to 8 0 that no perceptible displacement of the mercury can have been intro 

duced before the zeio of the scale was adjusted to it The effects of the rmsmg of 

temperature by heatmg are two a direct increase of the volume (provided the tern 
perature be above the maximum density point, and the pressure be kept constant) 
Ld a dimmution of compressibility (provided the tempeiature be under the mmmum 
compressibility point) These conspire to dimmish the amount of compression produced 
by a given pressure At 15 C or so the first of these is m the range of my 

expenments the more serious of the two especially m the case of the solutions of 

common salt , , i 

The water m the compression apparatus even when the large one was used, 

slowly changed in temperature fi:om one group of experiments to the next -some 
times perceptibly during the successive stages of one group The effect of this source 
of error was easily ehmmated by means of the rough results of a plotting of the 
uncorrected expenLntal data From this the effect of a small change of temperatme 
on the compressibility at any assigned temperature was determmed with accuracy ar 
more than sufficient to enable me to calculate the requisite correction This correction 
was therefore applied to all the experimental data of each gioup for which e 

temperature differed from that at the commencement of the group The corrected 

numbers were employed in the second and more complete graphical calculation I 
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endeavoured to raise the pressure m each experiment as nearly as possible by 1 2 
or 3 tons weight pei square mch — havmg convinced myself by many tnals that this 
was the most convenient plan The cure for any (shght) excess or defect of pressure 
was at once supphed by the graphical method employed in the reductions in which 
the pressures were laid down as abscissse and the corresponding average compres- 
sibihties pei atmosphere as ordmates 

When this work has been fully earned out we have still only the apparent 
compressihihty of the water or salt solution The correction for the compressibility of 
glass which is by no means a negligible quantity — being m fact about 5 per cent 
of that of water at 0 C — ^involves a more formidable measuiement than the other 
but I think I have executed it foi two different temperatures, within some 2 pei cent 
or so The resulting values of the true compressibility of watei may therefore en 
on this account by 01 per cent This is considerably less than the probable oiror of 
the determmations of apparent compressibility so that it is far more than sufhcient 
With a view to this part of the work the piezometers whether foi water or foi 
mercury were all constructed from narrow and wide tubes of the same glass obtained 
from one melting in Messrs Tords Works Edinburgh, while solid rods of the same 
were also obtained for the apphcation of Buchanans method* 

My results are not strictly comparable with any that to my knowledge, have 
yet been pubhshed except of course those which I gave in 1883 and 1884 The 
reason is that the lowest piessure which I apphed (about 160 atmospheres, or newly 
one ton weight per square mch) is far greater than the highest employed by othoi 
expenmenters at least for a consecutive senes of pressures I must except howevei, 
the results of Perkins and some remarkable recent determinations made by Amagat* 
PerkniB results are entirely valueless as to the actval compressions because his piossurc 
umt IB obviously very far from correct They show however, at one definite tem- 
perature the rate at which the compressihihty dimmishes as the pressure is raised 
^a^ts work on the othei hand though of the highest order is not yet completed 
by the determmation of the correction for the compression of the piezometer 

The extension of my formulae to very low pressures though it agrees m a 
lemwkable mnner with some of the best of accepted results, such as those of 
Bucl^an and of Pagliam and Vincentini, is purely conjectural and may therefore 
^^bly mvohje ermr but not one of the least consequence to any inqumes connected 
with the problems to which the Challenger work was directed 

The piezometers which had been for three years employed on watei and on soa- 

solutions of common salt of 
very different strengths prepared m the laboratory of Dr Crum Blown The deter- 

^ations of conipressihihty were made at three temperatures only those which could 
^ steadily maintamed viz 0 C 10 0 and about 19 C the two latter bemir the 
temprature of the room the former obtained by the use of an ice bath Here^greab 

mSts ^ mercury was requisite even m the expen- 

in e near 0 for the salt solutions (especially the nearly saturated one) 

^ Traris Hoy Soc Edtn vol xxix pp 589-698 1880 
Comptes Bendus tom ora 1886 and tom oiv , 1887 
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show considerable expansibility at that temperature In these salt solutions howevei 

the hair indices behave very irregularly, so that this part of my work is much 

mfenoi in exactitude to the rest 

Besides the determinations biiefly described above there will be found in this 
Report a number of experimental results connected with the effect of pressure on 
the temperature of water and on the temperature of the maximum density of water 
Though I afterwards found that the question was not a new one I was completely 
unaware of the fact when some experiments which I made m 1881 on the heat 
developed by compressing water, gave results which seemed to be mexplicable except 

on the hypothesis that the maximum density point is lowered by pressure Hence I 

have added a description of these experiments since greatly extended by parties of 
my students 

And I have appended other and more direct determinations of the change of the 
maximum density point I also give after Canton but with better data than his 
an estimate of the amount by which the depth of the sea is altered by compression 
Also some correspondmg inquiries foi the more complex conditions mtroduced by the 
consideration of the maximum density point &c 

An Appendix contains all the theoretical calculations the results of which are 
made use of in the text , as well as some speculations not devoid of mterest which 
have arisen in the course of the inquiry 


II Some former Determinations 

Theie seems now to be no doubt that Canton (in 1762) was the first fco establish 
the fact of the compressibihty of water But he did far more, he measured its 
apparent amount at each of three temperatures with remarkable accuracy and thus 
discovered (in 1764) the curiously important additional fact that it diminishes when 
the tempeiature is raised As his papers or at all events the second of them seem 
to have fallen entirely out of notice^ and as they are exceedingly biief and cleai 
1 think it well to reproduce some passages textually from the Philosophical Trans 
mtions of the dates given above 

Havmg procured a small glass tube of about two feet in length with a ball 
at one end of it of an inch and a quarter m diameter, I filled the ball and part 
of the tube with mercury, and keeping it with a Fahrenheit s thermometer m 
water which was frequently stirred it was brought exactly to the heat of 60 degrees, 
and the place where the mercury stood in the tube which was about 6^ inches 
above the ball, was carefully marked I then raised the mercury, by heat to the 
top of the tube, and sealed the tube hermetically, and when the mercury was 
brought to the same degree of heat as before, it stood in the tube of an inch 
higher than the mark 

1 Perhaps the reason may be m part that by a prmter s error the title of Canton s first paper is given 
(m the Index to vol lii of the Phil Trans ) as Experiments to prove that Water is not compressible 



8 


REPORT ON SOME OP THE PHYSICAL PROPER I lES OF 


[lxi 


The same ball and part of the tube being filled with water exhausted of air 
instead of the mercury and the place where the water stood in the tube when it 
came to rest m the heat of 60 degrees being marked which was about 6 inches 
above the ball , the water was then raised by heat till it filled the tube , which 
bemg sealed again and the water brought to the heat of 50 degrees as before it 
stood m the tube of an inch above the mark 

^‘Now the weight of the atmosphere (or about 73 pounds avoirdupois) pressmg 
on the outside of the ball and not on the inside will squeeze it into less compass^ 
And by this compression of the ball the mercury and the water will be equally 
raised m the tube, but the watei is found by the experiments above related to 
rise * 5 ^ 1 ^ of an mch more than the mercury, and therefore the water must expand 
so much, more than the mercury by removing the weight of the atmosphere 

‘In order to determine how much watei is compressed by this or a greatei 
weight I took a glass ball of about an mch and ^ m diameter which was 
joined to a cylmdncal tube of 4 inches and m length and m diameter about 
of an mch , and by weighmg the quantity of mercury that exactly filled the ball 
and also the quantity that filled the whole length of the tube, I found that the 
mercury m ^ of an mch of the tube was the 100 OOO pait of that contained m 
the ball , and with the edge of a file I divided the tube accordingly 

This bemg done I filled the ball and part of the tube with water exhausted 
of air, and left the tube open that the ball whether m larefied or condensed air 
might always be equally pressed withm and without and therefore not altered in its 
dimensions Now by placing this ball and tube under the receiver of an air pump, 
I could see the degree of expansion of the water, answering to any degree of rare- 
fxction of the air, and by puttmg it mto a glass receiver of a condensmg engme, 
I could see the degree of compression of the water answering to any degree of 
condensation of the air But great care must be taken m making these experiments 
that the heat of the glass ball be not altered either by the commg on of moisture 
or its gomg off by evaporation, which may easily be prevented by keeping the ball 
under water oi by usmg oil only m workmg the pump and condenser 

In this manner I have found by repeated trials when the heat of the air has 
been about 50 degrees and the mercury at a mean height m the barometer that 
the water will expand and nse in the tube by removmg the weight of the atmo 
sphere 4 divisions and or one part m 21,740, and will be as much compressed 
under the weight of an additional atmosphere Therefore the compression of water 
by twice the weight of the atmosphere is one pait in 10 870 of its whole bulk 

^ See an acooimt of experiments made with gla s balls by Mr Hooke (afterwards Dr Hooke) m Dr Birch s 
History of the Royal Society vol i p 127 

^ If the compressibility of the water was owmg to my air that it might still be supposed to contam 
it IS evident that more air must make it nme compiessible I therefore let into the ball a bubble of air 
that measmed near ^ of an moh m diameter which the water absorbed in about four days but I found 
upon tnal that the water was not more compressed by twice the weight of the atmosphere than before 

The compression of the glass m this expenment by the equal and contrary forces acting withm and 
without the ball is not sensible for the compression of water m two balls appears to be exactly the same 
when the glass of one is more than twice the thickness of the glass of the other And the weight of an 
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‘ The famous Florentine Expenment which so many philosophical wnteis have 
mentioned as a proof of the mcompressibility of water will not when carefully- 
considered appear sufficient foi that purpose for m forcing any part of the water 
contained in a hollow globe of gold thiough its pores by pressure the figure of the 
gold must be altered , and consequently the internal space contaimng the water 
diminished, but it was impossible for the gentlemen of the Academy del Oimento 
to determme that the water which was foiced mto the pores and through the gold 
was exactly equal to the dinunution of the mtemal space by the pressure 

‘By bimilai expenments made since, it appeals that water has the remarkable 
property of being more compressible in -winter than in summer, which is contrary to 
what I have observed both m spint of wine and oil of ohves these fluids are (as 
one would expect water to be) more compressible when expanded by heat, and less 
so when contracted by cold Water and spirit of wine I have several tuYifti. ft■lraTvnno(^ 
both by the air pump and condenser m opposite seasons of the year and, when 
Fahrenheit s theimometer has been at 34 degrees I have found the watei to be 
compressed by the mean weight of the atmosphere 49 parts m a milbnn of its 
whole bulk and the spint of -wme 60 parts, but when the thermometer has been 
at 64 degrees, the same weight would compress the water no more than 44 parts 
in a million, and the spirit of wme no less than 7l of the same parts In mnlnrig ^ 
these expenments the glass ball contaimng the fluid to be compressed must be kept 
under water that the heat of it may not be altered during the operation 

The compression by the weight of the atmosphere and the specific gravity of 
each of the followmg fluids (which are all I have yet tried,) were found when the 
barometer was at 29J mches and the thermometer at 60 degrees 


Millionth parts Speoiho gravity 

Compression of Spuit of Wine 66 846 

, Oil of Olives, 48 918 

Ram Water 46 1000 

„ Sea Watei 40 1028 

Mercury 3 1359 d 


These fluids are not only compressible but also elastic for if the weight by which 
they are naturally compressed be dimimshed they expand, and if that by which 

they are compressed in the condenser be removed they take up the same room as 

at flrst That this does not arise from the elasticity of any air the fluids contain^ 

IS evident, because their expansion by removing the weight of the atmosphere is 

not greater than their compression by an equal additional weight whereas air will 
expand twice as much by removmg half the weight of the atmosphere as it will 
be compressed by addmg the whole weight of the atmosphere 

It may also be worth observmg that the compression of these fluids, by the 
same weight are not m the inverse ratio of their densities or specific gravities, as 
might be supposed The compression of spirit of wme, for instance being compared 

atmosphere which I found would compress mercuiy m one of these balls but ^ pait of a division of the 
tube compresses water m the same ball 4 divisions and 

T II 
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with that of lain water is greatey than in this pioportion and the compression of 
sea watei is less 


With the exception of the mistake as to the non effect of compressibility of glass 
and its COD sequences (a mistake into which Orsted and many others have fallen 
long since Cantons day) the above ib almost exact The argument from the fact 
that thick and thin vessels give the same result is unfounded, but the discovery of 
the fact itself shows how accurate the experiments must have been The formula (A) 
below (Section VII) if extended to p = 0 gives foi the value of the appaient 
compressibility of water at 10 0 (50° F ), which is what Canton really measured the 
number 

00000461 

exactly the same as that given by him 126 years ago * 

The next really great step m this inquiry was taken by Perkins m 1826 He 
showed beyond the possibility of doubt that in water at 10 0 the compressibility 
diminishes as the pressure is mcreased quickly at first afterwards more and moie 
slowly^ This was contested bj Orsted who found no change of compressibility up to 
70 atmospheres Many other apparently authoritative statements have since been made 
to the same effect Unfortunately Perkins estimates of pressure are very inaccurate 
so that no numerical data of any value can be obtained from his paper 

Colladon** is sometimes referred to as an authority on the compression of liquids 
But referrmg to Canton he states that there is no difference m the compressibility 
of water at 0 C and at 10° 0 BDls words aie ' Nous avons tiouv6 que lean a la 
meme compressibility k 0 et it + 10 Nous avons d^jk fait observer les causes 
derreur qui ont du alt^rer les r^sultats des experiences de Canton There can be 
no doubt whatever that there is a difference of 6 per cent , which is what Canton gives ^ 
In Regnaults experiments® pressuie was applied alternately to the outside and 
to the inside of the piezometer and then simultaneously to both From the fiist 
Appendix to my Report on the Press are Eriors Ac it will be seen that the three 
measurements of changed content thus obtained are not independent the third giving 
the algebraic sum of the first two, so that unless we had an absolutely incom 
pressible liqmd to deal with we could not employ them to deteimine the elastic 
constants of the piezometer For the compression of the liquid contents is added to 
the qnantity measured in the second and third of the experiments Thus Regnault 
had to fall back on the measurement of Youngs modulus in order to obtam an 
additional datum In place of this, Jamm afterwards suggested the measurement of 
the change of external volume of the piezometer, and this process was earned out 
by Ainaury and Descamps But there are great objections to the employment of 
external or mteinal, pressure alone m such very delicate inquiries For unless the 
bulbs be truly sphencal or cylindrical and the walls of perfectly uniform thickness 


^ The carefully drawn plate which Ulustratee his paper is one of the very best early examples of tl^e use 
of the graphic method Tians vol cvi p 641 1826 

“ Inst Savans Etrang tom v p 296 1838 i 

8 Mem Acad Sci Pans tom xxi pp 1 et bcq 1847 
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and of peifectly uniform material the theoretical conditions will not be fulfilled — 
and the errors may easily be of the same order as is the quantity to be measured 

Finding that he could not obtain good results with glass vessels Regnault 
employed spherical shells of brxss and of copper With these he obtained for the 
compressibility of watei the value 

0 000048 per atm 

for piessuies fiom one to ten atmospheres The temperature unfortunately is not 
speciallj stated 

Grassi^ working with Regnault’s apparatus made a number of deteimmations of 
compressibility of different liquids all for small ranges of pressure 

The following are some of his lesults for wxtei — 

Temperature Compressibility per atm 


0 00 

00000503 

1 5 

515 

4 1 

499 

10=8 

480 

IS 0 

462 

2o 0 

456 

34 5 

4o3 

o3 0 

441 


Ihese numbers cannot be even appioximately represented by any simple formula ^ 
mamly in consequence of the maximum compiessibility which they appear to show 
lies somewhere about 1 o C No other expeiimenter seems to have found any trace 
of this maximum 

Grabsi assigns for sea watei at 17 5 0 0 94 of the compiessibility of pure water 
xnd gives 

0 00000295 

as the compiessibility of mercury He also states that the compiessibility of salt 
solutions mcreases with rise of temperature These arc not in accordance with my 
results But as he further btates that alcohol chloioform and ether increase m 
compressibility with rise of pressure (a result soon after shown by Amagat to be 
completely eironeous) little confidence can be placed m any of his determmations 

A very complete senes of measurements of the compressibility of water (for low 
pressures) through the whole lange of temperature from 0° 0 to 100 C has been 
made by Pagliani and Vincentini^ Unfortunately in them expenments pressure was 
applied to the mside only of the piezometer so that their indicated results have to 
be diminished by from 40 to 50 per cent The efiects of heat on the elasticity of 
glass are however carefully determined a matter of absolute necessity when so large 
a range of temperature is involved The absolute compressibihty of water at O'" 0 


1 Arm de Chimie s6r S tom xxxi p 437 1861 
Sulla Comp esbibilita dei Liquidi Toiino 1884 
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IS assumed from Grassi The following are some of their results showing a much 
larger tempeiature effect than that obtamed by Grassi — 


Temperature 

0 oc 

2 4 
16 9 
49 3 
61 0 
66 2 
77 4 
99 2 


Compressibility per atm 

0 0000503 
496 
4o0 
403 
389 
389 
398 
409 


Thus water appears to have its mininium compressibility (for low pressures) about 
63 0 

My own earlier deteimmations^ will be given more fully below (Section VI) 
I may here quote one or two premismg that they were given with a caution (not 
required as it happens) that the piessure umt of my external gauge was somewhat 
uncertain They are true, not average compressibilities See Appendia B 



At 12 0 C 

Batio 

1 0 925 

Fresh water 

Sea water 

0 00720 (1-0 034^) 

0 00666 (1 - 0034p) 


At lo° 5 C 

Eatio 

1 0 924 

Fresh water 

Sea water 

000698 (1 -005p) 

0 00645 (1 -005^)) 


In all of these the unit of pressure is one ton weight per square inch (1d2 3 atm ) 
The diminution of compressibihty with increased pressure was evident from the com 
mencement of the mvestigations I assumed throughout for the compressibility of 
glass 

0 000386 per ton, 

which, as wiU be seen below, is a little too small 


By direct comparison with Amagats manometer, I have found that the pressure 
unit of my external gauge is too small, but only by about 0 5 pei cent This very 
slight underestimate of course does not account for the smallness of the pressure term 
of the first expression above As will be seen later the true cause is probably to 
be traced to the smallness of the piezometers which I used in my first investigations 
and to the fact that their stems were cut off squaie * and dipped into mercury 
Allowing for this, it will be seen that the above estimates of compressibility agree 
very fairly, in other respects with those which I have since obtamed The sea water 
employed m the companson with fresh water was collected about a mile and a half 
off the coast at Portobello and was therefore somewhat less dense (and moie com 
pressible) than the average of ocean water In my later experiments, to be detailed 

1 Proc Roy Soc Edin 1883 and 1884 
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below the sea water operated on was taken at a point outside the Futh of Forth 
considerably beyond the Isle of May 

As stated m my Report on the Pressure Errors &c, the unit of my extern il 

gauge was determmed by the help of Amagats data for the compression of air As 

the piezometer contammg the air had to be enclosed in the large gun the reooid 

was obtamed by silvermg the interior of the narrow tube mto which the air was 

finally compressed — and the heating of the air by compression as well as the un 
certamty of the allowance for the curvature of the mercury alone would easily 
account for the underestimate Besides, it is to be remembered that the reading of 
the external gauge foi 152 atm is only about 22 mm , so that a shght variation of 
surface curvature of the mercury would of itself explain a considerable part of the 
half per cent defi.cit It is however a matter of no consequence whatever as regards 
the conclusions of that Report 

Buchanan m the paper already cited gives foi the compiessibihty of watei at 
2° 6 C the value 0 0000516 , and at 12 5 C 0 0000483 The empmeal formula which 
IS one of the main results of this Report (Section VII below) extended to p = 0 
gives OOOOOoll and 00000480 respectively The agreement is very remarkable 

Amagats* mvestigations which were carried out by means of the electric mdicatoi 
abeady alluded to (which infoims the expenmenter of the mstant at which a given 
ct/nwiiub of ession is reached) have been extended to pressures of nearly 20 tons 
weight on the square inch (3000 atm) As a preliminary statement he gives the 
average apparent compression (per atmosphere) of water at 17 6 C as follows — 

From 1 to 262 atm 0 0000429 

262 to 805 00000379 

805 to 1334 0 0000332 

AtiH he states that at 3000 atmospheres water (at this temperature) has lost about 
1/10 of its ongmal bulk But Amagat has not yet published any determmation of 
the compressibility of his glass so that the amount of compression shown by his 
experiments cannot be compared with the results of this paper The rate of diminution 
of compressibility with mcreased pressure however, can be (very roughly) approximated 
to, Amagat appears to make it somewhat less than I do He operated on 

distilled water thoroughly deprived of air My experiments were made on cistern 
water boiled for as short a time as possible The analogies given m the present 
paper appear to show that this difference of substance operated on may perhaps 
suffice completely to explain the difference between our results 

I am indebted to a footnote in the recent great work of Mohn“ for a hmt 
which has led me to one of the most smgular calculations as to the compressibihty 
of water which I have met with As it is given in a volume’ whose very raison d’etre 
IS supposed to be the mmutest attainable accuracy m physical determinations I con- 
sulted it with eagerness The reader may imagine the disappomtment with which I 

1 Com^tes Bendus "tom cm p 429 1886 and tom oiv p 1169 1887 
Den Norste Nordhavs Exped Nordhaveta Dybder <fcc Christiania 1887 
3 Travaux et MSmoires du Bureau International dee Poide et Meeuree tom ii p D30 Pans 1883 
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foTind that as regards compressibility of waterj its mam feature is the aniaTiiig 
empirical formula — 

601 53-1 68995^ - 0 003141113< » 

This formula represents a parabola which is everywhere convex upwards, and thus 
cannot possibly be consistent with the existence of a mimmum compressibility Instead 
of representing the results of new experiments, it is based on data extracted fiom 
the old and very dubious results of Grassi (two data being wrongly quoted), Desoamps 
and Wertheim which differ in the wildest way from one another What method of 
calculation has been employed upon this chaotic group we are not told The result 
is a smug little table (D IX ) in which no single entry can b6 looked upon as 
trustworthy f Plate II fig 1 shows some of the materials as well as the final 
extract or quintessence derived from them 

TIT The PiEzoMErEES— R eckoning oe Log Factors — Compressibiiiiy oi 

Mercury 

The annexed sketch shows the form of piezometer employed Six of these lustiu 
ments three filled with fresh water and three with sea water were simultaneously 
exposed to pressure Ihe upper end of the bulb at B was diawn out 
mto a very fine tube, so that the instruments could be opened and 
refilled several times without appreciable change of internal volume 
They were con tamed in a tall copper vessel which was let down into 
the pressure cylmder and which kept them (after rcmovil from it) 
surrounded by a large quantity of the press water till they could b<. 
taken out and measured one by one, each aftei measurement bang 
dt once replaced in the vessel Large supplies of watei wcie kept in 
tin vessels close to the pressure apparatus, and the tempeiatuies of 
the contents of all were observed from time to time with a Kew 
Standard 

The stems AO of the piezometers were usually from ^0 to 40 cm 
in length and the volumes of the cylindrical bulbs CB were oxch 
(loughly) adjusted to the bore of the stem so that the whole displace 
ment of the indices m the various vessels should be ncaily the same 
foi the same pressure At A, on each stem, below the woiking poition 
the special maik of the instrument was made m dots of bhek enamel 
{&9 &c) so that it could be instantly recognised and affixed 

to the lecord of the index in the laboratory book Above this enamel 
mark a short millimetre scale was etched on the glass for the purpose 
of lecoidmg the volume of the water contents at each temperature before 
pressure was applied The factor by which the displacement of the index 
has to he multiplied m order to find the whole compression vanes 
(slightly) with the imtial bulk of the water-contents This m its turn, 
depends on the temperature at which the experiment is made Piacti 
cally it was found that no correction of this kind need he made in expenments on 
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fresh watei hetwoen 0 and 8® 0 but for higher temperatures it rapidly came into 
phy In the case of the stronger salt solutions it was always required 

As an example of the general dimensions of the piezometers I pnnt here the 
details of a rough preliminary measurement of one only, and employ these merely 
to exhibit the nature of the calculation for the compressibility of the contents 


Measurements for () 


21/12/86 At temperature 3 C () filled with Portobello seawater gave for 
41 3 of gauge (about 150 atm ) 131 2 of displacement for index 

834 , , 300 2o6 

1254 „ 450 , 373 6 

Before pressure mercuiy 20 mm from enamel 

This expenment is selected because its data were taken foi the approximate 
lengths of the columns of mercury used to calibrate the stem of () 

22/6/87 

length of col of meronry m stem Weight mercury and dish 


End 18 mm 
„ 45 

„ 72 

„ lOP 

140 

fiom eaamel 

? 

99 

130 8 mm 

130 8 

130 9 , 

130 9 , 

131 1 

12567 grm 
Dish 9387 

Hg 3180 , 

Aiiothoi column of Hg — 

End 18 mm fiom enamel 
36 

57 
,, 75 

94 

261 mm 
2611 , 
2611 , 
2611 

261 3 

15712 grm 
9 387 

Hg 6325 

Again mothei — 

End 18 mm 
» 43 

from enamel 

) 

372 6 mm 
3724 

18 407 grm 
Dish 9 387 




Hg 9 020 


Weight of dibh with Hg filling bulb and stem to 

o99 mm from enamel, 517 63 
Weight of dish, 37 69 


Hg m piezometer, less 599 of stem 479 94 
Hg in 599 of stem, 14 56 


Whole content to enamel, 
20 from enamel, 


494 50 
4940 
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The calculations aae as follows, — the Gauge log will be explained in Section IV — 
the formula is given m Appendix C, and the mantissse only are written — 

log 494 = 69373 
log 130 8= 11661 


(Sum) 81034 
log 3 18 = 50243 

(Difference) 69209 
Gauge log 43856 

(Sum) 13066 = log factor for pressures neai 150 atm 

69373 69373 

41664 57124 

11037 26497 

80106 95521 

69069 69024 

43856 43856 

12925 for 300 atm 12880 for 460 atm 

Hence apparent average compressibility of Portobello sea»water per atm at 3 O “is 
given by 0 on 21/12/86 is 

For first ton 11793 = log 131 2 

61595= log 413 


60198 
log factor 13065 

63263 Antilog= 00004292 

first two tons 40824 

92117 


48707 

1292o 

61632 Antilog= 00004134 

first three tons 57240 

09829 

47411 

12880 

60291 Antilog= 00004008 
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A few largei mstruinents weie made for veiy accurate comparisons of fresh. Abater 
and sea water at about 1 ton weight per square inch and at different tempeiatures 

The mercury contents of their bulbs &c were over 1000 grm The content of 
260 mm of stem in meicury was about 7 grm , and the log factor for pressuies about 
150 atm nearly =08 

lor the compressibility of mercury the annexed form of piezometer 
was employed as in this case the recording index could not be put in 
contact with the liquid to be compressed The bulb A and stem to B 
contain mercury and so does the U-tube GD Between B and G there 
IS a column of water whose length is carefully determined The recording 
index rests on the mercury column at 0 Thus obviously its displacement 
is due to 

Compression of mercury AB 4- Compression of watei BG — Compression 
of vol of glass vessel from A to C 

The measuiements of this apparatus are — 

Mercury Piezometer 26/7/87 

Hg and vessel 1100 grm 

Yessel 

Weight of mercury whose compression is measured 1062 3 

Hg and dish 

Dish 

Weight of mercury in 210 mm of tube BC 5 026 

Length of water column BO 286 mm 

The obsenations made with this apparatus were as follows the results calculated 
being added enclosed in square brackets — 

22/6/86 Kew Standard 12 75 

Alteration of Index 17 mm 
Gauge pressure 811 
[Apparent compressibility 000000102] 

25/6/86 K S 12 3 


Index 

18 f> 

26 0 

26 0 

Pressure 

834 

1262 

1257 


[0 00000109] 

[102] 

[101] 


24/6/86 K S 12 4 
Index 17 
Pressure 833 
[000000098] 


14412 
9 386 



T II 


3 


18 


REPORT ON SOME OP THE PHYSICAL PROPERTIES OP 


[lxi 


23/7/87 

K b 1 2 
Index, 

73 

17 3 

25 


Pressure 

436 

865 

1264 



[000000074] 

[94] 

[93] 

26/7/87 

K S 16 5 
Index, 

9 

16 6 

25 


Pressure, 

4{)9 

866 

1271 



[0 00000093] 

[92] 

[95] 


71i 6 rd(ii ^6 of tomporditurc is (][uit 6 suf&ciont to dillow d* cliSfUgo of compressibility 
of the water column to be noted, but the experiments unfortunately do not enable 
us to assert anything as to a change m that of mercuiy, though were it not for the 
last set of experiments theie would appear to be a decided increase of compressibility 
of mercury with use of temperatuie The experiments are only fairly consistent with 
one another, but this was noted at the time as the fault of the index which of course 
tells more as the quantity measured is less It may be as well to show how to 
deduce the eompressibihty of meicuiy bom them at once, assuming the requisite data 
for water and for glass from subsequent parts of the Report 

Take for instance the first result of 2o/6/86 834 of gauge is about 305 atmospheres 

Also shortemng of 286 mm of water column (m glass) at 12 3 C by 305 atm =3 7 mm 
nearly —so that the compressed mercury apparently loses about the content of 14 8 mm 
of narrow tube = bulk of 0 364 grm Hg 

Apparent compiessibility = gQ g - y^Qgg 3 = 0 00000109 

The average of all the normal expenments gives 0 000001 very nearly 
Add compressibibty of glass = 0 0000026 
Compressibility of mercury = 0 0000036 

It IS well to remember that though Grassi workmg with Regnaults apparatus 
gave as the compressibility of mercury 

0 00000295 

which Amaury and Descamps afterwards reduced to 

000000187 

the master^ himself had previously assigned the value 

000000352 

Had Grassi s result been correct I should have got only about half the displacements 
observed , had that of Amaury and Descamps been correct the apparent compressibility 
would have had the opposiU sign to that I obtained so that the mdex would not 
have been displaced In such a case the construction of the mstrument might have 
been much simplified, for the mdex would have been placed m contact with the meicury 
at B and the bent part of the tube would have been unnecessaiy 

^ Relation des Experiences &o M&n Acad 8ci Paiu tom xxi p 461 1847 
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IV AmaotAts ManomJitre a Pistons libees 

The annexed sketch of the instrument (in which the large divisions shown on the 
manometnc scale correspond to decimetres) with the section given below will enable 



the reader to understand its size and construction without any detailed description 
beyond what is given in the instructions for setting it up [The window FF whose 
position IS nearly immaterial occupies different positions in the sketch and in the 

section ] 

As already stated the principle on which this instrument works is the same as 
that of the MmomUre Desgoffes a sort of inverse of that of the well known Bramah 
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Tress In the British mstrument pistons of very diflFerent sectional aiea aie subjected 
to the same pressuie (that of one mass of liquid) and the total thrust on each is of 
course proportional to its section In the French instrument the pistons are subjected 
to equal total thrusts being exposed lespectively to fluid piessures which are inversely 
proportional to their sections The Biitish instrument is employed for the purpose of 
overcoming great resistances by means of moderate forces , the French for that of 
measurmg great piessures in terms of small and easily measurable pressures 

Amagat s notable improvement consists in dispensing with the membrane or sheet 
of india-rubber which was one of the main features of the old Desgoffeb manometei 
and making his large as well as his small piston fit all but tzghtly the hollow cylinders 
in which they play — a very thin layer of viscous fluid passing with extreme slowness 
between each piston and its cylmder The adjustment is very prompt even m wintei 
when the viscosity of the fluids is greatest — but it is made almost instantaneous hy a 
simple but mgemous device which enables the opeiator to give the pistons a simul- 
taneous motion of rotation The following directions which accompanied the instrument 
will enable the reader fully to undeistand its construction and use I have given an 
accurate version not a literal translation of them — 


^Process of setting up the Apparatus 
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J jb’jttJifcjJtl WAXJiirfc ^/A’ TTx».*— 

1 Screw m at the manometer tube and at S the regulating pump 

2 Pour m the layer of mercuiy and on it that of castor oil Fill the pump 
with glycerme, and insert its piston taking care to exclude air bubbles 

V Insert the gun-metal part K Its bearing (at s) on the nm of the cast iron 
base piece must not be made with leather but with a ring of in^a lubber oi of very 
unifoL caidboard The Exing down of this part by means of the (^) screws must 
be done with great exactness —otherwise (thick as it is) it might suffer a veiy sig 

distortion and the piston PP would not work in it 

4 After pounng in if necessary some more castor oil inseit very cawtvovsly 

the piston PP carefiilly wiped and then anointed with castor oil To put it in it 
IS to^be held by means of A, which for this purpose is screwed into Je middle of it 
Durmg the insertion of the piston the hole h is left open to allow of ^ ^ 

and (possible) excess of castor oil Close h by means of its screw the piston bemg held 
at the desired height Take out A and screw B into the piston in place of it 

5 Put on the part Milf— after inserting in it the small piston pj), with its 
cyhnder m such a way that the rod cc may pass between the two studs d on 

p»to« .t », ..ew .. the p.e» JF, 
and fill It with glycenne. then adjust to NN the coupling tube of the compression 
apparatus, which should be filled with glycenne or with glycerine and water 

* OhservoMons 

It IS not necessary that the whole space between the mercury and the piston 
PP should be filled with castor oil A layer of glycerme and water may be placed 
Z, “mttcury th» a tbn laytr .f the od I. t»t, the regeUtm* pamp f fall 

of «s ehoim to give • sinmltoeovu ivtatioB to the tvo pistoas 

“ “i?r.rTe ^S“.lovl, »d .» oueh a vay ao fa exert no vehcal lofao 
noon the pieton PT It eight to he puahed bp a vertical st^ght edge, moved 
hraontll/ One can judge of the dehoao, of the appamtis by the 
the mercury column when the shghtest vertical pressure is exerted on the rod 
the merely c scrupulous care which must be bestowed on 

^ nn thp evlmders in which they work — the slightest scratch, due to 
dutt’^woTd make it necessary to retouch these surfaces, and after several retouchings 

"raZett tuhT which IS to be cemented into the iron P- ^ich -ew^ 
into J^should be chosen of small enough diameter to prevent sensible 
Tthf mttury in the reservoir, and yet not so narrow as to prevent free motion of the 

Memark -Dunng the successive operations 
make the wide lower part of the smaU piston come against the piece M (this of course 
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when the smaller of the two upper pistons i& used — that whose lower part is 
thickened) 

There are two pistons pp foi this manometer The ratio of the section of th( 
larger to that of PP is 1/61838 and the reading per atmosphere is 12 290 mm 
‘For the smaller the ratio of the sections is 1/277 76 and the reading per atmo 
sphere is 2 736 mm 

The former serves for the measuiement of lower pressures up to the point at 
which the oil passes visibly round the large piston For higher pressures the lattei 
must be used 

The treacle must be changed from time to time , first because after a while 
some of it passes the small piston , second, because it gradually dissolves in the glycennc 
and at last becomes hardened round the small piston so as to make the fhction too 
great The small piston and its cyhnder should occasionally be cleaned with the 
greatest care and anointed with neats foot oil 

In all my latei experiments I have used exclusively the smaller of the two small 
pistons The scale which I fitted to the manometei tube was a long stiip of French 
plottmg papei It had shrunk shghtly so that 752 5 divisions coiresponded to 750 mm 
Neglectmg the difference in the values of gravity at Lyons and at Edinburgh the 
number of scale divisions per atmosphere is 2 736 x 7o2 o/750 , and its loganthm, %e 
the Gauge Log above spoken of is 43856 

V COMPBESSIBILITT OP GLASS 

Buchanans process, already referred to consists simply in measuring the ft action il 
change of length of a glass rod exposed to hydrostatic pressure and treblmg the lim u 
compressibility thus determined The only difficulty it presents is that of directly 
measunng the length of the rod while it is under pressure I employed a couple of 
leading microscopes with screw travelling adjustment fixed to the ends of a massive 
block of well seasoned wood This block was placed over the tube contaming the 
glass rod but quite independently —the two distmct parts of the appiratus being 
supported separately on the asphalt floor of a large cellar No tremors were per 
ceptible except when carriages passed rapidly along the wooden pavement of the street 
and even then they were not of much consequence 

The ends of the tube containing the rod must of course be made of glass or 
some other transparent material In the first apparatus which I used, tubes of soda 
water bottle glass were employed their bore being about 0 2 inch and the thickness 
of the walls about 03 inch The image of the small enamel bead at the end of the 
glass lod was veiy much distorted when seen through this tube but the definition 
was greatly improved by laying on it a concavo plane cylindrical lens (which fitted 
the external curvature) with a smgle drop of oil between them I found by trial 
that had it been necessary to correct for the mtemal curvature also the employment 
of wmter green (or GauUhena) oil as the compressing liquid would have effected th( 
purpose completely —the refractive mdex being almost exactly the same as that of 
the green glass 
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As the construction and mode of support of this apparatus did not enable us 
completely to get iid of air from its interior there were occasional explosions of a 
somewhat violent character when the glass tubes gave way, and the operators who 
were not otherwise protected (as by the microscopes foi instance) were obliged to hold 
pieces of thick plate glass before their eyes during the getting up of pressure The 
explosions not only shattered the thick glass tube into small fragments but smashed 
the ends of the experimental glass rod so that a great deal of time was lost after 
each Only on one occasion did we reach a pressure of 300 atm and an explosion 
occurred before the measurement i^as accurately made On these accounts afbei four 
days expenmentmg (the first being merely prehminary) we gave up working with this 
apparatus —and the results obtained by means of it cannot be regarded as wholly 
satisfactory though they agreed very well with one another 

As a sudden shock might have injured the Amagat gauge, all the pressures were 
measured by the old external gauge whose unit is now determined with accnracy 
Hence the readmgs are m tons weight per square mch (162 3 atm) which are below 
called tons as in the vernacular of engmeers Three of us at least were engaged 
m each experiment one to apply and measure the pressure and one at each mieio 
scope Pressure in each group of experiments was apphed and let off six oi seven 
times in succession readings of the two microscopes being taken before during and 
after each application of pressure To get nd of the possible effects of personal 
equation, the observers at the microscopes changed places after each group of experi 
ments (sometimes after two groups) so that they read alternately displacements to the 
right and to the left 

The values of the screw-threads were carefully verified upon one of the suDdivisions 
of the scale which was employed to measure the length of the experimental rod, these 
subdivisions having been since tested among themselves by means of a small but very 

accurate dividing-engme of Biauchis make 

These experiments were made m July 1887 when the day temperature of the 
room was nearly 20 C In the last two groups the compression tube was smrounded 
%n great part by a jacket contammg water and pounded ice We had no means of 
ascertaimng the average temperature of the glass rod hut it cannot have been more 
than some 5 or 6 degrees above 0° C This was done merely to ascertain whether 
glass becomes less compressible or no as the temperature is lowered, not the amount 
of change The question appears to be answered in the affirmative 

Early in the present year Mr Buchanan kindly lent me his own apparatus which 
is in three respects superior to mine (1) A longei glass rod can be opeiated on 
(2) The air can be entirely got nd of from the intenor so that when the glass 
tubes give way theie is no explosion (3) The glass tubes are considerably nanower 
in bore (though with equal proportionate thickness) and consequently stionger I used 
my own pump aud external gauge but the necessary coupling pieces weie easily 
procured , and the readmg microscopes were fastened to a longer block of seasoned 
wood than before These expenments have been made near one temperature only 
but It IS about the middle of the range of temperatures lu my experiments on 
watei and sea water 
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It IS not necessary to punt the details of the experiments in full I give below 
part of a page of the laboratory book for a single davs woik to show how far the 
experiments of one group agree with one another I purposely choose one in which 
the glass lod was somewhat displaced m the apparatus during the course of the 
measurements — 


23/2/S8 


Kew Standard 

9 1 C 




(Length of glass rod 

7 0 7 0 inches ) 


External Gauge 

Right Microsoope Left Microscope 

Contraction 

(Lindsay) 

(Nagel) 

(Peddle) 

and Elongation 



m 

m 


41 D 


04570 

0 3377 

A AAAA 

63 5 

■ 22 = 

1 ton 475 

3 

0 0099 

41 0 


570 

7 

0 0099 

41 0 


04571 

0 3377 


635 

■ 22 

473 

3 

0 0102 

416, 


o72 

6 

0 0102 

4161 

1 

04572 

03376 


635 

h 22 

473 

2 

0 0103 

416] 

[ 

572 

6 

0 0103 



(Peddle ) 

(Nagel ) 


42 1 


04666 

03380 


64 

• 22 

469 

77 

0 0100 

42 j 


574 

7? 

0 0101 

42 ’ 


04575 

03373 


64 

■ 22 

476 

68 

0 OlOo 

42 , 


574 

73 

00104 

42 ' 


04574 

0 3 374 


64 

• 22 

475 

70 

0 0103 

42 


574 

73 

0 0102 




Mean 

0 0102 


The mean thus obtained comcided very closely with the mean of all the expeii 
ments Hence the average linear compressibility pei atmosphere for the first ton is 
at 9 1 C 

whence the compiessibility of glass is 

000000265 

The two series of expenments agreed fairly with one another and appeared to 
show an mcrease of compressibility with rise of temperature and a dimmution with 
nse of pressure but these are not made certain Considerably greater ranges both 
of pressure and of temperature are necessary to settle such questions 

As I cannot trust to a unit or two in the last place (^ e the seventh place of 
decimals) my results for the apparent compressibility of water and as an error of 
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reading of the external gauge may easily amount to 1 per cent of the ^^hole ton 
applied, I have taken from the above experiments the number 0 0000026 as expressing 
with sufficient accuracy the compressibility of the glass of the piezometers throughout 
the range of tempeiature 0"^ to 15 C and of pressuie from 150 to 450 atm This 
numbei is simply to be added to all the values of apparent compressibility Had I 
pushed the pressures farther than 450 atm, this correction would have required 
reduction as shown m Appendicc D 


VI OF WY OWN EXPERIMENTS ON COMPRESSION OF WATER 

AND OF Sea Water 

The following details are where not otherwise stated, taken from my laboratorj 
books I was led to make these experiments by the non-success of an attempt to 
determme the exact umt of the external gauge (described in my former Eeport) 
Not being aware of the gieat discovery of Canton (m fact having always been accus 
tomed to speak of the compressibility of water as 1/20000 per atm) I imagined that 
I coaid verify my gauge by comparing on a water piezometei the effects of a 
pressure measured by the gauge with those produced by a measured depth of sea 
water without any reference to the temperatures at which measurements were made, 
provided of couise that these were not very different The result is described in the 
following extract^ — 

To test by an independent process the accuracy of the unit of my pressure 
gauge on which the estimated corrections for the Challenger deep sea thermometers 
depend it was arranged that HMS Triton should visit durmg the autumn a region 
m which soundings of at least a mile and a half could be had A set of mano 
meters filled with puie water and recording by the washmg away of part of a very 
thin film of silver were employed They were all pieviously tested up to about 2^ 
tons weight per squaie inch in my large apparatus As I was otherwise engaged 
Professor Chrystal and Mr Murray kindly undertook the deep sea observations , and 
I have recently begun the work of reducmg them 

‘ The first rough reductions seemed to show that my pressure unit must be 
somewheie about 20 per cent too small As this was the all but unanimous verdict 
of fifteen separate instruments, the survivois of two dozen sent out I immediately 
repeated the test of my unit by means of Amagats observed values of the volume 
of air at very high pressures The result was to confirm within 1 per cent the 
accuracy of the former estimate of the unit of my gauge I then had the mano 
meters resilvered, and again tested in the compression apparatus The lesults were 
now only about 5 per cent different from those obtamed in the Tnton There 
could be no essential difference between the two sets of home experiments except 
that the first set was made in July the second in November —while the tempera 
tures at which the greatest compressions were reached in the ‘Tnton were at least 
3® C lower than those m the latter set Hence it seems absolutely certam that 


T II 


1 Proc Bay Soe Edtn toI xii pp 46, 46, 1882 


4 
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water becomes considerably more compressible as its temperature is lowered at least 
as far as 3° 0 (the Tnton’ temperature) This seems to be connected with the 
lowering by pressure of the maximum density point of water*, and I mtend to work 
it out It IS clear that in future tnals of such manometers some lujuid less anomalous 
than water must be employed 

Another preliminary result by no means so marked as the above and possibly 
to be explained away, is that by doublmg (at any one temperature) a high pressure 
we obtain somewhat less than double the compression This however may be due 
to the special construction of the manometer which renders the exact determmation 
of the fiducial point almost impossible 

In the wmter of 1882 and the succeeding spring I spent a great deal of time 
m trying to get definite results from the records of the Tnton tnals and m 
makmg further experiments on those of the speciallj. prepared piezometers which had 
not been broken or left at the bottom of the sea But this work led to no result 
on which I could rely I then directly attacked the problem of the compressibility 
of water at different temperatures and pressures havmg once more venfied the unit 
of my pressure gauge by companaon with Amagats data for air Eesults for one 
temperature were published as below m the Proo Roy Soc Edin vol xn pp 223, 
224 1883 [The mercury content of the bulbs of the new piezometers was about 
200 grm and that of 100 mm of stem about 2 6 grm ] 

The apparatus employed was of a very simple character similar to that which 
was used last autumn in the ‘Triton 

‘It consisted of a narrow and a wide glass tube formmg as it were the stem 
and bulb of a large air thermometer The stem was made of the most uniform 

tube which could be procured, and was very accurately gauged, and the weight of the 

content of the bulb in mercury was determined Thus the fraction of the whole 

content corresponding to that of one millimetre of the tube was found 

This apparatus had the mtenor of the narrow tube very carefully silvered, and 
while the whole filled with the liquid to be examined was at the temperature of 
the water in the compression apparatus the open end was mserted into a small 

vessel contaming clean mercury Four mstruments of this kind were used all made 
of the same kind of glass [They were numbered as in the headings of the columns 
below, 1 2 3 4 respectively 20/6/88] 

The following are the calculated apparent average changes of volume per ton 
weight of pressure per square inch (se about 150 atmospheres) — 

Fresh Water at 12 C 

Pressure 1 2 3 4 Mean 

1 000670 * 66o 666 000667 

2 0 00667 * 646 656 0 00653 

2 5 0 00651 660 640 648 0 00647 

3 0 00641 633 636 636 000636 

Noth —The first two experiments with No 2 failed in oonseqnenoe of a defect in the silvering 

* [The reason for this remark will be seen in the second extract in Section XII below 20/6/88 ] 
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The compressibility of glass was not directly determined It may be taken as approxi 
mately 0 000386 per ton weight per squaie inch 

From these data which are faiily consistent with one another we find the 
following value of the true compressibility of water per ton the unit for pressure (p) 
being 1 ton-weight per square inch and the temperature 12 C 

0 0072 (l-0034p), 

showing a steady falling off from Hookes Law 


Sea-Water at 12 C 


PxesBVire 

1 

2 

3 

4 

Mean 

1 

000606 

611 

61o 

627 

0 00615 

2 

000596 

607 

598 

601 

0 00600 

26 

000600 

600 

594 

590 

0 00594 

3 

0 00588 

593 

686 

586 

0 00588 


Note —The sea water employed was ooUeoted about IJ miles oft the coast at Portobello 

These give with the same correction for glass as before the expression 

0 00666 (1 -0034p) 

Hence the relative compressibilities of sea and fresh water are about 

0925, 

while the rate of diminution by increase of pressure is sensibly the same (3| per 
cent per ton weight per square inch) for both 

‘ With the same apparatus I examined alcohol of sp gr 0 88 at 20 0 


Fressuie 

1 

26 

3 



Alcohol, 

at 12 0 



1 

2 

3 

4 

Mean 

0 01202 

1193 

* 

* 

0 01200 

0 01040 

1052 

1050 

1066 

0 01049 

0 01043 

1050 

1043 

1058 

0 01048 

weie not 

so satisfactory 

as those 

■with 'water 

There are peculiar 


difficulties with the silver film I therefore make no definite conclusion till i nave 
an opportunity of repeating them 

It will be observed that the dimmution of compressibihty as the pressure is 
raised is here brought out unequivocally for all the three liquids examined 


In the course of another year I had managed to obtam similar results for a 
range of temperature of about 9° 0 They were described in Proc Roy Soo Edm 
vol xn pp 757 758 1884 as follows — 

I had hoped to be able, during the winter to extend my observations to 
temperatures near the freezing pomt but the lowest temperature reached by the l^ge 
compression apparatus was 6 8 C , while the highest is (at present) ab^ut 15° C 
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From so small a range nothing can be expected as to the temperature effect on the 
compressibility of water further than an approximation to its values through that 
range 


weight per 

square mch 

— 





Press-ore in Tons 

1 

3 

2i 

3 

U 

6 

3 0 0 

00704 

692 

684 

672 


t 

6 


682 


670 

660 

11 

3 

684 

670 


654 


13 

1 


666 


648 


15 

2 

673 

654 


633 



637 


These are all fm'rly represented by the expression 

0 00743 - 0 OOOOSSi - 0 00015j9, 

'where t is the temperature centigrade and p the pressure in tons weight per square 
inch This of course cannot be the true formula hut it is sufficient for ordinary- 
purposes within the limits of temperature and pressure above stated It represents 
the value of 

%-v 

pvo 

With a new set of compression apparatus, veiy much larger and moie sensitive 
than those employed in the above research, I have just obtained the following mean 
values for the smgle temperature 15 5 0 — 

3 

638 
593 


(*" ^ pressure and temperature 15 5 C the formulae 


Pressure in Tons 

1 

li 

2 

Fresh water 

000678 

663 

657 

Sea water 

000627 

618 

609 

These are the values 

of and 

they giTe 

for the 


pvo 


Fresh water 
Sea water 


000698 (l-0 05p) 
000645 (l-OOSfi) 


The ratio is 0 926, le the compressibility of seawater at the above temperature 
IS only 92 5 per cent of that of fresh watei 


The new and laiger piezometers referred to were made when Mr Murray requested 
me to wnte this Eeport They are those whose form and dimensions have "been 
detailed in Section III above The former piezometers had no capsule containing 
mercury, but had the stem simply cut off flat at the end, and when failed with 
water were merely dipped in mercury I had felt that to this was probably due 


[See dppeTidiic B to tins Eeport] 
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the fact that my expeiiments gave a value of the compressibility at 0 0 somewhat 
smaller than that usually accepted It will be seeu that the very first data given 
by the new instruments at once tended to set this matter light For while the 
formula representing the results of the smaller instruments gave the compression of 
water at 16 5 0 as 0 0067’8 for one ton weight pei square mch that for those of 
the new instruments gave 0 00698 le about l/34th more which is much nearer to 
the result of mj later experiments 

For two winters after this period the apparatus was kept in working order m 
the hope that I might be enabled to employ temperatures between 6° and 0 0 

But a single days work at 1 7 0 and a few days at temperatures between 3 and 

5 0 were all I got Hence the reason for procuring the smaller compression 
apparatus as stated in Section I But as yet, my measurements of pressure were 
not satisfactory 

In the spring of 1886 I obtained the Amagat gauge and after a careful com 
parative trial detei mined to employ exclusively the lesser of the two small pistons 

Some time was spent upon a comparison of the indications of this instrument with 
those of the external gauge, with the result that single mdications of the latter 
could not be trusted within about 1 per cent though the mean of a number of 
observations was occasionally veiy close to the truth I therefore put aside all the 
compression observations already made, and commenced afresh with the same piezo 
meters as before and with the Amagat gauge exclusively 

In the summer of 1886 I obtained a long senes of determinations at about 

11 8 0 and others at 14 2 and 15 0 In Decembti of the same year I worked 
for a long time between 3 and 3 o C All of these were with the large Frasei gun 
In June 1887 with the new compression apparatus, I secured numerous deter 

minations at 0°4 0 

In July the piezometers weio filled with solutions of salt of various strengths 
and examined at temperatures near 19 C and 1 0 In November these were again 
examined this time m the large gun at about 9 0 , and the piezometers were again 
filled, some with fresh water and some with sea water 

Durmg the winter complete senes of observations m the large gun were obtained 
at about 7 5 , 3 2 2°3 1 1 , and finally (on March 16 1888) at 0 6 0 

The piezometers were once more filled with the salt solutions, as I considered 
that I had obtained sufficient data for fresh water and for sea- water, except in the 
one important particular of the exact values of the ratw of their compressihilities at 

one or two definite temperatures and pressures 

These were finally obtained m May and June 1888 with piezometers consideiably 

larger and more delicate than the former set 


VII Final Rbsitlts and Empirical Formula' for Fresh Water 

Although my readings and calculations were throughout carried to four significant 
figures, I soon found that (for reasons already sufficiently given m Section I ) only three 
of these could be trusted even in the aveiage of a number of successive experiments 
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and that the third might occasionally (especially with sea water) err by an entire 
unit or two , at mo t J per cent of the whole quantity measured Of course now 
and then there occurred results so inconsistent with the rest as to indicate, without 
any doubt a displacement of the index by upward or (more frequently) downward 
currents 

This was made obvious by comparison of the indications of any one piezometer 
in successive experiments at the same temperature and pressure , but it was even 
more easily seen m tbe relative behaviour of a number of piezometers which were 
simultaneously exposed to exactly the same temperature and pressure several times in 
succession A smgle page of my laboratory book taken at random sufficiently illus 
trates this To avoid confusion I give the records of two of the ordinary instruments 
(with fresh water) alone leavmg out the records of those with sea water and I insert 
[in brackets] the pressures and the average apparent compressibilities calculated from 
the data The water employed was that of the ordmary supply of Edinburgh and 
was boiled for a short time only, to expel air 


I 


II 


in 


IV 


V 


23/7/86 



E G 

A G 

2c 

2o0 

8 


464 

419 

280 

25 0 

8 



K S (in gun) 14 9 0 

261 

8 


470 

423 

280 

261 

8 

K S 16 


261 

8 


681 

841 

660 

261 

8 

K S 16 


262 

8 


684 

844 

66 0 

26 2 

8 


25 2 

8 


900 

1261 

86 0 

26 6 

8 

K S 16 



[Pressure 0 98i tons] 


136 2 

[4333] 


[0 993] 

137 7 

[4339] 

122 5 

[4342] 



[1 992] 

269 0 

[4218] 

256 6 

[4214] 



[20] 

269 8 

[4216] 

2581 

[4224] 


[2 997] 

393 7 

[4092] 

376 9 

[4116] 
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25 6 8 [3 002] 

90 0 1263 85 0 394 4 [4093] 

25 5 8 376 9 [4110] 

The left hand column gives the readings of the external gauge the next those of 
Amagats gaugi. before during and after the application of pressuie The thud gives 
the pressure as read by one of the internal gauges described m my previous Beport 
The fourth column gives the readings of the two piezometers selected, the fifth the 
pressuie (m tons) foi each experiment and the compressibility calculated The latter 
numbers are multiplied by 10® 

Notice that in the first experiment ( ) failed to give a reading Also m the 
fifth and sixth the indications of the two instiuments do not agree very closely The 
character of the icsults howevet pomts apparently to an error in gauging one or other 
of the instruments It was the unavoidable occurrence of defects of these kmds that 
led me to make so many determinations at each temperature and pressure selected 
The above specimen contains less than 1 pei cent of my results foi fresh water and 
I obtained at least as many reduced observations on sea water 

To obtain an approximate formula foi the full reduction of the observations I first 
made a giiphic repiesentation on a large scale of the results foi different pressures 
at each of four tempeiatures adding the compressibility of glass as given in Section VI 
above From this I easily found that the average compressibility for 2 tons pressure 
(at any one tempciaturc) is somewhat less than half the sum of those for 1 and for 
3 tons Thus the average compressibility through any range of pressure falls off moie 
and moie slowly as that range is greater And, within the limits of m} expeiiments I 
found that this relation between piessure and average compressibility could be fairly 
well represented by a portion of a rectangular hyperbola with asymptotes coincident 
with and perpendicular to the axis of piessure Hence at xny one temperature (within 
the range I was enabled to work in) if be the volume of fresh water at one atmo 
sphere v that undei an additional pr^^ssure p we have 

Va — v _ A 
^ "■ II +p 

very nearlj A and 11 being quantities to be found 

I had two special reasons (besides of course its adaptability to the plotted curve) 
for selecting this form of expression First it cannot increase or dimmish indefinitely 
foi incieasmg positive values of p and is therefoie much to be piefeired m a question 
of this kind to the common mode of representation by ascendmg powers of the 
variable, such as two or more terms of 

Bo + Bip + B jp® + &c , 

or the absolutely indefensible expiession, too often seen m inquines connected with 
this and similar questions 

m 

(?0+ OiP* +&C 
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Second it becomes zero whea p is infinite as it ought certainly to do in this physical 
pioblena It appeared also to suggest a theoretical interpretation But I will say no 
more about this for the present as it is simply a mattei of speculation See the lattoi 
part of Section X below But there is a grawe objection to this form of cxptcssion 
in the fact that small percentage changes in the data involve large percentage chinges 
in A and II though not m the ratio AJU This objection however, does not apply to 
the use of it m the calculations preliminary to the full reduction as in them it is -4/1 1 
only which is required 

!N'ext on calculating from my data the values of A and 11 for diffeient tcmpcixtuus 
I found that within the recognised limits of errors of the observations IT might be 
treated as sensibly constant Thus I was enabled easily to make graphic repKstula 
tions of the average compressibility at each pressuie m terms of tempeiatuic Agiui 
I obtained curves which could for a filrst trial at least be tieated as small portions 
of rectangular hj^erbolas with the axis of temperatuie as one asymptote Hcncc 


where T is a constant, and B also may for a time he treated as constant 
Thus I arrived at the empirical expression 


B 

(n-t-p)(T + o 

whose simplicity is remarkable and which lends itself very readily to calcul xtion As I 
required it for a temporary purpose only I found values of the constants by a tentative 
process, which led to the result 

028 

(36 -f- p) (150 + 1) 

This gives the awrage compress%b%hty per atmosphere throughout the langc oi additional 
pressure p the latter being measured m tons weight per square mch 

The following brief table shows with what approximation the (unreduced) cxpeii 
mental results (multiplied by 10^ are represented by this formula The nearest lutcgci 
IS taken in the third place — ” 


Temp 

Obs, 

1 ton 

Oalo 

0 

0 4 

50 J 

503 

0 

3 2 

492 

494 

-2 

11 8 

467 

468 

- 1 

15 0 

459 

459 

0 


Obs 

2 tons 

Calc 

D 

Obs 

3 tons 

Oalo 

0 

489 

490 

-1 

477 

477 

0 

479 

481 

-2 

466 

469 

- 3 

454 

455 

-1 

441 

444 

-3 

448 

447 

+ 1 

436 

435 

+ 1 


The agreement is tolerably close so that the empincal formula may he used without 
any great error m the hydrostatic eijuations so long as the temperatures and pressures 
concerned are such as commonly occur in lakes ^ 

But the columns of differences show that the /orm of the foimula is not suitable 
The pressure factor seems appropriate but it is clear that, at any one pressure, the 
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cuivc icpioscnting tho compressioa m terms of the temperature has greater curvature 
than the formula assigns Strll the formula amply suffices for the reduction of the 
observrtions of any one group "when the pressures or temperatures were not precisely the 
same in ill It was however not much rec[uired for the pressure could be adjusted 
with consider iblc accuracy and (especially when the large gun was used) the changes 
of tempuatuie were very slow 

Ihe next step was to enter as shown in Plate II fig 3, all the results obtained 
from the various piezometers at each defimte temperature and pressure with the view 
of selecting the most probable value The amount of discordance was m all cases very 
tnuch the same as that shown in the plate for the senes of expenments at two tons 
pressure md the one tempeiature 6° 0 It will be observed that the extreme limits of 
divcigence from the mean are not more than about two units in the third significant 
place Foi a pressure of one ton this corresponds to about half a millimetre m the 
position of the mdices so that after what has been said ahout their peculiarities of 
hehavioui it may obviously be treated as unavoidable error Thus the ordinary process 
of talri-ng means IS applicable, unless the observations themselves show some peculianty 
which forbids the use of this method 

A.11 the results of observations made up to June 1887 (with the help of the Amagat 
gauge) having been tieated in this way the following mean values of apparent average 
compressibility (multiplied by 10®) were deduced from them — 


Apparent CompremMvty of Ctstem Water loded for a short tvm 


Temp 0 

1 ton 

2 tons 

3 tons 

0 4 

4770 

4617 

4510 

3 2 

4670 

4527 

4402 

3 4 

4671 

4521 

4395 

11 8 

4415 

4276 

4163 

14 2 

4330 

4220 

4115 

14 4 

4344 

4217 

4105 

15 0 

4338 

4219 

4102 


[1 think It extremely piobable that the small irregularities among the last three 
numbers in each pressure column may be due to want of uniformity of temperature 
throughout the column of water m the pressure chamber The day-tempeiature of 
the cellai is in summer always a good deal above that at mght so that m the 
toionoon (when the experiments were made) the gun and its contents were steadily 
growing warmei Thus the column of water was not at a uuiform temperature The 
assumed temperature was the mean of the readings before the vessel contammg the 
Tuezometeis was inserted and after it was taken out While it was m the chamber 
the contents could not be properly stirred except by raising and depressing the vessel 

1 IPT 

The points thus determined were laid down (marked with a *) as in Plate I 
md smooth curves were drawn hherd, mmu among them Prom these curves the 

T II ^ 
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followiDg values were taken at inteivalb at o° foi the sake of ease of calcnhtion, 2()0 
hemg added to each for the compresbihihty of glass — 



0 

5 

10 

15 

1 tOD 

o044 

4874 

4723 

4594 

2 tons 

4898 

4733 

4584 

4466 

3 tons 

4776 

4608 

4468 

4360 


The fact that water has a temperature of mimmunx compressibility led me to tiy to 
represent th^e numbers by a separate parabolic formula foi each pressure The follow 
mg were easily found — 

004 -360f-|-004< ) 

490 - 3 65f + 005<“ [ (A) 

478 -a’JOf + OOOi^ I 

for 1 2 and 3 tons respectively [The terms mdependent of t belong to the formnln 
520-l7p+p» This will be made use of in future sections] The utmost diffucntc 
between the results of these formulae and the numbers from which they wore obtamid 
IS less than 1/1 0th per cent No closer approximation could be desiiod much less 
expected especially when we consider the way m which the * points (on which th( 
whole depends) were themselves obtained These are represented as follows 


0°4 

2 

11 

8 

Obs 

Calo 

Obs 

Cale 

Obs 

oao 

503 

o02 5 

493 

493 

467 5 

467 2 

4877 

488 5 

478 7 

479 

453 6 

4539 

477 

476 5 

4662 

4668 

442 3 

4427 


14 4 

Obs Calc 
460 4 460 5 
447 7 447 8 
436 5 437 1 


15 0 

Obs Oalo 
469 8 459 
447 9 446 
4)6 2 436 


In one instance only does the difference reach unit m the thud sigmficant place Ilf 
Zl^pZtT commence with the fifth digit alter the 

? ^ uncertainty about temperature I am con 

vinced that the mode of experimenting employed is calculated to^insuic consider iblv 
greater accuracy m the ccrnparison of compressibilities at different temperatmor f » 
any one pressure than m that of compressibilities for different pressures 
temperature The displacement of the indices by the expanding Lor is hLlv i'b 
more senous the higher the pressure as the difficulty of effectiL the rrbof ? 

rant. 

.mpfe foZ? of by ,U, 

0 001863 / t N 

36 +p V 400"^ 10 000 j 

bguy rapptrttsTtr rrrt 
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pressurefa are of course, lost The statement above as to the greater uncertainty of 
the values the higher the pressure renders it probable that m the pressure factor in 
this foimula both the constants ought to be somewhat larger It is clear that very 
small changes m the relative values of the compressions for 1 2 and 3 tons would 
make great changes m these constants In fact an error of 1 per cent at 3 tons 
involves an error of some twenty per cent nearly in each of the constants of the 
pressure factoi 

Agam, this last formula would give, /or all pressu7es minimum compressibility at 
ibout 37 C , while the former three give 45 C at 1 ton 36° 5 at 2 and 30 8 at 
i tons — these minima bemg 423 423 4 and 421 respectively 

If we venture to extend the formulae (A) to atmospheric pressuie we aie led to 

520-356« + 0 03« 

I have already shown* that this is in close accordance with Buchanan s results at 2 o 
ind 12° 5 C Buchanans pressure umt is thoroughly trustworthy, for it was deter 
mmed by lettmg down the piezometer with a Challenger thermometer attached to a 
measured depth in the ocean It would thus appear that the extension of my formulae 
to low pressures is justified by the result to which it leads 

Ihis formula gives 415 for the minimum compressibility of water at low pressures 
the correspondmg temperature being about 60 C This accords remarkably with the 
determination made by Pagliam and Vmcentini who discovered it and placed it at 
63 C 

On Plate II I have exhibited graphically a number of known determmations of 
the compressibility of water for very low pressures at different temperatures The Ime 
marked Hypothetical is drawn from the formula above, the authors of the others are 
pamed m the plate It will be seen at a glance that if Pagham and "Vmcentmi 
had taken Grassi s value of the compressibility of water at 1 5 C instead of that at 

0 0 as then single assumption their curve would have coincided almost exactly with 
my Hypothetical curve ' 

So far matters seemed to have gone smoothly enough But when I came to reduce 
the observations made since June 1887 I found that they gave a result differmg 
slightly indeed but m a consistently chaiacteiistic manner from that already given 
The processes of reduction were earned out precisely as before, and the pomts deter 
mined by the second senes of observations are mserted m Plate I marked with a O 
Curves drawn through them as before are now seen to be ‘parallel to the former curves 
but not coincident with them And the amount of deviation steadily dmnmshes from 
the lowest to the highest piessuie These curves of course are very closely represented 
by the formulae (A) above provided the first terms be made 499 488 477 respectively 

1 e provided o 2 and 1 be subtracted from the numbers for 1 2 and 3 tons re 
spectively Thus while the amount of the compressibihty is i educed it is made to 
depend on temperature precisely as before but the way m which it depends on 
pleasure is alteied The rate of diminution of compressibility with mcrease of pressuie 


1 See p 18 above 


5—2 
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IS now made constant at any one temperature mstead of becommg slowly less as the 
pressure is increased This is mcompatible with the results of all of the first series 
of experiments The total amount of the compressibility is likewise diminished by 
1 per cent at 1 ton, by 0 4 per cent at 2 tons and by 0 2 per cent at 3 tons 

Small as these differences are their regularity struck me as very remarkable and as 
pomting definitely to some difference of conditions between the two sets of experiments 
Now there were undoubtedly many circumstances in which the series of experiments 
differed — ^ 

First The observers were not the same All the readmgs m the fiist senes weie 
made by myself, but (m consequence of an accident which prevented me from working 
in the cellar) I was unable to take part in the second senes and the readings for 
it were all made by Mr Dickson Thus theie may be a difference of personal equation 
in the mode of applying the scale to the stem of the piezometer or in the final 
adjustment of the manometer Such an explanation is quite m accordance with the 
results, as a constant difference of reading would tell most when the whole quantity 
measured is least i e at the lowest pressure But a difference of a full millimetie 
in the piezometer readings may be dismissed as extremely improbable 

Second It is possible that during the second series of experiments less caie may 
have been taken than m the first series to let off the pressure with extreme slowness 
Thus the mdices may have been slightly washed down and the record of compression 
rendered too small Even with the greatest care this undoubtedly occurred in some at 
least of the experiments of the first series , and the screw tap may have been altered 
for the worse dunng the second senes 

Third It IS recorded m the laboratory book that dunng the second senes of 
observations (which were made foi the most part in the exceptionally cold weather of 
last spnng) the oil and treacle in the manometer bad become very viscous so that 
it was difficult to make the pistons rotate As artificial cooling of the pressure apparatus 
alone was employed m the first senes this objection does not apply to it A constant 
zero error of 4 mm only m the gauge would fully explain the discrepancy And there 
was another cause which may have tended to produce this result, viz the oxidation of 
the mercury m the manometne column which had soiled the intenor of the lower part 
of the tube and thus made it veiy difficult to read the zero 

Fowth The piezometers had been twice refilled and of couise slightly altered in 
content between the two senes and the hair indices had necessarily been changed 
The former cause could have produced no measurable effect, but if the indices weie 
all somewhat stiffer to move in the second series than m the first the discrepance 
might be fully accounted for 

Fifth Between the two series all the piezometers had for several months been 
filled with strong salt solutions Imperfect washmg out of these solutions may have 
had the effect of rendenng the second senes a set of expenments on water very 
slightly salt 

Sndh To make my observations applicable to natural phenomena I purposely 
did not employ distilled water The ordmary water supply of Edmburgh is of very 
fair quahty, and I took care that it should not be boiled longer than was absolutely 
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necBssary to provont air bubbles from foiming in the piezometers But it comes from 
different souices and is supplied as a mixture containmg these in proportions which 
vary from time to time From this cause also the substance operated upon may have 
been slightly different in the two series of experiments 

As will be seen m next section I have obtained diiect proof that the hrst senes of 
observations is to be preferred to the second — though I have not been able to ascertain 
definitely which of the above causes may have been most efficient in pioducmg the 
discrepancy 

It will be observed that this discussion has nothmg to do with the impoitant 
question Does the compressibility of water dimmish from the very first as the pressure 
mcreases as was asserted by Perkms ? The first and rudest of my experiments sufficed 
to answer this definitely in the aflSrmative , though the contrary opinion has been 
confidently advanced and is very generally held to this day 

The discussion deals with a much more refined and difficult question viz Is the 
diminution of average compressibility simply proportional to the pressure for the first 
few hundred atmospheres or does the compressibility fall off more slowly than that 
proportion would indicate as the piessuie is raised^ 


VIII Eeductions Resulps and Formula for Sea Waier 

As already stated thiee of the six piezometers employed were filled with fresh 
water and three with sea water so that simultaneous observations weie made on the 
two substances The accordance among the various observations made with seawater 
at any one tempeiature and pressure was not so good as it was with fresh water 3 
especially when the smaller compression apparatus was used There is some curious 
action of salt upon the hairs attached to the mdices which has the effect of rendering 
them too loose however stiffly they may originally have fitted the tube Treating the 
observations of the first series exactly as described in the preceding section I obtained 
the points marked * in Plate I Drawing smooth curves through these, I obtained 
parabohe formulae for the apparent compressibility These gave the followmg results 
when compared with the data from observation — 


Apparent Gompress%b%hty of Sea Water 




1 ton 

2 tons 

6 tons 



Obs 

Calc 

Obs 

Calc 

Obs 

Calc 

0 

4 

43o 

435 

420 

420 

410 

410 

3 

0 

427 

427 

413 

413 

402 5 403 

11 

8 

404 

404 

392 

392 

383 5 

384 

14 

2 

398 

399 

389 

388 

380 

380 

15 

0 

398 

397 

387 

387 

378 

378 
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Adding the correction for glass the formulae became foi 1, 2 and S tons 
lespectively — 

462 - 3 20« + 0 i 

4.4'? 0 - 3 05< + 0 Oo<» i (B), 

437 5-295f + 0 05t | 

which may be compared with (A) foi fresh water, and which may be approximately 
expressed m the form (verj nearly correct for p = 2) — 

000179 / t < \ 

38 4-p r 150 ■^10000/ 

with sufficient accuracy for most purposes of calculation 

Of course it is easy to deduce from formula (B) the points of minimum com 
piessibility etc foi different piessures, but the data are scarcely accurate enough to 
warrant such a proceeding We may however extend the formulae tentatively to the 
case of veij low piessuies for which we obtain 


481-3 4«+0 03t" 

[Ihe term independent of t m the formulae (B) is of the form 


481-21 26p+ 2 25^3“] 


The second senes of ohseivations gave when reduced, the points marked O on 
the plate The curves which I have drawn and which evidently suit them veiy 
closely aie parallel respectively to the cuives drawn through the * points The 
interval between them is throughout about 7 foi 1 ton 4 for 2 tons and 3 foi 3 tons 
which must be subtracted from the hrst terms of (B) respectively The corresponding 
intervals for the fresh water curves in the two senes were 5 2 1 The diffeiencos 
of corresponding intervals between the sets of curves are 2 2 2 , the same foi all the 
groups of four cuives each 


This seems to throw hght on the question raised in last section and to how 
that the mam cause of the discrepancy between the first and second senes of obsei 

^ substance operated on The constant 
of the differences is due to such a cause being at once traceable to the 
tact that the sea watei put into some of the piezometers foi the second senes of 
experiments was taken from the same Wmchestei quart bottle as was that with which 
they had been filled two years before Dunng these two years the sea watei had 
probably by evaporation become slightly strongei and therefore less compressible 
The change of compressibility is less than 0 5 per cent of the whole and is there- 
ore practically (as It IS m the thud significant figure) the same for all thiee pressures 
we now look back to the suggested explanations in last section we see that the 
above lemarks entnely dispose of the fifth and sixth so far as fresh water is con- 
cerned though the sixth m a modified form has to do in part with the disciepancv 
between the two senes of observations on sea water ^ ^ 

the Jw ^ ^ observations employing 

the two piezometers of large capacity spoken of at the end of Section III ThZ 
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are called Mi and M 2 On the first da} of experimenting Mi held sea watei hom i 

Winchester quart filled at the same time with the first but which had remained 

unopened M had fiesh water On the second day Jf held seawater and Mi iresh 
water The object of this was to discover if such existed errois in the calibration 

of the piezometeis and then to eliminate them by a process akin to that of weigh 

ing with a false balance 

One of the ordinary piezometers ( ) filled with fresh watei was associated with 
the others as a check I quote the results of one experiment only made on the 
second day — 


5/6/88 

5 

9 4 

M, 

3109 

[0997 ton] 
[4465] 

422 



234 7 

[4080] 

5 



1260 

[4463] 


Thus we have the following comparison of estimates of true aveiage compiessibility 
for the fiist additional ton — 

Fresh Watei bea Watci 

rist Senes 4*74 434 

9 4|2nd 469 427 

[New 473 434 

A few of the experiments were not thoroughly decisive, none were m favoui of 
the second senes This seems (so far as the first ton is concerned ) to settle the 
question in favour of the first senes 

The formulae (A) and (B) may therefore for one ton at least, be regarded as 
approximations to the truth probably about as close as the apparatus and the method 
employed are capable of furmshing 

They show that the ratio of compressibilities of sea watci and fiesh water vanes 
but little from 

0 92 

throughout a range of temperature from 0° to 15 C 

[The doubts as to the behaviour of the indices, which have been more than 

once alluded to above have just led me to make a senes of experiments (at one 
temperature but at different pressures) by the help of the silveung process The 

results with fresh watei were not much more concordant than when the haii mdices 
were used When means were taken exactly as before, it was found that the results 

for 1 ton weie almost identical with the former Foi 2 tons the aveiage value was 

usually greater than before by a unit (and m some cases two umts) in the third 
place Foi 3 tons it was also greater but now by one 01 two (and sometimes three) 
units Hence it is probable that the hair indices do behave as I suspected but that 
the effect is small — not at the worst {ye at the highest piessure) more than about 
0 5 per cent of the mean value found With sea-water there was a complex reaction 
which made it difficult to read the indications of the silver film The ratio of the 
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true compressibilities of sea water and fiesh watei was now found to be about 0 925 
the value which I gave from my earliest experiments 30/6/88] 

Dr Gibson has fuimshed me with the following data regarding specimens of sea 
watei taken from two of the Winchester quarts filled off the Isle of May One of 
these had remained unopened, the other had been often opened and not closed with 
special care These correspond (at least closely) to the materials used m the first 
and second senes of experiments respectively — 

Density 

Percentage of Cl 0 C 6 C 

1 8649 1 027286 1 026745 

1 9094 1 027941 1 027405 

Takmg the reciprocals m the last three columns we have 

Volume 

0 c 6 12 

0 973439 0 973951 0 974816 

0 972818 0 973326 0 974220 

Expressing these volumes as parabolic functions of the temperature we find foi the 
maximum density points - 5 7 and - 4® 9 respectively 

IX Compressibility Expansibility etc oi Solutions of 
Common Salt 

This part of the inquiry was a natural extension of the observations on sea water 
but it was also in part suggested by the fact that an admixture of salt with water 
produces effects very similar to those of pressuie Thus it appeared to me that an 

mvestigation of the compressibihty of brmes of vaiious strengths might throw some 

light on the nature of solution , and also on the question of the internal pressui c 
of liquids which (m some theoiies of capillary forces) is regarded as a very large 
quantity 

The solutions expenmented on contained loughly 4 9 13 4 and 17 6 per cent 
of common salt The piezometers used for the experiments already described weie 
filled with these solutions in July 1887 , one for comparison bemg left full of 
fresh water I obtained a large numbei of results at temperatures about 1 , 9 and 
19 C and at 1 2 and 3 tons weight pei square inch Unfortunately these were 
still moie discordant than those made with sea water , so much so m fact that an 
error of 1 or occasionally even 2 per cent was not by any means uncommon However 
by plottmg all the observations exactlv as described m the two last sections I found 
that they could be fairly represented by the curves shown m Plate I In most cases 
two at least of the three pomts for each cuive were fairly determmate, one of these 
being m all cases within a degree or so of 10 C Foi this was obtamed by 


12 C 

1 025834 
1 026462 
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experiments in the laige gun where the difficulty of relieving the piessure without 
jerks IS much less than in the smaller apparatus Of the general accuracy of these 
curves I have no doubt Thus for instance it is certam that the compressibility at 
any one temperature and pie&sure diminishes rapidly as the percentage of salt mcreases 
And the late at which the compressibihty (for any one range of pressure) dimmishes 
as temperature mcreases becomes rapidly less as the solution is stronger My obser 
vations do not enable me to settle the more delicate question of the vanation of 
the rate at which the compressibihty (at any one temperature) falls off with increase 
of pressure m the various solutions For the hmits of error m the various deter- 
mmations especially with the more nearly saturated solutions are quite sufficient to 
mask an effect of this kind unless it were consideiable An attempt however, will 
be made m next Section 

There is little to be gamed by puttmg the results of the inquiry m a tabulai 
form , for they can be obtained from the plate quite as accurately as is warranted 
by the limits of uncertamty of the experiments See p 44 

I am indebted to Dr Gibson for the following determinations which have a high 
value of their own as showing the connection between the strength of a salt solution 
and its expansibility — 


Feiroentage of NaCl 

O^C 

Density 

6 c 

12 0 

3 8845 

1 029664 

1 028979 

1 027935 

88078 

1 067689 

1 066144 

1 064486 

13 3610 

1 101300 

1 099341 

1 097244 

17 6368 

1 138467 

1 136040 

1 133665 


From Dr Gibsons numbers with the help of a table of reciprocals we have the 
following data as to volume instead of density — 


Percentage of NaCl 

0 c 

6 

12 

388 

97119 

97184 

97282 

881 

93669 

93796 

93942 

1336 

90802 

90963 

91137 

17 63 

87837 

88025 

88217 


Next, to find the maximum density for each solution and the correspondmg 
temperature we must lepresent these volumes by parabolic functions of t Thus the 
first three numbers are closely represented by 

y = 0 97083 + + 

so that the first solution has its maximum density (1 030) at — 9® C and its coeffi- 
cient of expansion is 

0 0000093 (9 + t) 

Such formulae of course must be taken for no more than embodiments of the data 
and any application of them considerably beyond the temperature limits 0® — 12 C is 
purely hypothetical 
T n 


6 
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For the second solution — 

y = 093306+^ ^^^^ 37 2 4 1) 

so that (under the reservation just made) the maximum density is 1 0717 at — 37 2, 
and the coefficient of expansion is ’ 

00000056 (37 2 +t) 

For the third — 

y = 0 89884 + 0 0000018 (72 + tf 

The maximum density is 11126, at -72 C , aod the expansibility 

0 000004(72+0 

The numbers for the volume of the fourth solution are so nearly m arithmetical 
progression that we can hardly use them to approximate, even roughly to the position 
of the maximum density point or the correspondmg density The expansibility has 
practically (from 0 to 12 C) the constant value 

000036 


Thus we have for the vanous salt solutions 


Percentage 

NaCl 

Max Eensity 
Pomt 

Max Density 

0 

+ 4 

1 

388 

-9 

1030 

881 

-37 

10717 

1336 

-72 

1 1125 

1763 




Density at 0 0 

Expansibility 

099986 

-0000068 (l- 1) 

1 02966 

+ 0000084(^1+ 

106759 

000021 (l+^) 

1 10130 

000029 ( 1 +^) 

1 13847 

0 00036 


^ a g»d illmttafaoa of tt. analog, at tie begmmng of this sactaoa let a. 
deal &r a moment ytlh frrt nater at sneh a prints that it. mamnmm danml, 
[mint m -9 C, that of the fiist of the salt solntmns It tnll b. seen later that 
the requisite pressure is about 4 tons At that pressure (A) gives 

468-3 75t+0 07« 


Hence as the unit of volume at 1 atm and 4° C becomes 
0 0 it IS reduced at 4 tons and 0° C to 

(1 000136) (l - = 1-0 0284, 

SO that the density has become 


1 000136 at 1 atm 


and 


10292 
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At the same temperature and at 1 atm the density of the salt solution which has 
the same maximum density point is 

10297 

If we assume the formulae (A) to be applicable to temperatures so far as 9 below 
zero (a somewhat precarious hypothesis inasmuch as water at 4 tons has its freezing 
point about - 4® 5 0 ) the maximum densities alike of the compressed water and of 
the salted water are closelj represented by 

1030 

[In obtaining the fiist of these numbers I assumed from Despretz that the 

density of watei at 1 atm and — 9 0 is 0 9984 ] Of course it would be vam to 
attempt similar calculations foi the stronger solutions as the mdicated maximum 
density pomts are so widely outside the limits of my experiments But the example 

just given seems to show that if fresh water he made, by pressure, to have its 

maximum density point the same as that of a common salt solution under atmo- 

spheric pressure the densities of the two will be nearly the same at that point and 
will remain nearly alike as temperature changes 


NOTE 

In all that precedes it has been tacitly assumed — 

1 That the pressure is the same outside and mside the piezometer 

2 That the pressure measured by the gauge is that to which the contents of 

the piezometer were exposed 

3 That the pressure was uniform throughout the contents 

None of these is stactly true so that cause must be shown for omittmg any 
consequent correction 

The third may be dismissed at once as the height of the piezometer bulb is 
only a few inches 

The diffeience of levels between the upper end of the gauge and the bulbs of 
the piezometers when in the piessure-chambei was about three feet, so that on this 
account the pressure applied was less than that in the gauge by one tenth of an 
atmosphere But as differences of pressure alone were taken from the gauge this 
cause merely shifts (to a small extent) the range through which the compression was 
measured But the nse of mercury in the piezometer stem made a reduction of the 
range of pressure as measured which for 3 tons pressure might amount to about 
0 5 atm The error thus introduced was at the utmost, of the order 0 1 per cent 
of the compiessibihty measured Thus the second cause also produces only negligible 
effects 

I preferred to settle the first question by experiment rather than by calculation 
as the obtainmg of the data for calculation would have required cutting up of the 
piezometer bulbs The 05 atm spoken of above represented, in extreme cases, the 

6—2 
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excess of external over internal pressure m the piezometers By direct experiment 
on two of the instruments themselves it was found that their internal volume was 
diminished at most 0 00002 of the whole by 0 6 atm of external pressure This would 
involve as a correction the adding of 0 1 per cent only to the result at S tons so 
that it also is well within the limits of erroi of the measurements above 


ASSOCTATED PHYSICAL QUESTIONS 


X Theoretical Speculations 

If instead of the percentage of NaCl m the solutions we tabulate the amount of 
NaCl to 100 of water and along with it the compressibihty at zero we have — 


<= amount of 

Average compressibility at 0 

C xl(F 

NaOl to 100 of water 

For fust ton 

Fust 2 tons 

Fust 3 tons 

00 

503 

490 

477 

40 

449 

438 

428 

96 

396 

386 

378 

15 4 

354 

345 

338 

214 

321 

313 

306 


The relation between these numbers is very fairly represented by the formula — 
Average compressibility for first <p tons= 

36 -i-5 

It IS remarkable that if we put ^ = 0 in the formula of Section VH we have 

Average compressibility of fresh watei for first p-\-s tons = ^ 00^86 

S6+P+S 

which presents an exceedmgly strikmg resemblance to that last written 

Though these formulae are only approximate we may assume the true constants 
to he at least nearly the same m both and make the following statement as a sort 
of metnona techmca m this subject — 

At 0 C the average compressibility, for p tons, of a solution of s lbs of common 
salt in 100 lbs of water is nearly equal to the average compressibihty of fresh water 
for the first p + s tons of additional pressure 

The numerical coincidence aboi e is of course accidental , because the formula^ 
are taken for the special temperature 0° 0 and the special umt of pressure 1 ton 
weight per square mch 

But a comcidence of a much more striking character and one which does not 
depend upon special choice of umts is suggested by the common form, of the 
expressions compared 

It appears from the Eonetic Theory of Gases, m which the particles are treated 
as hard spheres whose coeflScient of restitution is 1 and which exert no action on 
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one another except at impact that the pressure and Yolume of the group at any 
one temperature are connected by a relation approximately of the form 

p (t; — a) = constant 

The (quantity ct obviously denotes the ultimate volume % 6 that to which the 
group would he reduced if the pressure were infinite 

I have pointed out^ that this expression comcides almost exactly with the results 
of Amagat s experiments on the compression of hydrogen The introduction of an 
attractive force between the particles, senbible only when they are at a mutual 
distance of the order of their diameters, merely alters the constants in this expression 
Let us see what interpretation it will bear if for a moment, we suppose it roughly 
to represent the state of things m water 

The average compressibihty of such a group of particles between the pressures 
BT and tsr -\-p VIZ 

Vq — V 
pvo 

where Vq is the volume at -or and v that at -nr -i-p is easily shown to be 

1 -- 

^0 

Compare this with the empirical expression above for the compressibihty of water 
say at 0 0 (per ton weight on the square inch) — 

152 3 X 0 00186 _ 0 283 
36-l-jp 36H“P 

and we see that they agree exactly in form If then the results of the kinetic 
theory he even roughly applicable to the case of a liquid, we may look upon the 
36 m this expression as the numbei of tons weight per square mch by which the 
mtemal pressure of water exceeds the external pressure And the corresponding 
empirical expression for the compressibility of a solution of common salt may be 
interpreted as showmg that the addition of salt to water increases the internal 
pressure by an amount simply proportional to the quantity of salt added 

That liquids have very great internal pressure has been conjectured firom the 
results of Laplaces and other theories of capillarity m which the results aie derived 
statically from the hypothesis of molecular forces exerted intensely between contiguous 
portions of the liquid but insensibly between portions at sensible distances apart A 
very interesting partial venfication of this proposition was given by Berthelot® in 1850 
By an ingenious process he subjected watei to external tenshou and found that it 
could support at least fifty atmospheres The calculation was made on the hypothesis 
that a moderate negative pressure increases the volume of watei as much as an equal 
positive pressure diminishes it 


1 Tjuns Roy Soc Edvn vol xxxin p 90 1886 


Ann de Ghmie tom tsx p 232 
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I was led to the conclusion that the internal pressure of a liquid must be gx( itly 
superior to the external as a consequence of the remarkable results of Anduwn 
experiments on carbonic acid and of the comments made on them by J rhomsou 
and Clerk Maxwell^ It was Prof E Wiedemann who while making in xbstiacl of 
papei (Appendio) E) foi the Beiblatter zu den Ann d Phynk hrst called my 
attention to Berthelot s experiment 

In Append%a> F a short account of Laplaces calculations is given, and it is shown 
that the work required to carry unit volume of water from the interior to a (hstanci 
from the surface greater than the range of molecular foices is 

2K X 1 cub inch 


where K is the mtemal molecular pressure per square inch The speculation ibo\c 
would make this work 

72 inch-tons 


But in work units the heat lequned to vapoiize 1 cub mch of watei at 0 C is 


01 


62 5 
1728 


606 X 1390 foot pounds 


163 mch tons 


The two quantities are at least of the same order of magnitude, and it is to b( 
remembered that what has been taten out m the one case is veiy small paituhn 
of water, m the other particles of vapottr This raises another extremely (hfhdilt 
question viz —What fraction of the whole latent heat is required to convert wntd 
m excessively small drops into vapoui^ 

The comparison above if it be well founded would seem to show thit the utmost 
reduction of volume which water at 0 C can suffer by increase of pressure is 0 2HJ 

%e that watei can he compressed to somewhat less than 3/4ths of its ontnnal bulk’ 
but not further ® 


Of coume the whole of this speculation is of the roughest chaiaetti foi Iwo 
lemons The kmetic gas formula has been proved only for cases in which the whob 
volume of the particles is small compared with the space they occupy The com 
pression formula is only an appioximation and was obtained for the range of iMissuns 
«« wtale we h.we e«e.ded 


XI 


Equilibbium or a. Teetical Column of Waibe 


In Canton s second paper we have the following interesting statement 

The weight of 32^ feet of sea-water is equal to the mean weight of tho atm,, 
^heie ^d 1 . far as tnal has yet been made, every additional weigM^^^^^^ 
that of the atmosphere compresses a quantity of sea water 40 millionth parte now 
if this constantly holds the sea where it is two miles deep is oomuTpL?!. 7 
69 9 .note. th. a. .he 


1 Theory of Heat chap vi London 1871 
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Either Canton overestimated the density of sea-water or he undeiestimated the 
amount of an atmosphere for nndouhtedly 33 feet is a much closer approximation to 
the column of sea water which produces 1 atmospheie of pressure He does not give 
his process of calculation, but it was probably somethmg like this — The pressure 
increases umformly from the top to the bottom (neglectmg the small effect due to 
change of density produced by compression) and everywhere produces a conti action 
proportional to its own value Hence the whole contraction is equal to that which 
would have been produced if the pressure had at all depths its mean value % e 
that due to half the whole depth This process with Cantons numbers gives nearly 
his numerical results 

If then, a be the depth and the ongmal density ffpoCiJ2 is the mean pressure 
If e be the compressibility the whole contraction of a column originally of length a 
IS egp^a /2 How a mile of sea water gives nearly 160 atmospheres of pressure so 
that the loss of depth of a mile of sea (supposed at 10° C throughout) is 

160 x0000045 x 5280/2 = 19 feet neaily 

For other depths it vanes as the square of the depth, so that for two miles it is 
76 feet and for six miles 684 feet nearly 

This however is an overestimate because we have not taken account of Perkins 
discovery of the diminution of compressibihty as the pressure mcreases The investi 
gation foi this case is given in Appmdics G where the change of depth is shown to be 

egpifit^li “ 3]Q + 2lP “ ) 

w being the pressure at the bottom m tons weight per square inch and 11 (by 
Section VIII) being 38 in the same units 

Foi SIX miles of sea this is in feet — 

684 + = 620 nearly 

In the Appendw referred to I have given a specimen of the hydrostatic pioblems 
to which this mvestigation leads Any assigned temperature distnbution, if not 
essentially unstable can be approximately treated But the up oi down rushes which 
result from instability are hopelessly beyond the powers of mathematics 

One remark of a curious character may be added viz that m a very tall column 
of water (salt or fresh) at the same temperature throughout the equilibnum might 
be rendered unstable in consequence of the heat developed by a sudden large increase 
of pressure For as will be seen later the expansibihty of water is notably mcreased 
by pressure, and thus the lower parts of the column will become hotter and less 
compressible than the upper This effect is not produced in a tall column of air 
for the expansibihty is practically unaltered by pressure And the opposite effect is 
produced m bodies like alcohol, &c, where the compressibihty steadily increases with 
nse of temperature 
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XII Change of Tempbratuke produced by Compression 


The thermal effects oi a sadden, increase or relaxation of pressure lormed an 
important element in my examination of the Challenger thermometers and were 
practically the ongm of this mquiry , one of the most unexpected of the results I 
obtained bemg the very considerable compression change of temperature of the vulcanite 
slabs on ■which the thermometers are mounted Thomsons formula for this hAatmg 
effect in terms of the pressure applied, and of the specific heat and expansibihty of 
the body compressed is given m A 2 >peiuiuv C to my former Report My first direct 
experiment on the subject was described as follows^ — 

When the bulb of one of the thermometers was surrounded by a shell of lard 
upwards of half an mch thick the total effect produced by a pressure of 3-J tons 
weight was 5 F , while for the same pressure, without the lard the effect was only 
1 8 F The temperature of the water m the compression apparatus was 43 F, so 
that the temperature effect due to the compression of water was less than 0° 2 F 

On May 16 of the same year I read a second note on the subject from which 
I extract the foUowmg** — 

I have exammed foi a number of substances the rise of temperature produced 
by a sudden apphcation of great pressure and the corresponding fall of temperature 
when the pressure was very suddenly relaxed The copper iron circuit is however too 
little sensitive foi very accurate measurements, as fi:om the nature of the apparatus 
the wires must be so thm as to have considerable resistance and the thermo electi ic 
power of the combination is not large I content myself for the present, with a 
general statement of the results for cork and for vulcanized mdia rubber which aae 

apparently typical of two classes of solids quite distmct from one another in then 
behaviour 

1 Q temperature was found to be about 

1 for each ton weight of pressure pei square mch, and the fall m relaxation 
was almost exactly the same 

With cork each additional ton of pressure gave less nse of temperature than 
e prececing ton, and the fall on relaxation of pressure was for one or two tons 
only about half the nse For higher pressures its ratio to the nse became greater 
Iwo tons gave a use of about 1 6 F and a fall of 0 9 F ^ 

With the same arrangement the fall of temperature m water suddenly reheved 
from pressure at a temperature of 60° F was found to be for 

One ton weight pei square inch 0 25 F 

III 


These numbers give the averages of groups of fairly concordant results I 
employed coohng exclusively in these expenments because one of the valves of my 


^ P'ioc J2oy Soc Edin vol xi p 61 1881 


Ptoc Roy Soc Rdin vol xi pp 217 218 1881 
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pump was out of order, and the pressure could not be raised at a uniform rate 
The effects obtamed for successive tons of pressure are thus, roughly 0 25 0 31 0 37 
and 0 42 F 

If these results may be trusted, they probably mdicate a lowenng of the maximum 
density point of water by pressure^ 

In the next extract it will be seen that I deduced from these data a lowering 
of the maximum-density point amountmg to about 8 C per ton 

The experiments on water were earned further m the following year by Professors 
Marshall and Michie Smith and Mr Omond The second of their papers contains 



the annexed graphic lepresentation of the results, which is alluded to m the following 
extract The final lesult of these experiments as assigned by the authors was a 
probable loweimg of the maximum density point of water by 5 C for one ton pressure 
To this paper I added the folio wmg note {Ic p 813) — 

If we assume the lowering of the temperature of maximum-density to be pro 
portional to the pressure which is the simplest and most natural hypothesis we may 
wnte 

where p is in tons weight per square inch 

^ Now Thomson s thermo dynamic result is of the form 

This becomes with our assumption 

St = A 

As the left hand member is always very small, no sensible error will result fiom 
integrating on the assumption that t is constant on the right (except when the 

1 [See footnote to p 26 ] Proc Roy Soc Edin vol xi pp 626 and 809 1882 

r II T 
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quantity m brackets is very small and then the error is of no consequence) Into 
grating therefore on the approximate hypothesis that A and £ miy he treated as 
constants we hare for the whole change of temperature produced by a finite pressure p — 

At = A{t- 4)p + ^ABp^ 

I have found that all the four lines in the diagram given [from Messrs Mai shall, 
Smith, and Omond on last page where y is the heating effect of p tons at temper atuie 
i] can be represented with a fair approach to accuracy by the formula 

y = 00096 (i — 4)y) + 0 OlYp 

where p has the values 12 3 4 respectively Hence compaimg with the theoretical 
formula we have the values 

4 = 00095 5 = 3 6 0 


B expresses the lowermg of the maximum density point foi each ton weight of 
piessure per squaie inch 

It seems however that all the observations give considerably too small a change 
of temperature, for the part due to the first power of the pressure is from 30 to 
40 per cent less than that assigned by Thomsons formula and his numeric il diti 
One obvious cause of this is the small quantity of water in the compression apparilus, 
compared with the large mass of metal in contact with it This would turd to 
dimmish all the results whether heating or coohng, and the moie so the inoit 
dehheiately the experiments were performed Another cause is the heating (by com- 
pression) of the ext&inal mercury m the pressure gauge Thus the pressures wo 
always overestimated, the more so the more rapidly the expeiiments are conducted 
A third cause which may also have some effect is the time required by the thcimo- 
electric juuctiou to assume the exact temperature of the suiroundmg liquid 

Be this however as it may the following table shows the nature of the agn c 
meat between the results of my original expeiiments [ante p 48] and the ditn 
derived from the present investigations The gauge and the compression apparatus 
were the same as in my experiments of last year, the galvanometer, the thermo- 
electric junctions and the observers were all different The column MSO gives the 
whole heating or cooling effect at 15 5 C calculated for different pressures from tlio 
results of the m^estlgatlon by Professor Marshall and his coad]utor8 The column T 
contains the results of mj direct experiments at that temperature 


p (tons) 
1 
2 

3 

4 


MSO 
0131 C 
0 294 
0 46o 
0 66o 


T 

0139C 
0 311 
0ol6 
0 760 


Thomson 

0177 C 
0355 
0633 
0711 


It will be noticed that theie is again a fair agreement, though the results are 
as a rule lower than those calculated from Thomsons fonnnla My own agree most 
nearly with Thomsons formula probably because they were very rapidly conducted 
As they stand, they give about 3° C for the effect of 1 ton on the maximum-density 
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point It IS to be observed that if we could get the requisite corrections for con 
duction and for compression of mercury their introduction would increase (as in fact 
IS necessary) the constant A above but would have comparatively little effect on tho 
value of jB which is the quantity really sought 

The experiments on other substances were carried out for me by Messrs Creelman 
and Crocket fiom whose important paper^ I extiact the following results which have 
some connection with the subjects of this and of my former Report — 



Cork at lo C 


Challenger Vulcanite 

at 16 C 

Pressure Rise per ton 

Fall per ton 

Pressure Rise per ton 

Fall per ton 

1 

0 

0 51 

1 

0 33 

0 33 

2 

0 66 

0 45 

2 

0 31 

0 33 

3 

0 69 

0 42 

3 

0 28 

0 32 


Glass at 15 C 



India rubber at lo C 

1 

0 12 

0 12 

1 

0 74 

0 79 

2 

0 13 

0 14 

2 

0 70 

0 79 

3 

0 13 

0 14 

3 

0 70 

0 80 

Gutta Percha at 16 

C 


Beeswax at lo 

C 

1 

0 65 

0 67 

1 

0 83 

0 83 

2 

0 60 

0 64 

2 

0 79 

0 86 

3 

0° 58 

0 63 

3 

0 78 

0 89 

Solid Paraffin at 14' 



Maiine Glue at lo 

60 

1 

0 56 

0 57 

1 

0'91 

0 98 

2 

0 56 

0 59 

2 

0 86 

0° 90 

3 

0 54 

0 61 

3 

0 82 

0 91 


Chlorofonn at 17 

C 

Sulphuric Ether at 21 0 

1 

1 44 

1 45 

1 

1 8 

1 9 

2 

1 34 

1 46 

2 

1 74 

1 8 

3 

1 31 

1 47 

3 

1°7 

1 7 


As was to be expected from the fact that the getting up of pressure requires a 
short time while the relief is practically instantaneous the heatmg effect is generally 
a little smaller than the coolmg effect for the same change of pressure 

These experimenters thus completely confirmed my statements as to the curiously 
exceptional behaviour of cork but they found no other substance^ in the long list of 
those which they examined which behaves in a simihr manner 

It IS to be remarked that as in all the expenmen ts descnbed or cited in this 
section the temperatuie changes were measured by a thermo electnc junction which 
was itself exposed to the high pressures employed there may be error due to the 
compression of the materials forming the junction The wires were for several reasons 


^ Proc Roy Soc Edin vol xm p dll 1885 


7—2 
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very thin, so that the enor if any is not due to changes of temperature in them 
but to (possible) change of relative thermo-electric position due to pressuie This is 
a very insidious source of error and it is not easy to see how to avoid it 


XIII Effect of Peessuee on the Maximum Density Point 


Though the lowenng of the maximum-density pomt of watei by piessine is an 
immediate consequence of Canton s discovery that the compressibility diminishes as 

the temperature is raised it seems to have been fiist pointed out, so lately as 18T5 
by PuschP I was quite unaware of his wort and of that of Van der Waals when 

(as shown m Section XII above) I was led to the same conclusion by the differences 

between theory and experiment us to the heat 
developed hy compression of watei 

Q ^ This can very easily be shown as follows 

a I Let the (vertical) oidmates of the curve ABG 

h represent the volume of watei ut 1 atm, Iho 

abscissae the coiresponding tempoiatures, B tho 
maximum density point Let the dotted curve 
aic represent the same foi a greater picssurc 
say two atmospheres Then by Canton’s lesult 
the vertical distance between these curves (tho 
difference between corresponding ordinates) di- 
minishes continuously fiom to C, so long at 
least as the temperatuie at G is under that of minimum compressibility Hence 

the inclmation of abo to the axis of tempeiatures is everywhere greater than th it 
of the corresponding part of ABG Thus the minimum J, of the dotted curve 
(where its tangent is horizontal) must correspond to a point, in the full curve 
where the inclination is Tiegative — i e a point at a lower temperatuie than B 

To calculate the amount of this lowenng hy the process indicated, wc must 
know the foim of the curve ahe This in its turn can be calculated from a know- 
ledge of the form of ABC and of the relation between compressibility and temperature 
Both of the authors named took their data as to the latter matter fiom tho experi- 
ments of Grassi , and as was therefore to be expected gave results wide of the 
truth Pnschl calculates a lowenng of 1 C by sr 6 atm which is certainly too 
small, Van dei Waals 0 78 0 hy 10 5 atm as ceitainly much too large 

To obtain a good estimate m this way is by no means easy for authorities irc 

not quite agreed as to the form of the cuive ABO If we calculate from the datum 

of Despietz which has been verified by Eossetti®, namely 



Tol at 0° C 
Tol at 4° 0 


= 1000136 


1 SUmngib d math tmtuiw Cl d h Ahad d Wits Wien Bd p 283 1875 
® Arehtvee Neerl tom xn p 457 Haarlem 1877 
* Pogg Ann Ergamnngtband v p 260 1871 
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we obtain for the Yolnme of water at 1 atm, in terms of temperature, 

1 + 0 0000085(^-4)’* (1) 

[This refers only to the part AB of the curve which is what we want Theie seems 
general agreement that the curve is not symmetrical about the ordmate at B] Now 
by (A) the factor for reduction of volume by 1 ton of additional pressure is 

1-0 007676 + 0 0000o5« - 0 0000006U’* (2) 

The product of these factois (1) and (2) is a minimum when 

0 000017 4) = - 0 0000o5 + 0 00000122^ 


or 


= 4-317 


Thus according to these data the maximum density point is lowered by 3 17 C 
per ton of pressure It will be observed that this is not much less than the result 
I calculated from the data of Professor Marshall and his comrades but it agrees 
almost exactly with that which I derived fi:om my own , 

The followmg description of the results of my earlier attempts to solve this 
question directly is taken from the Proo Roy See Edin vol xii pp 226-228 1883 — 

* I determined to try a direct process analogous to that of Hope for the purpose 
of ascertaining the maximum density point at different pressures The experiments 
presented great difficulties because (for Hope s method) the vessel containmg the 
water must have a considerable cross section, and thus I could not use my smaller 
compression apparatus which was constructed expressly to admit of measurements of 
temperature by thermo electric processes I had therefore to work with the huge 
Fraser gun employed for the Challenger work and to use the protected thermometers 
(which are very sluggish) for the measurement of temperatures It was also necessary 
to work with the gun at the temperature of the air — ^it would be almost impossible 
to keep it steadily at a much lower temperature — so that I had to work in water 
at about 12 0 

The process employed was very simple A tall cylindrical jar full of water had 
two Challenger thermometers (stnpped of their vulcanite mounting) at the bottom 
and was more than half filled with fragments of table ice floating on the water and 
confined by wire gauze at the top This was lowered into the water of the gun and 
pressure was applied 

It IS evident that if there vjete no conduction of heat through the walls of the 
cylmder, and if the ice lasted long enough under the steadily maintained pressure 
the thermometers would ultimately show by their recordmg mmimum mdices the 
maximum-density point corresponding to the pressure employed — always piovided that 
that temperature is not lowei than the meltmg point of ice at the given pressure 

Unfortunately all the more suitable bad conductors of heat are either bodies 
like wood (which is crushed out of shape at once under the pressures employed) or 
hke tallow, &c (which become notably raised in temperature by compression) I was 
therefore obliged to use glass The experiments were made on successive days, three 
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each day, with three different cylindrical jars These had all the same height and the 
same internal diameter The first was of tinned iron, the second of glass about ^ inch 
thick, the thud of glass nearly an mch thick was procured specially for this work 

With the external temperature 12 2 0 the following weie the results of 1|- tons 
pressure per square inch contmued in each case for 20 minutes (some unmelted ice 
remainmg on each occasion) The indications are those of two different Challenger 
thermometers corrected for mdex error hy direct comparison with a Kew standard 


Tin Cylinder 

4 C 
4 


Thin Glass 

2 67 
2 61 


Thick G-lass 

0“ 83 
0 83 


The coincidence of the first numbers with the ordinary maximum density pomt of 
•water is of course mere chance When no pressure was applied hut everything else 
■was the same the result was — 


Tin Thin Thick 

5 7 C 5 4 

It lb clear that the former set of numbers points to a temperature of maximum density 
somewhere about 0 C under IJ tons pressure pei square inch But still the mode 
of working is very imperfect 

I then thought of trying a double cyhndncal jar the thm one above mentioned 
being enclosed in a larger one which surrounded it all lound and below at the 
distance of about f inch Both vessels were filled with water with broken ice floating 
on it and had Challenger thermometers at the bottom By this anangement I hoped 
to get over the difficulty due to the temperature of the gun by havmg the inner 
vessel enclosed in water which would be lowered in temperature to about 3 C by 
the application of pressure The device proved quite successful The result of 1-J- tons 
pressure per square mch maintained for 20 mmutes some ice being still left in each 
vessel was from a number of closely concordant trials — 

Temperature in outer vessel 17 0 

Temperature m inner vessel 0 3 C 

The direct pressure correction for the thermometers is only about - 0 1 C and has 
therefore been neglected 

The close agreement of this result with that obtained (under similar pressure 
conditions) m the thick glass vessel leaves no doubt that the lowering of the maximum- 
density point IS somewhat under 4 0 for 1-^ tons, or 2 7 0 foi 1 ton per square 
inch It IS curious how closely this agrees ■with the result of my indirect experiments 
Further work of the same kind led me to the conclusion that even the double 
vessel had not sufficiently protected the contents from conducted heat, and to state in 
my Heat (p 95, 1884) that a pressure of 50 atmospheres lowers the maximum-densitv 
point by 1 0 ^ 
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During the next two years I made seveial repetitions of these experiments with 
the help of thermometers protected on the Challenger plan but very much more 
sensitive These experiments were not so satisfactory as those just described The new 
thermometers caused a great deal of tiouble by the uncertamty of their indications 
which I finally traced to the fact that the paraflSn oil which they contained passed 
in small quantities from one end of the mercury column to the other 1 was occupied 
with an attempt to obtain more suitable mstruments when the ariival of the Amagat 
gauge turned my attention to other matteis 

So far as I can judge from the results of the three different methods which I 
have emplojed the lowering of the maximum density pomt of water by 1 ton of 
piesbure is veiy nearly though perhaps a little m excess of, 3 0 

It IS peculiarly interesting to find that Amagat by yet another process — viz 
findmg two temperatures not far apart at which water at a given pressure has the 
same volume — has lately obtained a closely coincidmg result He says A 200 atm 
(chifires ronds) le maximum de density de lean a retrograde vers z^ro et la presque 
atteint, il parait situd entre z4ro et 0 6 (un demi degr^)^ This makes the effect 
of 1 ton slightly less than 3 C 

As the frcezmg point is lowered according to J Thomsons discovery by about 
1 13 only per ton of additional pressure — and has a start of but 4 — the maximum 
density point will overtake it at about — 2 4 under a pressure of 2 14 tons 

The diagiam 2 of Plate II shows the consequences of the pressure shifting of 
the maximum density point m a very clear mannei — especially in its bearing on the 
expansibility of water at any one temperature but at different pressures The curves 
m the diagram are for atmospheric pressure and for additional pressures of 1 2 and 
3 tons respectively They are traced roughly by the help of Despretzs tables of 
expansibility at atmospheric pressure and the compression data of the present Beport 
The quantity of water taken in each case is that which at 0 and under the 
particular pressure has unit volume Thus all the curves pass through the same 
point on the axis of volumes How m consequence of the gradual lowermg of the 
maximum density point the expansibility at zero which is negative at atmospheric 
pressure and even at 1 ton of additional pressure becomes positive and then lapidly 
greater as the pressure is raised is seen at a glance 


I have to state in conclusion that my chief coadjutors in the expenmental work 
have been Mr H N Dickson and my mechanical assistant Mi T Lindsay Mr Dickson 
also reduced all the observations about half of them havmg been done m duphcate 
by myself 

In the compression of glass I had the assistance of Mr A. Nagel and occasionally 
of Dr Peddle 

Mr A 0 Mitchell assisted me in the graphic work, and checked the calculations 
in the text 


^ Comptes Reiidm tom civ p 1160 1887 
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I Have already acknowledged the density deteimmations and analyses of sea water 
and salt solutions made by Di Gibson 

And I have again been greatly indebted to the very skilful glass woiking of 
Mr Kemp 

[7/9/88 — The following analysis of the glass of my piezometers is given by Mr T 
F Barboar working in Dr Cnim Browns Laboratory — 

SiO = 6120 
PbO = 20 94 
A1 Os + Fe 0, = 0 82 
CaO = 2 20 
MgO =0 26 
KO = 193 
NaO =1172] 


ADDENDUM (8/8/88) 

inn reader Las already seen that I have more thin once in the couise of the inquiry, 
found myself reproducing the results of others A few dvys ago I showed the proof sheets 
of this Report to Dr H du Bois who happened to visit my laboratorj, and was informed 
by him that one of Yan der Waals papers (he did not know which, but thought it was a 

recent one) contains an elaborate study of the molecular pressure in liquids I had been under 

the impression, strongly forced on me by the reception which my speculations (Appendix E , 
below) met with both at home and abroad, that Laplace’s views had gone entirely out of 
f ashion having made, perhaps, their hnal appearance m Miller’s Hydfroatatva,, where I first 
became acquamted with them about 1850 In Van der Waals memoir “ On the Contminty 
of the G-aseous and Liquid States ” which I have just rapidly perused m a German trans 

lation the author expresses himself somewhat to the following effect If I here give values 

of K for some bodies, I do it not from the conviction that they are satisfactory, but because 
I think it important to make a commencement in a matter where our ignorance is so 
complete that not even a smgle opinion, based on probable grounds, has yet been expressed 
about it 

Van der WaaJs gives, as the value of X m water, 10,500 atmospheres, and, in a sub 
sequent paper, 10,700 atm , while the value given in the text above is about half, viz 
6480 atm So far as I can see he does not state how these values were obtained, though 
he gives the data and the calculations for other hquids It is to be presumed, however, 
that hiB result for water was obUmed, hke those for ether and alcohol, from Oagniard 
de la Tours data as to any two of the critical temperature, volume, and pressure Van 
der Waals forms by a very mgenious process, a general equation of the isothennals of a 
fluid, in which there are but two disposable constants This is a cubic m v, whose three 
roots are real and equal at the critical pomt Thus the critical temperature, volume, and 
pressure can all he expressed m terms of the two constants, so that one relation exists 
among them Two being given, the equation of the isothermals can he formed, and from it 
K can be at once found 
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My process, as explained above, ■was very different I formed the equation of the iso 
thermal of water at 0 0 from the empirical formula for the average compressibility undet 
large additional pressures ^ and by comparing this, and the corresponding equation for various 
salt solutions, with an elementary formula of the Eanetic theory of gases, I was led to 
interpret as the internal pressure a numerical quantity which appears in the equations 

I have left the passages, in the text and Appendix ahke, which refer to this subject 
in the form in which they stood before I became acquainted with Yan der Waals’ work 
I have not sufficiently studied his memoir to be able as yet to form a defimte opmion 
whether the difficulty (connected with the non hydrostatic nature of the pressure in surface 
films) which IS raised in Appendix F can or cannot, be satisfactorily met by Yan der "Waals 
methods Anyhow, the isothermals spoken of in that Appendix are totally different from those 
given by Yan der Waals equation, inasmuch as the whole pressure, and not merely the external 
pressure, is mtroduced graphically in my proposed construction 


SUMMAEY OF EESULTS 


It IS explained in the preceding pages that the pressuies employed in the expen 
ments ranged from 150 to 450 atm so that lesults given below for higher or lower 
pressures [and enclosed in square biackets] are extrapolated A similar remark applies 
to temperature the range experimentally treated for water and for sea water being 
only 0 to 15 0 Also it has been stated that the recording mdices are liable to 
be washed down the tube to a small extent during the relief of pressure so that 
the results given are probably a little too small 

Compressibility of Mercury per atmosphere 0 0000036 

Glass 0 0000026 


Average compressibility of fresh water 
[At low pressures 


For 1 ton = 152 3 atm 

2 - 304 6 

3 , =4569 


d20 10-^ -355 
504 360 4 

490 365 5 

478 370 6 


10-^t] 


The term independent of t (the compressibility at 0 0) is of the form 

10’^(520-l7j)+jp) 

where the umt of p is 152 3 atm (one ton weight pei sq m) This must not be 
extended m application much beyond p = 3 for there is no warrant experimental oi 
other for the minimum which it would give at p = 8 5 

The pomt of minimum compressibility of fresh water is probably about 60® C at 
atmospheric pressure, but is lowered by increase of pressure 

As an approMmaUon through the whole range of the experiments we have the 
formula — 

0 00186 / St t \ 

36 +p V 400’^10 000r 


T II 


8 
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while the following formula exactly represents the average of all the experimental 
results at each temperature and pressure — 

10-^ (620 - 17p + pO - 10"" C555 + 5p) ^ + 1 0"® (S + p) f 
Average compressihihty of seawater (about 0 92 of that of fiesh water) — 


[At low pleasures 

4,81 10-'- 340 

For 1 ton 

462 320 

4 

2 

447 0 305 

5 

3 

437 5 295 

5 

Term independent of < — 

lOHT (481 _ 21 25p + 2 25p') 


Approjc,vmate formula — 

000179/ t t \ 

38 + p V 150 ' 10000/ 



Minimum compressibility point probably about 56 0 at atmospheric pressure is 
lowered by increase of pressure 

Average compressibility of solutions of NaOl for the first p tons of additional 
pressure at 0 C — 

00Q186 
36 -{-j> -1-5 

wheie s of NaOl is dissolved in 100 of water 

Note the remarkable lesemblance between this and the formula for the average 
compiessihility of fresh water at 0° C and jp -1-5 tons of additional pressure 

[Various parts of the investigation seem to favour Laplaces view that there is a 
large molecular pressure m liq^uids In the text it has been suggested in accordance 
with a formula of the Kinetic Theory of Gases that m water this may amount to 
about 36 tons-weight on the square inch In a similar way it would appear that 
the molecular pressure in salt solutions is greater than that in water by an amount 
directly proportional to the quantity of salt added ] 

Six miles of sea at 10 C throughout are i educed in depth 620 feet by com 
pression At 0 0 the amount would be about 663 feet or a furlong (This quantity 
vanes nearly as the square of the depth) Hence the pressure at a depth of 6 miles 
is nearly 1000 atmospheres 

The maximum density point of water is lowered about 3 0 by 150 atm of 
additional pressure 

From the heat developed by compression of water I obtamed a lowenng of 3® C 
per ton weight per square mch 

From the ratio of the volumes of water (under atmospheric pressure) at 0 C 
and 4 C, given by Despretz, combmed with my results as to the compressibility I 
found 3*^ 1*7 0 — and by direct expenment (a modified form of that of Hope) 2 T C 
The circumstances of this expenment make it certam that the last result is too small 
Thus at ordinary temperatures the expansibility of water is increased by the 
apphcation of pressure 
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In consequence, the heat developed by sudden compression of water at temperatures 
above 4° C increases m a higher ratio than the piessure applied, and water under 
4 C may be heated by the sudden application of sufficient pressure 

The maximum density coincides with the freezing point at - 2 4 0 undei a 
pressure of 2 14 tons 


APPENDIX A 

On an Improved Method of Measuring Compeessibiliti ^ 

“When the compiessibihty of a hquid or gas is measured at very high pressures, the 
compression vessel has to be enclosed in a strong cylinder of metal, and thus it must be 
made in some way self registering I first used indices, prevented from slipping by means 
of hairs Sir W Thomsons devices for sounding, at small depths, by the compression of 
air, in which he used various physical and chemical processes for recording purposes, led me 
to devise and employ a thin silver film which was washed off by a column of mercury 
Much of my work connected with the Challenger Thermometers was done hy the help of 
this process Till quite recently I was unaware that it had been devised and employed hy 
Cailletet in 1873 only that his films were of gold 

“Rut the use of all these methods is very laborious, for the whole apparatus has to 
be opened for fiach %ndiv%dual read%ng Hence it struck me that, instead of measuring the 
compression produced by a given pressure, we should try to measure the pressure required 
to produce a given compression I saw that this could he at once effected hy the simplest 
electric methods , ^omded that glass into which a fine platinv/m wire is fused were eapahle 
of resisHng very high jpres8v>res witkowt crachmg cr UaJcmg at the guncHons This, on taal, was 
foimd to be the case 

“We have therefore, only to fuse a number of platinum wires, at mtervals, into the 
compression tube, and very carefully cahhrate it with a column of mercury which is brought 
into contact with each of the wires successively Then if thin wires, each resisting say about 
an ohm be interposed between the pairs of successive platinum wires, we have a senes whose 
resistance is dimimshed by one ohm each time the mercury foiced m by the pump, comes in 
contact with another of the wires Connect the mercury with one pole of a cell, the highest 
of the platinum wires with the other, leadmg the wires out between two stout leather washers , 
interpose a galvanometer in the circuit, and the arrangement is complete The observer 
himself works the pump keepmg an eye on the pressure gauge, and on the spot of light 

reflected by the mirror of the galvanometer The moment he sees a change of deflection he 

reads the gauge It is coni ement that the external apparatus should he made to leak shghtly 
for thus a s^es of measures may he made, in a minute or two, for the contact with each of 

the platmum wires Then we pass to the next in succession ’ 

M Amagat® remarks on the use of this method as follows — “Le bquide du pidzom^tre, 
et le hquide transmettant la pression dans lequel il est plough (glycdrine), s’(5chauffent con- 
sid^rablement par la pression, cette circonstance rend les experiences tres longues il faut 


^ lB>og Soc Edin vol xin pp 2 3 1884 


2 CoTTvptes Eendus tom cm p 431 1886 

8—2 
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un temps considerable pour equibbrer la masse qui est peu conductnce, il fant rdpetor les 
lectures jusqua ce que 1 indication du manom^tre devienne constante au moment du contict 
Les senes faites par pressions decroissantes prodmsent le meme effet en sens inverse ; on 
prend la moyenne des resxdtats, dont la concordance montre qne 1 ensemble de la methodo 
ne laisse reellement presque rien a desirer 

“ On voit par 1^ quelles grossieres erreurs ont pu etre commises avec les autres irtihcos 
employes jusqu’ici pour la mesnre des volumes dans des conditions analogues 

It must be remembered that M Amagat is speaking of experiments in which piessuies 
nsmg to 3000 atmospheres were employed 


APPENDIX B 


Relation between Teue and Average Compressibijity 


The average compressibility per ton for the first ^ tons of additional pressure is 

where Vq is the imtial volume and v is the volume at p additional tons 

The true compressibility at p additional tons is 

dv 

vdp 

Hence, if one of these quantities is given as a function of p it may be desiiabk^ to find 

the correspondmg expression for the other The simplest example, that on p 28, will sufluc 

to show the pnnciple of the calculation Let 


Vq-V 


= e(l-/p) 


where e is, in general, a much smaller quantity than f We have 


( 1 ), 


-=1 + 


whence 


dv _ e (1 — 2fp) 
vdp l-ep-{-efp 


j = e{l-(2/-6)y + 


} 


( 2 ), 


where the expansion may be easily earned further if required 

If the terms in the second and higher powers of p are to he neglected, (1) xnd (2) 
as written show at once how to convert fiom true to average compressibility, or me vfisd 



FRESH WATER AlTD OF SEA WATER 


61 


LXI ] 


APPENDIX C 

Calculation of Log Factors 

Let W be tlie weight of tuercury whicli would take the place of the liquid la the piezo 
meter, w that of the mercury which fills a length I of the stem Then a compression read as 
a on the stem is 

os w 

JW 

This assumes the stem to be uniform ^ in general it must he corrected from the results of 
the calibration — unless, as in the example given on p 15 of the text, I be chosen very nearly 
equal to as as found by trial for each value of the pressure 

Also if 2 ^ be the reading of the gauge, and if a on the gauge correspond to an atmosphere, 
the pressure is 

- atm 

a 

Hence the average apparent compressibility per atmosphere is 

X UiW 

y IW 

Its logarithm is log x — log y + (log w — log W — log T) + log a 

The last four terms, of v^hlch log is the ‘gauge log,’ form the log factor as given 
in the text 


APPENDIX D 


Note on the Correction for the Compressibility of the Piezometer 


The usual correction neglects the fact that when the compressibility of the liqmd is 
different from that of the walls the liquid under pressure does not occupy the same >po/rt 
of the vessel as before pressure 

Let 7 be the volume of the part of the vessel occupied by liquid , a that of the tube 

between the two positions of the index, both measuied at 1 atmosphere, 6, e, the average 

absolute compressibihty of liqmd and vessel per ton for the first p additional tons Equate 

to one another the volume of the hquid, and the volume of the part of the vessel into which 

it IS forced, both at additional pressure p We have thus — 

7(l-6^)=(7-a)(l-e2.), 


e = € 



Cb 

pV 


whence 
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As IS usually small, this equation is treated as equivalent to 

a 

^ e the absolute compressibility of the liquid is equal to its apparent compiessibihty, added 
to the absolute compressibility of the envelop 

One curious consequence of the exact equation is that, if the compressibilities weie both 
constant, or were known to change in a given ratio by pressure it would be possible 
(theoretically at least) to measure absolute compressibilitieb by piezometer experiments alone, 
without employing a substance whose absolute compressibihty is determined by an independent 
process For the additional teim in the exact equation makes the coefficients of e and c 
numerically difierent, whereas in the approximate equation they ire equal, but with opposite 
signs and therefore can give e — e only 

In my experunents described abo-ve a/V rarely exceeds 0 02, so that this coirectiou 
amounts to (0 02 x 26 m 500, or) 5 units in the fourth significant place, and thus jnsf 
escapes having to be taken account of When 4 places are sought at lower piessurcs than 
3 tons, or 3 places at pressures of 4 tons and upwards, it must be taken account of 


APPENDIX E 

On the Eelatioiss between Liquid and Vapour 

In connection with the present research a number of side issues have presented them 
selves, some of which come fairly within the scope of the Beport I commence by reprinting 
two Notes, read on January 19 and February 2 1885, to the Boyal Society of Edinburgh^ — 

ON THE NECESSITY FOE A CONDENSATION NUCLEUS 

‘ The magmheent researches of Andrews on the isothermals of carbonic acid formed as 
It were, a mioleus m a supersaturated solution round which an immediate crvstalh/ ition 
started, and has smee been rapidly increasing 

They gave the clue to the explanation of the paradoxical result of Regnault that 
hydro^n is less compressible and other gases more compressible under moderate piessurc 
than Boyles Law mdicates, and to that of the companion result of Natterer that at very 
high pressures all gases are less compressible than that law requires Thus they furnished 

t e materials for an unmense step in connection with the behaviour of fluids a^ove then 
cntical points 

But they threw at least an equal amount of hght on the liquid vapour question, the 
ehaviour of fluids at temperatures under their cntical pomts In Andrews expenments 
theie was a commencement, and a completion, of liquefaction, each at a common dohnito 
pressure, but of course at very different 'volumes, for each particular temperature 

Professor J Thomson communicated to the Royal Society a remarkable naner 
^ the change from vapour to hqmd, or the opposite, mdicated by these expenments 

He caUed special attention to the necessity for a ‘start as it were, in order that these 

^ Pioc Roy Soc JEdin vol am pp 78 and 91 1885 
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changes might he effected [It is to this point that the present iNTote is mainly directed 
but I go on TTith a brief analysis of Thomson s vork ] He pointed out that there were 
numerous experiments proving that water could be heated, under certain conditions far above 
its boihng point without evaporatings and that probably, steam might be condensed iso 
thermally to supersaturation without condensing Hence he was led to suggest an isothermal 
of continued curvature, mstead of the broken line gi'ven by Andrews, as representing the 
conUnuou^ passage of a fluid from the state of vapour to that of liquid, the whole mass 
bemg supposed to be, at each stage of the process, in the same molecular state 

‘^In Clerk Maxwell s Treatise on Heat, this idea of J Thomson’s was developed, in con 
nection with a remarkable speculation of W Thomson^ on the pressure of vapour as depending 
on the curvature of the liquid surface in contact with it This completely accounts for the 
deposition of vapour when a proper nucleus is present Maxwell showed that it could also 
account for the ^smging of a kettle, and for the growth of the larger drops in a cloud 
at the expense of the smaller ones 

‘ The mam objection to J Thomsons suggested isothermal curve of transition is that, 
as Maxwell points out it contains a region in which pressure and volume increase or dimimsh 
simultaneously This necessarily involves instability inasmuch as for defimte values of pressuie 
at constant temperature within a certam range in which vapour and liquid can be m eqm 
hbnum, Thomsons hypothesis leads to three different values of volume two of which are 
stable, but the intermediate one essentially unstable According to Maxwell, the extremities 
of this triple region correspond to pressures, at which regarded from the view of steady 
increase or diminution of pressures either the vapour condenses suddenly into hquid, or the 
liqmd suddenly bursts into vapour 

*‘If this were the case no nucleus would be absolutely requisite for the formation either 
of liquid from vapour or of vapour from liquid All that would be required, in either case, 
would be the proper increase or diminution of pressure, — temperature being kept unaltered 
The latent heat of vapour which we know to become less as the critical point is gradually 
arrived at would thus be given off in the explosive passage from vapour to hquid It is 
difficult to see, on this theory, how it can be explosively taken in on the sudden passage 
from hquid to vapour 

“Aitkens experiments tend to show, what J Thomson only speculatively announced, that 
possibly vapour may not be condensed (in the absence of a nucleus), when compressed 
isothermally, even at ranges far beyond the maximum of pressure indicated in Thomson’s 
hgures Hence it would appear that the range of mstability is much less than that given 
by Thomsons figures, and may (perhaps) be looked on as a vanishing quantity, the corre 
spending part of the isothermal bemg a finite line parallel to the axis of pressures, corre 
spondmg to the sudden absorption or giving out of latent heat ’ 

ONT EVAPORA.TIOX AXU OOXDENSA.TIOX 

** While I was communicatmg my Note on the Ifecessfity for a Condensation Nucleus 
at the last meeting of the Society, an idea occurred to me which germinated (on my way 
home) to such an extent that I sent it off by letter to Professor J Thomson that same 
night 

“ J Thomson s idea which I had been discussing, was to preserve, if possible physical 
(as well as geometrical) continuity in the isothermal of the liquid vapour state, by keeping 


^ Proc Roy Soc Edtn vol vn p 63 1870 
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the whole inass of fluid in one state throughout He secured geometrical, but not physical, 
contmuity Por, as Clerk Maxwell showed one part of his cur^e makes pressuie and volume 
mcrease simultaneously, a condition essentially unstable The idea which occuried to mo wis, 
while preservmg geometrical contmuity to get rid of the region of physic il instability 
(as I had suggested in my former Note) by retainmg Thomson’s proposed finite maxiniuiu 
and mmimum of pressure m the isothermal while bringing them mfimtely close togethci so 
far as volume is concerned and thus restricting the unstable part of the isotheimal to i 
finite Ime parallel to the pressure axis, but, by making both the ma^mum and Tnimmum mfimU 
Geometrical contmmty, of course, exists across an asymptote parallel to the ixis of pressuies , 
so that from this point of view there is nothmg to object to On the other hand, theie 
IS essentially physical discontmuity in the form of an impassable baiiiei between the 
vaporous and hquid states so long at least as the substance is considered as homo^jCneous 
throughout 

It appeared to me that here hes the true solution of the difliculty As wc aie deiling 

with a fluid mass essentially homogeneous throughout, it is clear that we are not conecinod 

with cases m which there is a molecular surface Mm 

“feuppose then a fluid mass somehow maintained at a constant temperature (lowei than 
its critical pomt), and so extensive that its boundaries may be regarded as eveiywlieie mhnitcly 
distant, what will be the form of its isothermal in terms of pressure and volume? 

‘ Two promment experimental facts help us to an answer 

‘ Fvrst We know that the interior of a mass of liquid mercury can be subjected to 
hydrostatic tension of considerable amount without ruptuie The isotherm il must in this 
case, croBs the Ime of volumes , and the limit of the tension would in ordinary language, 

be called the cohesion of the hquid I am not aware that this result has been obtained 

with water free from air, but possibly the experiment has not been s xtisfactorily made 

The common experiment m which a rough measure is obtained of the force necessary to 

tear a glass plate from the surface of water is vitiated by the instability of the concave 

molecular film formed 

Second Aitken has asserted, as a conclusion from the lesults of direct cxperimont, 

that even immensely supersaturated aqueous vapour will not condense without the presence 
of a nucleus This may be a sohd body of finite size, a drop of water, or fine dust pai ticks 
“Both of these facts fit perfectly in to the hypothesis, that the isothermal in question 
has an asymptote parallel to the axis of pressure, the vapour requiring (in the absence of 
a nucleus) practically infinite pressure to reduce it, without change of state or of temperature, 
to a certain fimte 'volume, while the hquid, also ■without change of state or tompciature, 
by suMcient hydrostatic tetihion be made to expand almost to the same limit of volume 
‘This hmiting volume depends, of course, on the temperature of the isothermal, using 
■with it up to the critical point 

‘The physical, not geometrical, discontinuity is of course to be attributed to the latent 
heat of vaporisation The study of the adiabatics as modified by this hypothesis, giv<s rise 
to some curious results 

“It IS clear that the experimental reahsation of the parts of the here suggested curve 
near to the asymptote, on either side, wiU be a matter of great difficulty for any substance 
But valuable mformation may perhaps be obtamed from the indications of a sensitive thermo 
electric junction immersed m mercury at the top of a column which does not descend in 
a barometer tube of considerably more than 30 mches long when the tube is suddenly 
placed at a large angle with the vertical, or from those of a similar junction immeised 
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m water, when it has a concave surface of great curvature from which the atmospheric 
pressure is removed 

“Nothing of what is said above will necessarily apply when we have vapour and liquid in 
presence of one another, or when we consider a small portion of either in the immediate 
neighbourhood of another body For then we are dealing with a state of stress which cannot, 
like hydrostatic pressure or tension, be characteiized (so far as we know) by a single number 
The stress m these molecular films is probably one of tension m all directions parallel to 
the film, and of pressure in a direction perpendicular to it Thus it is impossible to represent 
such a state properly on the ordmary indicator diagram This question is still further com 
plicated by the possibility that the difference between the mtemal pressures, in a liquid and 
its vapour in thermal equilibrium, may be a very large quantity ” 

As soon as I heard of Berthelots experiment, I had it successfully repeated in my 
laboratory, and I considered that it afforded very strong confirmation of the hypothesis 
advanced in the last precedmg extract 

But smce I have been led to believe that there is probably truth m Laplace’s state 
ment as to the very great molecular pressure in hquids, I have still further modified the 
speculation I now propose to take away the new asymptote, and make the two branches 

of the isothermal jom one another by what is practically a part of that asymptote thus 

makmg the hquid and the vaporous stages continuous with one another by means of a 
portion very nearly straight and parallel to the pressuie axis Somewhere on this will be 
found one of the points of inflection of the isothermal, the other being at a somewhat 
smaller volume and at a pressure which is moderate for temperatures close to, but under, the 
critical point,” but commences to increase with immense rapidity as the temperature of the 
isothermal is lowered All the isothermals will now present the same general features 
dependent on the existence of two asymptotes and two points of inflection, whether they be 
above or below the critical pomt but their form will be modified in different senses above 
and below it The portion of the curve which is convex upwards will be nearly horizontal 
at the ciitical point, and will become steeper both above and below it, but pressure and 
volume will nowhere increase together This suggestion, of course, hke that m the second 
extract above, is essentially confined to the case of a fluid mass which is supposed to have 
no boundaries, for their intioduction at once raises the complex difficulties connected with 
the surface skin Thus it will be seen that the conviction that water has large molecular 
pressure has led me back to what is very nearly the first of the two hypotheses I proposed 

A practical apphcation of some of the principles just discussed is described in the followmg 
little paper — 


ON AN APPLICATION OP THE ATMOMBTER^ 

“The Atmometer is merely a hollow ball of unglazed clay, to which a glass tube is 
luted The whole is filled with boiled water, and inverted so that the open end of the 
tube stands in a dish of mercury The water evaporates from the outei surface of the 
clay (at a rate depending partly on the temperature, partly on the dryness of the an), and 
in consequence the mercury rises in the tube In recent expenments this rise of mercuiy 
has been carried to nearly 25 mches durmg dry weather But it can be earned much 
farther by artificially drying the air round the bulb The curvature of the capiRary surfaces 


T II 


^ Ptoc Roy Soc Edtn vol xin pp 116 117 1885 
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in the pores of the clay, which supports such a column of mercury, must be somewhcit 
about 14,000 (the unit being an inch) These surfaces are therefore according to tho curious 
result of Sir W Thomson (Froc Roy Soc JEJdm, p 63, 1870), specially fitted to absorb 
moisture And I found, by inverting over the bulb of the instrument a large beaker lined 
■with moist filter paper, that the arrangement can be made extremely sensitive The morcuiy 
surface is seen to become fiattened the moment the beaker is applied and a few minutes 
suffice to give a large descent, provided the section of the tube be small compared with tho 
surface of the ball 

‘ I propose to employ the instrument m this pecuharl} sensiti\e state for the purpose of 
estimatmg the amount of moisture in the air, when there is considerable humidity, but in 
its old form when the air is very dry For this purpose the end of the tubo of th( 
atmometer is to be connected, by a flexible tube, with a cylindrical glass vessel, both con 
tainmg mercury When a determination is to be made m moist air, the cylindrical vessel 
IS to be lowered till the difference of levels of the mercury amounts to (siy) 25 inches, and 
the diminution of this difference m a definite time is to be carefully measured, the xtino 
spheric temperature being observed On the other hand, if the air be dry, tho difference 
of levels IS to be made mZ, or even negative at starting m order to promote evaporation 
From these data, along with the constant of the mstrument (which must be detoi mined foi 
each clay ball by special experiments), the amount of vapour in the air is leadily calculated 
Other modes of observation with this instrument readily suggest themselves, and trials, such 
as it IS proposed to make at the Ben Nevis Observatory durmg summer, can alone decider 
which should be preferred 


APPENDIX F 

The Molecular Pressure in a Liquid 


Laplace’s result, so far as concerns the question raised in the text, may bo stated thus 
If MM <l> (r) be the molecular force between masses if, M of the liquid, at distance r, tho 
whole attraction on unit mass, at a distance cc within the surface, is 

rOO rOO 

X = 2Trp j rdr I ^ (r) dr 

where p is the density of the liquid The density is supposed constant, even in the surfact 
skin As we are not concerned with what are commonly called capillary forces, tho suifaio 
IS supposed to be plane 


The pressure, p, is found from the ordinary hydrostatic equation 


dp 

dr 


=pZ 


Hence the pressure m the interior of the hquid is 
where a is the hmit at which the molecular force ceases to be sensible 
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But the expression for K is numerically the work required to carry unit volume of the 
liquid from the interior, through the skin, to the surface It is easy to see that the further 
work, required to carry it wholly out of the range of the molecular forces, has precisely the 
same value Ihus the whole work required to cany, particle by particle, a cubic inch of 
the liquid from the interior to a finite distance from its surface is 

2K X 1 cub in 

This investigation assumes p to be constant throughout the liquid, and thus ignores the 
(almost certam) changes of density in the vanous layers of the surface skin, so that its 
conclusions even when the question is regarded as a purely statical one, are necessarily 
subject to senous modification With our present knowledge of the nature of heat we cannot 
regard this mode of treatment as in any sense satisfactory 


APPENDIX G 

Equilibrium of a Column of Water 


PiRsr suppose the tempeiature to be the same throughout Let a be the whole depth, 
pQ the density, on the supposition that gravity does not act Then, if p be the density at 
the distance | from the bottom when gravity acts we have by the hydrostatic equation 


dp 1 

if we adopt the rough formulx of Section VII for the compressibility The integral is 

p (1 - ul) + log (II +p) = ( -gpoi 


Now the conditions are — 

(1) ^ = ^0 alteied depth), jp = 0, 

(2) 4 r =0 p qpQa = m suppose 

So that 4 = a (1 - A) + log 

' m ^ 

Since even in the deepest sea w/U is not greater than 1/6, we may expand the logarithm 
in ascending powers of this fraction We thus obtain 
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Tke second term is the dimmutioa of depth required We may write it, with change 
of sign, as 

(^“3n j 

As the factor AfYL stands for what is called e m the text, the first term is the result 
giwen in the text, and the others show how it is modified by taking account of the diminished 
compressibility at the higher pressures 

Of course we might have employed the more exact formnlse, (A) or (B) as the case may 
be, but for all practical applications the rough formula suffices 

It might he interestmg to study the effect on the mean level of a lake due to the 
indirect as well as the direct results of change of temperature Heating of the water throughout, 
if there be a case of the kind would mcrease the depth not only in consequence of expansion 
(provided the temperature were nowhere under the maximum density point), but also in con 
sequence of the diminution of compressihihty which it produces Thus there would be -in 
efficient cause of variation of depth with the seasons altogether independent of the ordinary 
questions of supply from various sources and loss by evaporation 

If the temperature he not constant for all depths p^, p, and A are functions of i bub 
stituting their values m the hydrostatic equation, we must integrate it and determine tho 
constant by the same conditions as before 

The condition for stable equikhnum is meiely that dpjd^ shall not be anywhere positive 
Until some defimte problem is proposed, no more can he done with the equation 

[29/10/88 — At Dr Murrays request I have calculated, from the data given in his papoi 
‘‘On the Height of the Land, and the Depth of the Ocean’ (Scottish Oeogra/phical 
vol IV pp 1 — 41, 1888), that the whole depression of the ocean level, due to compression, is about 

115 feet only 

If water ceased to be compressible, the effect would be to submerge some 2,000,000 square miles 
of land, about 4 per cent of the whole] 
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[PTOce&dmgs oj the RoydL Society of JEdvaiburgh 16 Jantia/ty 1881] 

1 On d S%ngular Phenomenon ^produced by some old Wtndow Panes 

A. nauRE illustiatiEg the action of a cylindrical lens which was inserted in i 
recent page of these Proceedings has lemmded me of my explanation of a phenomenon 
■which I have lepeatedly seen for more than twenty years in the College "When 

sunhght enters my apparatus room through a vertical chink between the edge of the 
blind and the window frame the line of light formed on the wall or floor shows a 

well marked lank Similar phenomena though not usually so well marked are often 

seen in old houses when the sun shines through the chinks of a Venetian blind 

They are obviously due to inequalities (bulls-eyesj m the glass which was used more 
than a generation ago for wmdow panes It is evident that the focal length of 

successive annuli of such a piece of glass treated as a lens increases from the central 
portion to the circumference where it becomes in'finite Foi an approximate study of 
its behaviour we may assume that the focal length of an annulus of radius r is 

6V(o-r) where a is the extreme radius at which the sides of the pane become 
parallel Suppose sunlight, passing through a nanow sht to fall on such a lens at 
a distance e from its centre and to be received on a screen at a distance c from 

the lens It is easy to see that the polai equation of the ill'ummated curve on the 

screen is (the pole bemg m the axis of the lens) ^ 

e sec 6 , , „ 

p = ^ — (ac — ¥—ce sec ff) 

This curve can be readily traced by points for various values of the constants In 
fact if r be the radius vector of a straight line the vector of any one of these 

curves (drawn m the same direction) is proportional to r(A — r) and the curve can 

therefore be constructed &om a straight line and a circle Here the value of A is 

(ac~h^)le, le it is a fourth proportional to c a and the distance of the screen 
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fi-om the focus of the cential portion of the lens When A is small comp'ired with 

the least value of r the curve has a point resembling a cusp but as A increases 

the tink appears This is easily obseived by gradually increasing the distance of the 

scieen fiom the lens, and the traced cuives present forms which are precisely of the 

general character of those observed 


2 On the Nature of the Vihratims in Common Light 

One of the few really unsatisfactory passages in Aiiys well-known Tract on 
the Undulatory Theory of Ojotics is that which discusses the nature of common hght 
To explain the production of Newtons rings in homogeneous light to the numbei of 
several thousands it is necessary that at least several thousand successive waves 
should be almost exactly similar to one another On the other hand we cannot 
suppose the \ibrations (which will in geneial be elliptic) to be similar to one anothei 
foi more than a small fraction of a second, if thej were so, we should see coloui 
phenomena in doubly refracting plates by the aid of an analysmg Nicol only 

And moieovei the nature of the vibration can have no periodic changes of i 
kind whose peiiod amounts to a modeiate fraction of a second Nor can it have a 
slow progiessive change Eithei of these would lead to its resolution into rays of 
different wave lengths Airy suggests as consistent with observation some thousand 

waves polarized in one plane followed by a similar number polaiized in a plane at 

right angles to the first But no physical reason can be assigned for such an hypothesis 

The difficulty however disappears if we consider the question from the modem 

statistical point of view as it is applied foi instance in the kmetic theoiy of gases 

We may consider fir&t a space average taken for the result due to each separate 
vibrating particle near the surface of a lummous body When we remember that 
for homogeneous hght of mean wave-length a million vibrations occupy only about 
one five hundred millionth of a second, it is easy to see that the resultant vibiation 
at any point may not sensibly vary for a million or so of successive waves though 
the contiibutions from individual particles may very greatlj change But when wc 
consider the twie awrage of about a hundred millions of groups of a million waves 
each all enteiing the eye so as to be simultaneously perceptible — m consequence of 
the duration of visual impressions, — ^we see that the chances in favour of a deviation 
from apparently absolute umformity are so large that though possible such uniformity 
IS not to be expected for more than a very small fraction of a second The im 
probability of its occurrence foi a single second is of the same natuie as that of 
the possible but never reahsed momentary occuixence of a cubic inch of the air in 
a room filled with oxygen or with nitrogen alone 

[Added, May 1 1882 — I am indebted to Professor Stokes for a reference to his 
paper On the Composition and Resolution of Streams of Polarized Light from 
Different Sources {Camb Phil Trans 1852) m which the nature of common hght 
IS very fully investigated I find I was not singular m my ignorance of the contents 
of this paper as the subject has quite recently been proposed as a Pirze Question 
bv a foreign Society] 
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LXIII 

ON A METHOD OF INVESTIGATING EXPERIMENTALLY THE 
ABSORPTION OF RADIANT HEAT BY GASES 

{Read by Si7 W Thomson at the B A Meeting at Southampton) 


[Natme October 26, 1882] 

There are grave objections which have been only partially overcome to almost 
all the processes hitherto employed for testing the diathermancy of vapours These 
arise chieBy from condensation on some part of the apparatus Thus when rock salt 
IS used, an absorbent surface-layer may be formed, and when the pile is used with 
out a plate of salt the effect of ladiant heat may be to cool it (the pile) by the 
evaporation of such a surface film The use of mtermittent radiation is liable to 
the same objection 

Some time ago it occurred to me that this part of the difficulty might be got 
nd of by dispensing with the pile and measuring the amount of absorption by its 
continued effects on the volume and pressure of the gas or vapour itself 

Only preliminary trials have as yet, been m^ide They were earned out foi me 
by Prof MacGregor and Mi Lindsay Their object was first to find whethei the 



method would work well second (when this was satisfactorily proved) to find the best 
form and dimension** for the apparatus 
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The lough apparatus is merely a double cylinder placed vertically Cold watci 
circulates in the jacket and steam can be blown mto the double top The changes 
m the pressure of the gas are shown by a manometer U tube at the bottom which 
contains a hquid which will not absorb the contents This apparatus was 4 feet long 
with 2 inches mtemal radius The results of a number of experiments show th xt 
it should be shorter and much widei The former idea I was not quite prepared foi 
the latter is obvious 

The effects on the manometer are due to five chief causes — 

1 Heatmg of the upper layer of gas by contact with lid 

2 Cooling sidea 

3 Heating of more or less of the column by absorption 

4 Cooling of do by radiation 

5 contact 

(1) and (2) only are present in a perfectly diathermanous gas and in a perfectly 
adiathermmous gas or vapour 

All five are present m a partially diathermanous gas or vapour 

The preliminary experiments show that the manometei effect is only very shghthf 

less for dry olefiant gas than for dry air, while moist air shows a markedly smalloi 

effect than either of the others 

This is conclusive as to the absorption of low radiant heat by aqueous vapoui 
but it shows also that the absorption is so small as to take place throughout th( 

whole column 

Even with the present rude apparatus I hope soon to get a very accurate 
determmation of the absorbmg power of aqueous vapoui by findmg m what pro 

portions olefiant gas must be mixed with air to form an absorbmg medium equivalent 
to saturated air at different temperatures 

I have to acknowledge valuable hints from Prof Stokes who before I told him 
the results I had obtained (thus knowing merely the natwre of the experiment')) 
made somethmg much higher than a guess though somewhat short of a prediction 
of the truth 

In these piehmmary trials no precaution was taken to exclude dust The results, 
therefore, are still liable to a certain amount of doubt as Mr Aitkens beautiful 
experiments have shown 

The point of the method is that there can be no question of surface layers 

[Smee the above was written Messrs MacGregor and Lmdsay have made aii 
extended senes of experiments with dry and moist air and with mixtures of diy an 
and olefiant gas m different proportions The cylmder employed was 9 mches in 
radius The results will soon be commumcated to the Royal Society of Edinbuigh] 
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1 ON THE LAWS OF MOTION PAET I 


[Proceedvngs of the Royal Rooieti/ of Edinburgh December 13 1882] 

The substance of part at least of this papei was given in 1876 as an evemne 
lecture to the British Association at its Glasgow meeting [AnU No XXXVII] 

While engaged m wnting the article Mechanics for the Eneg Brit I had to 
consider carefully what basis to adopt and decided that the time had not yet come 
in which (at least in a semi popular article) Newtons laws of motion could he 
modified The article was therefore based entirely on these laws with a mere hint 
towards the end that in all probabihty they would soon require essential modification 
It IS well however that the question of modification should now be considered, and 
this should be done not in a popular essay but before a scientific society 

The one objection to which in modem times that wondei fully complete and 
compact system is hable is that it is expressly founded on the conception of what 
IS now called force as m agent which compels i change of the state of rest 
or motion of a body This is part of the first law md the second law is merely a 
defimte statement of the amount of change produced hy a given force 

(Next comes a digression as to what was Newtons expression foi what we now 
mean by the word force when it is used in the correct signification above) 

There c^ be no doubt that the proper use of the term force m modem science 
is that which is imphed in the statement — Force is whatever changes a bodys state 
of rest or motion This is part of the first law of motion Thus we see that force 
IS the English equivalent of N ewton s term vzs vmpressa But it is also mamfest 
that on many occasions but only where his meaning admitted of no dovbt Newton 
omitted the word impressa, and used vis alone in the proper sense of force In 
other cases he omitted the word vmpressa as being implied m some other adjective 
such as centnpeta gramtans &c which he employed to qualify the word m Thus 
(Lemma X ) he says —Spatia qua corpus urgente qvacunque m fmtd desonht &c 
T U 
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It IS needless to multiply examples But that this is the true state of the case is 

made absolutely certam by the following — 

Defmitio IT Yts impressa est acho m corpus exeroita ad mutandum ejus statum 

vel qu/iescendi 'vel movendi un%foTm%tei in directuTn 

Contrast this with the various senses in which the word vis is used in the 

comment which immediately follows viz — 

Oonstitit h^c VIS m actions sola neque post actionem permanet m corporc 
Peiseverat emm corpus in statu omni novo per solam vim mertiae Est autem vis 
impressa diversarum originum ut ex ictu ex pressione ex vi centripeta 
These passages are translated by Motte as below — 

Definition TV An impressed force is an action exerted upon a hody in orde't 
to change its state either of rest or of moving miformly forward in a right line 

This foice consists m the action only and remains no longei in the body when 
the action is over For a body maintains eveiy new state it acquires by its vis 
inertice only Impressed forces are of different origins , as from percussion from 
pressure from centripetal force” 

The difficulty which Motte here makes for himself and which he escapes from 
only by leavmg part of the passage m the original Latm is introduced solely by 
his use of the word force as the equivalent of the Latin vis 

If we paraphrase the passage as follows, with attention to Newtons obvious 
meaning this difilculty disappears or rather does not occur — 

This kind of vis consists in &c For the ‘body continues by the vis 

of mertia &c However, we may quote two other passages of Newton bearing 
definitely on this point 

Definitio III Materice vis insita est potentia resistendi qvd corpus unumqwdque 
quantum in se est perseveiat in statu suo vel quiescendi vel movendi imiformiter in 
directum 

It is perfectly clear that, in this passage the phrase vis insita is one idea, not 
two and that vis cannot here be translated by force Yet Motte has 
The ns insita or mnate force of matter is, &g 
Defimtio V Vis centripeta est qua corpora versus punctum aliquod tanquam ad 
centrum undique trahuntur impellu/nticr vel ntcumque tendunt 

It IS obvious that the qualifying term centripeta here includes the idea suggested 
by impressa defining m fact the direction of the vis and therefore implying that its 
ongin is outside the body 

After what has just been said no farther comment need be added to show the 
absurdit} of the terms accelerating force innate force impressed force &c All of 
these have aiisen simply from mistranslation Vis by itself is often used for force, 
but VIS acceleratrix vis impressa vis insita and other phrases of the kmd must be 
taken as wholes, and in them vis does not mean force 

The absurdity of translating the word vis by force comes out still moie clearly 
when we think of the teim vis nva or living force as it is sometimes called, a 
name for kinetic energy which depends on the unit of length in a different way 
from force It must he looked upon as one of the most extraordinary instances of 
Newtons cleainess of insight that at a time when the very termmology of science 
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was only as it were stapmg itself he laid down with such wonderful precision a 
system absolutely self consistent 

From the passages just quoted taken in conjunction with the second law of 
motion we see that (as abov-e stated) in H'ewton s view — 

Force 'is whatever cames (but not or tends to cause) a change %n a hodys state 
of 'lest or motion 

Newton gives no sanction to the so called statical ideas of force Eveiy force 
in his view produces its effect The effects may be such as to balance or compensate 
one another, but there is no balancing of forces 

(Next comes a discussion as to the obiectivity oi subjectivity of force An 
abstract of this is given m §§ 288 — 296 of the article above referred to, and therefore 
need not be reproduced here) 

But just as there can be no doubt that force has no objective existence so 
there can be no doubt that the mtroduction of this conception enabled Newton to 
put his Aimomata m their exceedmgly simple form And there would be even now 
no really valid objection to Newtons system (with all its exquisite simphcity and 
convemence) could we only substitute for the words force and action &c m the 
statement of his laws words which (like rate or gradient &c) do not imply objectivity 
or causation m the idea expressed It is not easy to see how such words could he 
introduced, hut assuredly they will be leqmred if Newtons system is to be maintained 
The word stress might even yet he introduced for this purpose, though like force 
it has come to he regarded as something objective Were this possible we might 
avoid the necessity for any very serious change m the foira of Newtons system I 
intend on anothei occasion to considei this question How complete Newtons 
statement is is most easily seen by considering the so called additions which have 
been made to it 

The second and thud laws together with the scholium to the latter, expressly 
mclude the whole system of effective forces &c foi which D Alembeit even now 
leceives in many quarters such extraordmarily exaggciated credit The reversed 
effective force on a paiticle revolving umformljr in a circle is nothing but an old 
friend — centrifugal force Ajid even this phantom is still of use %n shilled hands 
in forming the equations foi certain cases of motion 

The chief aiguments foi und against a modem modification of the laws of motion 
aie therefore as follows — where we must remember that they refer exclusively to the 
elemental y teaching of the subject and have no application to the case of those 
who have sufficient knowledge to enable them to avoid the possible dangers of 
Newtons method — 

I For Is it wise to teach a student hy means of the conception of force and 
then as it were to kick down the scaffolding by telling him there is no such thmg? 

II Agmnst Is it wise to give up the use of a system, due to such an 
n*! together exceptional gemus as that of Newton and one which amply suffices for 
all practical purposes merely because it owes part of its simplicity and compactness 
to the introduction of a conception which though strongly impressed on us by our 
muscular sense corresponds to nothing objective ^ 
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Everyone must answei these questions for himself and his answer will probably 
he determined quite as much by his notions of the usefulness of the study of 
natural philosophy as by his own idios 3 mcrasies of thought To some men physics is 
an abomination to others it is something too tiivial for the human mtellect to waste 
its energies on With these we do not reason To others again all its principles 
are subjects of mtuitive perception They could have foreseen the nature of the 
physical world and they hnow that it could not have been otherwise than they 
suppose it to be Many minds find delight in the contemplation of the three kinds 
of lever, others m the ingeniously disguised assumptions in Duchaylas proof of 
the parallelogram of forces , some perhaps even m the wonderful pages of V%s 
Inertia Yictd^ The case of these men is only not more hopeless than that of the 
former classes because it is impossible that it could be so 

But those who desire that then scientific code should be as far as possible 
representative of our real knowledge of objective things would undoubtedly prefer to 
that of Newton a system in which there is not an attempt however successful to 
gam simplicity by the introduction of subjective impressions and the corresponding 
conceptions 

In the present paper simplicity of principle only is sought for, and the mathe- 
matical methods employed are those which appeared (independent altogether of the 
question of their fitness for a hegmner) the shortest and most direct A second part 
will be devoted to simplicity of method for elementary teaching 

(1) So far as our modern knowledge goes there are but two objective things 
m the physical world — matter and energy Energy cannot exist except as associated 
with matter and it can he perceived and measured by us only when it is being 
transferred by a dynamical transaction from one portion of matter to another In 
such transferences it is often transformed \ but no process has ever been devised 
or observed by which the quantity either of matter or energy has been altered 

(2) Hence the true bases of our subject, so far as we yet know, are — 

1 Conservation of matter 

2 Conservation of energy 

3 That propel ty (those propeities 2) of matter, in virtue of which it is the 

necessary vehicle or as the case may he the storehouse of energy 

(3) The third of these alone presents any difficulty So long as energy is 

obviously kinetic this pioperty is merely our old friend mertia But the mutual 
potential energy of two gravitating masses two electrified bodies, two currents, or two 

magnets is certainly associated (at least in part, and m some as yet unknown way) 

with matter of a kind not yet subjected to chemical scrutiny which occupies the 
region in wbich these masses &c are situated And even when the potential 
energy obviously depends on the strain of a poition of ordinary matter as in 

compressed air a bent sprmg a deformed elastic solid &c we can eyen now only 
describe it as due to ‘molecular action depending on mechanism of a kind as yet 
unknown to us though m some cases at least partially guessed at 
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(4) The necessity for the explicit assumption oi the third principle and a hint 
at least of the limits within which it must be extended appear when we consider 
the very simplest case of motion viz that of a lone particle moving in a legion 
in which its potential energy is the same at every point For the conseivation of 
energy tells us merely that its speed is unaltered We know however that this is 
only part of the truth the velocity is constant It will be seen latei that this has 
most impoitant dynamical consequences in various directions 

(The lemarkable discussion of this point by Clerk-Maxwell is then leferied to in 
which it IS viitually shown that were thmgs otherwise it would be possible for a 
human mind to have knowledge of absolute position and of absolute velocity) 

(5) But Maxwell's leasoning is easily seen to apply equally to any component 
of the velocity Hence, when we come to the case in which the potential energy 
depends on the position the only change in the pai tides motion at any mstant is 
a change of the speed m the normal to the equipotential surface on which the 
particle is at that instant situated The conservation of energy assigns the amount 
of this change and thus the motion is completely determined In fact if x be 
perpendicular to the equipotential suiface the equation 

^ {so -^y -|-£f)+F= const 
dV 

gives >ryix=^ — 

dx 

foi y and z are independent of x Generally in the more expressive language of 
quateimons 

mp =— VF 

In fact this problem is precisely the same as was that of the motion of a luminous 
corpuscle m a non homogeneous medium the speed of passing through any point of 
the medium bemg assigned 

(6) It IS next shown that the above mertia condition (that the velocity parallel 
to the equipotential surface is the same for two successive elements of the path) at 
once leads to a stationary value of the sum of the quantities vds for each two 
successive elements and therefore for any finite arc of the path This is for a 
single particle the Principle of Least Act/ion, which is thus seeu to be a direct 
consequence of inertia 

(It IS then shown that the results above can be easily extended to a particle 
which has two degrees of freedom only) 

But it 18 necessary to remember that in these cases we take a partial view of 
the circumstanoes , for a lone paiticle cannot strictly be said to have potential 
energy nor can we conceive of a constraint which does not depend upon mattei 
othei than that which is constramed Hence the true statement of such cases 
requires farther mvestigation 

(7) To pass to the case of a system of firee particles we require some quasi 
kinematical preliminaries These are summed up in the followmg self evident 
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pioposition — If ■with each particle of a system we associate two vectors eg ®i 
with the mass &c we have 

where @ = @o + ^ 

< J ) = <£>0 - j - ^ 

and = 2 {m) ®o 

27?i^> = 2 (jn) <I>o 

so that @0 and 4>o are the values of @ and ^ for the whole mass collected it its 
centre of inertia, and 0 </> those of the separate particles relative to that centre 

(8) Thus if ® = P = Po -}- p he the vector of m <1> — ® = P = P© -f p its velocity 
we have 

2mPP = 2 (m) PoPo 4- ^mpp 

the scalar of which is in a differentiated form a well known property of the centic 
of mertia The vector part shows that the sum of the moments of momentum 
about any axis is equal to that of the whole mass collected at its centre of mertia 
togethei with those of the several particles about a parallel axis through the centn 
of mertia 

If @ = <t)=P 

we have XmP = 2 (m) P? + , 

%e the tmetic energy referred to any pomt is equal to that of the mass collected 
at its centre of inertia togethei with that of the «ieparate particles relative to the 
centre of mertia 

If we integrate this expression multiplied by dty between any limits we obtain 
a similai theorem with regard to the Action of the system 
Such theorems may be multiplied indefinitely 

(9) From those just given however if we take them along with ^ above wo 

see at once that provided the particles of the system be all free, while the energy 

of each is purely kinetic and independent alike of the configuration of the system 

and of its position m space 

1 The centie of ineitia has constant velocity 

2 The vectoi moment of momentum about it is constant 

3 So IS that of the system relative to any uniformly moving point 

4? 2 / m'ods IS obviously a minimum 

(10) The result of (T) points to an independence between two parts of the 

motion of a system %e that relative to the centie of inertia and that of the 

whole mass supposed concentrated at the centre of inertia Maxwells reasoning is 
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applicable directly to the latter if the system be self contamed, if it do not 
receive energy from or part with it to external bodies Hence we may extend the 
axiom 3 to the centre of inertia of any such self contained system and as will 
presently be shovm also to the motion of the system relative to its centre of inertia 
This though not formally identical with Newtons Lex III, leads, as we shall see 
to exactly the same consequences 

(11) If for a moment, we confine om attention to a free system consisting of 
two particles only we have 

OTipi -1- nbip — (wii + m ) a 

or n2i/)i+-7ras/»j = 0 (1) 

This must be consistent with the conservation of energy which gives 

\ (m^p^ -UK pD =/ {T (pi - p )) (2), 

smce the potential eneigy must depend (so far as position goes) on the distance 
between the particles only Comparing (1) and (2) we see that we may treat (2) 

by partial differentiation so far as the coordinates of irk and m^ aie separately 

concerned For we thus obtain 

miPi = Vi, /=/ U(p^-p^) 

f=-f ?7(pi-pa) 

Each of these again is separately consistent with the equation in § 5 for a 

lone particle Hence again the integral f (miv,dsi + mv4s) has a stationaiy value 

Hence also whatever be the origin provided its velocity be constant, 

'ZmVpp = 0 

Thus even when there is a transformation of the eneigy of the system the 
results of § 9 still hold good And it is to be observed that if one of the masses 
say m is enoimously greater than the other the equation 

OThPi -h fKaP = 0 

shows that p is excessively small and the visible change of motion is confined to 
the smaller mass Oariymg this to the limit we have the case of motion about a 
(so called) fixed centre In such a case it is clear that though the mommta of the 
two masses relative to their centre of inertia are equal and opposite the kmetic 
energy of the greater mass vanishes m comparison with that of the smaller 

These results are then extended to any self-contained system of free particles 
and the principle of Varying Action follows at once It is thus seen to he a general 
expression of the three propositions of § 2 above 

(12) So far as we have yet gone nothing has been said as to how the mutual 
potential energy of two particles depends on their distance apart If we suppose it 
to be enormously mcreased by a very small mcrease of distance, we have practically 
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the case of two particles coimected by an mextensible string— as a chim shot But 
from this point of view such cases like those of connection by an extensible string 
fall undei the previous categories 

The case of impact of tw-o particles falls under the same rules so fai is motion 

of the centre of inertia and moment of momentum about that centre, aic concerned 

The conservation of energy m such cases requires the consideration of the energy 
spent in permanently disfiguring the impinging bodies setting them into internal 
vibration or heating them But the first and third of these it least xic beyond the 
scope of abstract dvnamics 

(13) The same may be said of constramt by a cuive or surfxcc and of loss of 
energy by friction or resistance of a medium Thus a constraming curve or suifacc 
must be looked upon (like all physical bodies) as deformable, but if necessary such 
that a very small deformation corresponds to a very great expenditure of energy 

(14) To deal with communications of energy from bodies outside the system ill 

we need do is to include them in the system Treat as before the whole system 

thus increased and then consider only the motion of the original pxrts of th( 

system This method applies with perfect generality whethei the external masses b( 
themselve*^ free constrained oi resisted 

(15) Another method of applymg the same prmciples is then given KStaitmg 
from the definition dA=^mSpdp the kinematical properties of A aic developed Ihiw 
by the help of § 2 these aie exhibited m their physical translations 

(16) The paper concludes with a brief comparison of the fundimentil prmeiphs 
of the science as they have been introduced by Newton Lagiangc Hamilton Pcirc( 
Kirchhoff and Clerk Maxwell respectively, and also as they appeir in tho unique 
Vortex system of Thomson 
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One of the few lemauung links that stall continued to connect our tune with 
that in which Gauss had made Gottingen one of the chief intellectual centies of the 
civilised world has just been bioken by the death of T,iat.iTig 

If a mans services to science were to he judged hy the mere number of his 
pubhshed papers Listing would not stand very high He published little and (it 
would seem) was even indebted to another for the pubhcation of the discovery by 
which he IS most widely known This is what is called in Physiological Optics 
Lav, Stripped of mere techmcalities the law asseits that if a person whose 
head remain* fixed turns his eyes from an object situated directly in fi-ont of the 

fece to another the final position of each eye ball is such as would have been pro- 

duced by rotation round an axis perpendiculai alike to the ray by which the first 
object was seen and to that by which the second is seen ‘ Let us call that line 
m the retina upon which the visible horizon is poitrayed when we look with upright 
head straight at the visible horizon the horizon of the retma Now any ordmary 
person would naturally suppose that if we keeping our head in an upnght position 
turn oui eyes so as to look say, up and to the right the horizon of the retma 
would remain parallel to the real horizon This is however not so If we turn our 

eyes straight up or straight down straight to the right or straight to the left it 

IS so but not if we look up or down and also to the nght or to the left In 
these cases there is a certam amount of what Helmholtz caUs wheel-tummg’ (Rad- 
diehung) of the eye by which the horizon of the retma is tilted so as to make 
an angle with the real horizon The relation of this wheel tummg to the above- 
desenbed motion of the optic axis is expressed by Listings law in a peifectly simple 
way, a way so simple that it is only by gomg back to what we might have thought 
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nature should have done and from that point of view looking it whit the cyi u illy 
does and considering the complexity of the pioblem that wo see the ingenuity of 
Listings law which is simple in the extreme and seems to ague with fut (jiiitt 
exactly except in the case of leiy shortsighted eyes The physiologists of the time 
unahle to make out these thmgs for themselves welcomed the issistnue of the 
mathematician And so it has always been in Germanj Few iie entiiely ignoi iiit 

of the immense accessions which physical science owes to Heliiiholt/ Yet few lu 
aware that he became a mathematician m order that he might be able to e iiiy out 
properly his physiological researches What a piegnant comment on the eoiieliut of 
those Bntish geologists who, not many years ago treated with outspoken eoutempf 
Thomsons thermodynamic investigations into the admissible lengths of geologie il jiiriexls' 
Passmg over about a dozen short notes on various subjects (piiblishe el < hie fly m 
the Gottmgen Nachnehten) we come to the two masterpieces on whieh (unless is 
we hope may prove to be the case he have left much unpublished luitfei) Ijistings 
fame must chiefly rest They seem scarcely to have been noticed in this eouutiy 
until attention was called to their contents by Clerk Maxwell 

The first of these appeared in 1847 with the title Vontudien zin Topohgu If 
formed part of a senes which unfortunately extended to only two volumes cillid 
Gottmger Studzen The term Topology was mtroduced by Listing to distinguish wlul 
may be called qualitative geometry from the ordinary geometry m which ciu infif itivi 
relations chiefly are treated The subject of knots furnishes i tyqiieil example of these 
merely quahtative relations For once a knot is made on a cord and the fiee ends 
tied together its nature remains unchangeable so long as the continuity of the stniiLr 
is maintam^ and is therefore totally independent of the ictual oi lelative dimensiems 
^d form of any of its parts Similarly when two endloss cords aie linked tom the i 
It seems not unlikely though we can find no proof of it, that Listing was led to 
such researches by the advice or example of Gauss himself, foi Gauss se, long ago 
as 1833 pointed out their connection with his favourite cloctioiiiigm lie inenuiies 

^ introductory historical notice which shows that next to ne.tlung 

had then been done m his subject Listing takes up the vciy inteie sting .,ue stums 

leJXT’} and Perversion (Verkehrung) of a gcomctiical figure with 

^ecially valuable apphcations to images as formed by vanous optical instumunts 

head down and the feet up. it is%he dioptnc ourr^ whith "f J 
would, hke the original show the heart on the left side for H.e t ^ exmmiio it 
shov it on the right side In type there is a difierenr« h f would 

perverted ones Thus the Roman Y hponinPit ^ between inverted hitters and 

perverted becomes the Russian ^ the Roman^L^'^^^^^^^f Homan H 

Greek V Compositors read perverted type without inveited, beconus the 

England can read mverted type * * * The numerals on thT soaTe^ 

must, m order to appear to the observer in their naWal ^ ? 1 *""»*< *• 

inverted, m consequence of the perversion by re^-tdlh^^ 
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Listing next takes up helices of various kinds and discusses the question as to 
which kmd of screws should be called right handed His examples are chiefly taken 
from vegetable spirals such as those of the tendrils of the convolvulus the hop the 
vine &c some fiom fir cones, some from snail shells others from the snail in clock 
work He pomts out in great detail the confusion which has been mtroduced in 
botanical works by the want of a common nomenclature and finally proposes to 
found such a nomenclature on the forms of the Greek S and \ 

The consideiation of double threaded screws twisted bundles of fibres &c leads 
to the general theory of paradromic winding From this follow the properties of a 
laige class of knots which form clear coils A special example of these given by 

Listing for threads is the well known jugglers trick of slitting a rmg formed band up 
the middle through its whole length so that instead of separating mto two paits it 
lemams in a continuous ring For this purpose it is only necessary to give a strip 
of paper one half twist before pasting the ends together If three half twists be given 
the paper still remains a continuous band after slitting but it cannot be opened into 
a ring it is in fact a tiefoil knot This remark of Listings forms the sole basis of 
a work which recently had a large sale m Vienna — showing how in emulation of 
the celebrated Slade to tie an irreducible knot on an endless string ’ 

Listmg next gives a few examples of the application of his method to knots 
It IS gieatly to be regretted that this part of his paper is so very brief, and that 
the opportunity to which he deferred farther development seems never to have arrived 
The methods he has given are as is expressly stated by himself only of limited 
application There seems to be little doubt however that he was the first to make 
any really successful attempt to oveicome even the preliminary diflSculties of this 
unique and exceedingly perplexing subject 

The paper next gives examples of the cuiious pioblem — Given a figure consisting 
of Imes what is the smallest number of contmuous strokes of the pen by vhich it 
can be described no part of a line being gone over more than once? Thus foi 
instance the Imes bounding the 64 squares of a chess board can be drawn at 14 
separate pen strokes The solution of all such questions depends at once on the 
enumeration of the points of the complex figuie xt which an odd numbei of lines 
meet 

Then we have the question of the area of the projection of a knotted curve 
on a plane , that of the numbei of mterlmkmgs of the orbits of the asteroids , and 
finally some remarks on hemihediy m crystals This papei which is throughout 
elementary deserves careful translation mto English very much more than do many 
Geiman writmgs on which that distinction has been conferred 

We have left little space to notice Listings greatest work, Der Census raumhchei 
Complete (Gottmgen Abhandlungen 1861) This is the less to be regretted because, 
as a whole, it is far too profound to be made popular, and besides a fair idea of 
the nature of its contents can be obtained from the introductory Chapter of MaxwelFs 
great work on Electricity For there the importance of Listings Cyclosis Periphractic 
Eegions &c is fully recognised 

One pomt however which Maxwell did not require we may briefly mention 
In most works on Trigonometry there is given what is called Eulers Theorem 

11—2 
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aioui polyhedra — yiz that if S be the mimher of solid angles of a polyhedron (not 

self cutting) F the number of its faces and JEJ the number of its edges then 

The puzzle with us when we were beginning mathematics, used to be “What is this 
mysterious 2 and how came it mto the formula ^ Listing shows that this is a mere 
case of a much more general theorem m which comers edges faces and regions of 
space have a homogeneous numerical relation Thus the mysterious 2 in Euler s 
formula belongs to the two regions of space — ^the one enclosed by the polyhedron 

the other (the AmpleayiiTn as Listing calls it) being the rest of mfimte space The 

reader who wishes to have an elementary notion of the higher forms of problems 
treated by Listmg is advised to investigate the modification which Eulers formula 
would undergo if the polyhedron were (on the whole) rmg-shaped — as, for instance 
an anchor-rmg or a plane shce of a thick cyhndrical tube 



LXVl] 


85 


LXVI 

LISTING’S TOPOLOQIE 

INTRODUCTORY ADDRESS TO THE EDINBURaH MATHEMATICAL SOCIETY, 

Novembee 9, 1883 


[Ph%losoph%cal Magazine January 1884] 


Some of you may ha-ve been puzzled bj^ the advertised title of this Address But 
certamly uot more puzzled than I was while seeking a title for it 

I intend to speak (necessarily from a very elementary point of view) of those 
space relations which are mdependent of measure though not always of number and 
of which perhaps the very best mstance is afforded by the various convolutions of a 
knot on an endless string or wire For once we have tied a knot of whatever com 
plcxity on a stimg and have joined the free ends of the string together we have an 
arrangement which however its apparent form may be altered (as by teazing out 
tightening twisting or flyping of individual parts) retains until the string is again cut 
certam perfectly definite and characteristic properties altogether mdependent of the 
relative lengths of its various convolutions 

Another excellent example is supplied by Crum Browns chemical Ghrapho Formulce 
These of course do not pretend to represent the actual positions of the constituents of 
a compound molecule but merely their relative connection 

From this point of view all figures however distorted by projection &c are con 
sidered to be unchanged We deal with grouping (as in a qmrtcumd) with motion by 
starts (as in the chess kmght s move) with the necessary relation among numbers of 
mtersectionb, of areas, and of boundmg Imes m a plane figure , or among the numbers 
of comers edges faces and volumes of a complex solid figure &c 

For this branch of science there is at present no definitely recognized title except 
that suggested by Listing which I have therefore been obliged to adopt Geom^tme 
der Lage has now come, like the Giom6tr%e de Position of Carnot to mean something 
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veiy different from our present subject, -ind the Oeometim siMs of Leibnitz thongli 
intended (as Listing shows) to have specially designated it turned out in its inventor s 
hands to be almost unconnected with it The subject is one of very great importance 
and has been recognized as such by many of the greatest investigators including Gauss 
ind others, but each before and after Listings time has made his separate contri 
butions to it without any attempt at establishing a connected account of it as an 
independent bianch of science 

It lb time that a distinctive and unobjectionable name were found for it, and 
once that is secured there will soon be a crop of TibcUisss W^hat is wanted is an 
eiudito not necessarily a very original mathematician The materials alieady to hand 
arc veiy numoi ous But it is not easy (in English at all events) to find a name 
foi it without coining some altogether new woid from Latin or Gieek roots Topologij 
has a perfectly dotinite meaning ol its own altogether unconnected with oui subject 
PosiUon with oui mathematicians at least has come to imply measure Situation is 
not as yet so defimtoly asbociatod with measure, foi wo can speak of a situation to 
light 01 left of an object without inquiring hoiv fat of So that till a better term 
is devised, wc may call our subject in oui own language the SeieTice (not the Q-eometiy 
foi that implies measure) of Situation 

Listing to whom wc owe the first lapid and elementary though highly suggestive 
sketch of this sacnoe, as well as a developed investigation of one important bianch 
of it was 111 many lespectfa a remarkable man It is to he hoped that much may 
be rocoveiod from hib posthumous papers, foi there can be little doubt that in con 
sequence of his disinclination to publish (a disinclination so strong that his best-known 
discovery was actually published foi him by another) what we know of his woik is 
a tncie fiagment of the results of his long and active life 

In what follows I shall not confine my illustrations to those given by Listing 

though I shall use them freely, but I shall also introduce such as have more 
prominently forced themselves on my own mind in connection mainly with pure physic il 
subjects It IS nearly a quarter of a century since I ceased to be a Piofcssoi of 

Mathematics and the branches of that great science which I have since cultivated 

are especially those which have immediate bearmg on Physics But the subject befoio 
Ufa IS so extensive that even with this restriction there would be ample material in 
iny own reading for a whole benes of strictly elementary lectures 

I ought not to omit to say before proceeding to our business, that it is by no 
means ci editable to British science to find that Listings papeis on this subject — the 
Vmtudun zvr Topologie (G-ottinger Studien 1847) and Per Census raumlicher Gompleae 
(Gottmgen Abliandlungen, 1861) — have not yet been rescued from their most undeserved 
obscunty and published in an English dress especially when so much that is com- 
paiatively worthless oi at least not so worthy, has already secured these honours I was 
altogether ignorant of the existence of the Vorstudim till it was pointed out to me 
by Clerk Maxwell, aftei I had sent him one of my earlier papers on Knots , and 
I had to boek, in the Cambridge University Library what was perhaps the only then 
accessible copy 

(1) Down and JTp are at once given us by gravity They are defined as the 
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direction in which a stone lall^ or in which a plummet hangs and it^ reverse Even 
below dechs when the vessel is lying over under a steady breeze and we have oui 
sea legs on we instinctively keep our bodies vertical, vithout any thought of setting 
ourselves perpendicular to the cabin floor And this definition holds in every legion 
of space where the earth s attraction is the paramount force In an imaginary cavity 
it the earth s centi e the tei ms would cease to have any meaning 

East in the sense of Orient is the quartei in which the sun rises , and tins 
distinction is correct all over the earth except at the poles where it has no meaning 
But if we were to define South as the legion in which the sun is seen at midday 
our defimtion would be always wrong if we weie placed beyond the tropic of Capiicoin 
and at pirticular seasons even if we were merely beyond that of Cancer Still there 
is a certain consensus of opinion which enables all to understand what is meant by South 
without the need of any formal definition 

But the distinction between Right and Left is still more difficult to define We 
must emploj some such artifice as A man s right side is that which is turned east 
wards when he lies on his face with his head to the north For m the lapse of 
ages of development one may peihaps be light in aying with Molieies physician 
Nous awns changi tout cela , and mens hearts may have migrated by degiees to the 
other side of then bodies as does one of the eyes of a growing flounder Or some hitheito 
unsuspected superiority of left-handed men may lead to their sole survival, and then 
the definition of the right hand as that which the majority of men habitually employ 
most often would be false 

I will not speak further of these thmgs which I have introduced merely to show 
how difficult it sometimes is to formulate precisely in words what every one m his 
senses knows perfectly well, and thus to prepare you to expect difficulties of a highei 
order even m the very elements of matters not much more lecondite 

(2) But there is a veij simple method of turning \ mans light hand mto his 
left and vice veisa and of shifting his heait to the right hand side without waiting 
lor the (problematical) results of untold ages of development or evolution We have 
only to look at him with the assistance of a plane mirror or looking-glass and these 
extraordinary transformations are instantly effected Behmd the looking glass the world 
and every object in it aic perve'tted {wikekrt as Listing calls it) Seen through an 
istronoraical telescope everything is mvejtei merely {wmgehehrt) Particular cgises of this 
distinction which is of very consideiable importance were of course Inown to the old 
geometers For two halves of a circle are congruent , one semicircle has only to be 
mide to rotate through two right angles %n its own plane to be superposable on the 
other But how about the halves of an isosceles triangle formed by the bisector of 
the ingle between the equal sides? They are equal in every respect except congruency, 
one has to be twined over before it can be exxctly supei posed on the other 

Listing gives nuny examples of this distinction of which the following is the 
simplest — 

Inversion — (English) V and (Greek) A 

Porveision — (English) R and (Russian) il 

Inversion ind perversion — (English) L and (Greek) F 
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He also gives an elaborate discussion of the different relative situations of two 
dice whose edges are parallel taking account of the points on the various sides 

When we fiype a glove (as in taking it off when very wet or as wo skin a hare), 
we perfoim an operation which (not desciibable in English by any shoitei phiase than 
' timing outside %ifi ) changes its character from a right hand glove to a left A 
pair of trousers or a so called reversible watei proof coat is after this operation has 
been performed still a pair of trouseis or a coat but the legs oi arms are intei 
changed , unless the garments like those of Paddius a Ooiko are buttoned behind^ 

(3) The germ of the whole of this part of the subject lies in the two ways lu 
which wc can choose the three lectangular axes o{ oc y and is intimately con 
nected with the kinematical theory of rotation of a solid 

Thus we can make the body rotate thiough two right angles about one axis so 
that each of the other two is mvoited Such an operation does not change their relative 
situation 

But to invert one only, oi all thiee of the axes requiies that the body should 
(as it weie) be pulled through itself a piocess perfectly conceivable from the 
kinematical but not from the physical point of view By this piocess the relative 
situation of the axes is changed 

When we think of the rotation about the axis of x which shall bring Oy wheic 
Oz was we see that it must be of opposite chaiacter in these two cases And it 
IB a more matter of convention which of the two systems we shall choose as oui 
noimal oi positive one 

That which seems of late to have become the more usual is that in which a 
quadiantal rotation about x (which may be any one of the thioe) shall change Oij 
into the former Oz (i e in the cyclical order x y z) when it is applied in the 
sense in which the earth turns about the noithein end of its polai axis Thus we 
may rcpiesent the three axes in cyclical oidei by a northward an upward and an 
eastwaid line So that we change any one into its cyclical successoi by seizing the 
positive end of the third and as it were unscrewing thiough a quadrant 

The hands of i watch looked at from the side on which the face is situated 
thus move round in the negative direction , but if we could see th ough the watch, 
they would appear to mo\e round in the positive direction This univeisally employed 
construction aiises probably fiom watch dials having been originally made to behave 
as much as possible like sun dials on which the hours follow the apparent daily 
course of the sun le the opposite diiection to that of the eaiths lotation about 
its axis 

(4) This leads us into anothei very important elementaiy branch of oui subjeet 

1 When a Treatise comes to he written (in English) on this science great care wiU have to be taken 
in exactly defining the senses in which such words as mveision reversion perversion &e are to be employed 
There is much danger of confusion unless authoiitative definitions be given once for all and not too late 

2 These relations and many which foUow were lUustiated hy models not by diagrams and the rcadei 
who wishes fuUy to comprehend them will find no reason to grudge the little trouble involved in constructing 
such models for himself 
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one in which listing (it is to be feared) mtioduced complication rathei than 
simplification by his endeavours to extricate the botanists from the fhghtful chaos 
in which they had involved themselves by their ureconcilable descriptions of vegetable 
spirals [He devotes a good many pages to showing how gieat was this confusion] 
When we compaie the tendrils of a hop with those of a vme we see that 
while they both grow upwards as in coihng themselves round a veitical pole the 
end of the hop tendnl goes round with the mn {secundum solem) that of the vme 
tendril agazn&f the sun {contra solem) 

Thus the vine tendnl forms an ordinary or (as we call it) nght handed screw 
the hop tendnl a left-handed screw 

Now, if a pomt move in a circle m the plane of yz m the positive direction 
and if the circle itself move in the direction of x positive the resultant path of 
the point will be a vme or light handed screw But if the circles motion as a 
whole the motion of the point in the circle be reversed we have a left handed 
sciew , while if both, be leversed it remains nght handed Every one knows the 
combination of the rotatory and translatory motions involved in the use of an 

ordinary corkscrew , but theie are comparatively few who know that a screw is the 

sa/me at either end that it has m fact what is called cLvpolur symmetry 

With a viev to assist the botanists Listing introduced a fancied resemblance 
between the thieads of the two kinds of (double threaded) sciews and the Gieek 

letters X and S foi the lattei of which he also pioposed the long / used as a sign 

of integration, thus XXX\ and 8SSS or Iff/ 

The fiist which is our vine or nght haaded screw he calls from his point of 
view (which is taken z?i the axis of the sciew) laeotiop the other dej(^otrop He 
also proposes to describe them as lambda- or delta Windungen But it is clear that 
all this males confasion woise confounded Eveiy one knows an oidinaiy scicw 
It IS light-handed or positive Hence he can name at a glance any vegetable oi 
other helix 

(5) A symmetrical solid of i evolution an ellip&oid for instance (whethei prolate 
or oblate) has at rest dipolai symmetr} But if it rotate about its axis we can at 
once distinguish one end of the axis from the other and there is dipolar asyrrmiet'iy 
This distinction is dynamical as well as kinematical as eveiy one knows who is 
conversant with gyroscopes or gyrostats 

A flat spiial spring such as a watch- or clock spring or the gong of an 
Ameiican clock if the innei coils he pulled out to one side becomes a nght handed 
sciew 5 if to the other a left-handed screw In either case it retains the dipolai 
symmetry which it had at first while plane 

But when we pass an electric cuirent round a circle ot wire we at once give 
it dipolar isymmetiy The current appeals from the one side to be going round 
in the positive direction, from the other m the negative This is in fact the point 
of Amperes explanation of magnetism 

A straight wne heated at one end has dipolai asymmetry not only because of 
the diffeient tempeiatures of its ends but because of the differences of their electric 
potential (due to the ' Thomson effect ) 
r II 
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The same is generally true of every vector (oi directed) quantity such xs a 
velocity a force a flux an axis of rotation, &c 

(6) An excellent example of oui science is furnished by the Qimicunai which is 

the basis of the subject of Phyllotdxis in botany as well as of the airangoinciit of 

scales on a fish 

A qumcunx (fiom the scientific point of view) is merely the system of points 
of intersection of two series of equidistant paiallel lines in the same plxno By 
a simple shear paiallel to one of the two series of lines combined (if ncccssxiy) 
with mere uniform extensions or contractions along either or both seiios, xny one 
quincunx can be changed into any other Hence the problems connected with the 
elements of the subject are very simple, for it follows fiom the above statements 
that any quincunx can be reduced to square older The botanist who studies the 
arrangement of buds or leaf stalks on a stem or of the scales on a fii cone soel s 
the fundamental spiral as he calls it that on which all the buds oi scales lie And 
he then fully characterizes each particular arrangement by specifying whcthei this 
spiral is a light or left handed screw and what is its divergence The divergence 
IS the angle (taken as never greater than tt) of rotation about the i\ib of the 

fundamental spiral from one bud or scale to the next 

(f) It IS clear that if the stem or cone (supposed cylindrical) wore inked and 
rolled on a sheet of paper a qumcunx (Plate III fig 1) would be tiaccd consisting 
of contmuously repeated (but, of course perverted) impressions of the whole biufxec 
Hence if A Ai be successive prints of the same scale B a scale which cm be 

reached from A by a right handed spiral AB of m steps or by a loft handed 
spiral AjB of n steps these two spirals being so chosen that all the scales he on 
n spirals parallel to AB and also on m spirals parallel to A^B we shxll find a 

scale of the fundamental spiial by seeking the scale nearest to AA^ within the 
space ABAj 

Here continued fractions perforce come in Let fjulv be the last conveigent to 
min Then if it be greater than min count leaves or scales fiom A xlong AB 
and thence v leaves or scales parallel to BAi and we arrive at the rcquiied leaf oi 
scale If the last convergent be less than min count v leaves along AJi and 

thence y, parallel to BA If the leaf a so found in either case be ncxrei to A 

than to Aj the fundamental spiral (as printed %e pey verted) is right handed , and 
Vice versd Thus the first criteiion is settled 

To find the divergence take the case of /t/i/ greater than m/m, and a so found 
nearer to A than to A:, Drav ao perpendiculai to AA^ and let the spiials thiough 
a parallel to BA and BA^ respectively cut AA^ in d and e Then the divergence 
18 2irAclAA^ This is obviously greater than ^-jrAd/AAi (^e 27n//m) and less than 
l-TrAejAAi {^e itr fijm.) and can be altered by shearing the diagram parallel to AA, 
or (what comes to the same thing) tw sting the stem oi cone To find it«, exxot 

value draw through B a line perpendicular to AA, {le paiallel to the axis of the 
stem or cone) and let G, the first leaf or scale it meets be reached from £ by v 
steps along BA followed hy s steps parallel to BA, Then the divergence is easily 
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seen to be 2ir{/iS + v‘i)l(‘nis-\-iir), and we have the complete descuption of the object 
so far as our science goes 

In the figure, which is taken from an oidinary cone of JPznus pinaste) we have 
wi=5 n = 8, whence /^ = 2 u = 8 Also f=8 s = 2, and the fundamental spual 
(perverted) is therefoie right handed, with divergence 2^13/34 

Should m and n have a common divisor p it is easily seen that the leaves 
aie ananged in who') Is, and instead of one fundamental spual there is a group of 
p such spirals foiming a multiple threaded screw Each is to be treated by a process 
Similar to that above 

(8) The last statement hmts at a subject treated by Listing which he calls 
pu) ad) omic wmdvng Some of his results aie \ cry cuiious and instructive 

Take a long narrow tape or stiip of paper Give it any number m of half 
twists then bend it round and paste its ends togethei 

If m be /eio oi any other oven numbei the two sided suiface thus formed has 
two edges which aio paiadiomic If the ■-trip be now slit up midway between the 
edges it will be split into two These hive each fli/2 full twists like the original 
and (except when thcie is no twist when of coiusc the two can he separated) are 
i/i/2 times knled together 

But if m bo odd there is hut one m)face ind one edge, so that we may draw 
a line on the paper from any point of the oiigmal fiont of the strip to any pomt 
of the back mtho)it oos'^Dig the edge Hence whui the strip is slit up midway it 
remains one but with m fidl twists, and (if m > 1) it is J netted It becomes in 
fict as Its suiglo edge was befoie slitting a paiadiomic knot a double cleai coil 

With m ciossmgs 

[This simple result of Listings was the sole basis of an elaborate pamphlet 

which i few yens ago hid an extensive sale iii Vienna, its object being to show 

how lo piifoim (without the usual conjuroi s oi spiiitiialists deception) the celebrated 
tuck of tying a knot on an endless coid] 

The study oi the one sided lutotomic* surface which is gcnoiatcd by increasing 
indehnitily tin bieadth ol thi jiipei band ui cases whore nt is odd is highly 

inlcusiing and instiuctivi JBut w< must get on 

(0) 1 may iinuly uieutioii in passing as instauces of oui subject the whole 

question ol tiu Litequil Gin mtino of a dosid plane cuive, with allied questions such 
as ‘ In an issigiud walk thiough flu streets of fdinhuigh how ofton has one 
lotated tUolivdij to soiiu piouimiut object, such as St Giles (supposed within the 

jiatli) 01 Aithui s Heat (supposed extcinal to it) ? We may vary the question bj 

supposing th it he w ilks so as ilw ays to turn his face to a particular object and 

thdi inquiu how olti ii hi has turned about his own axis But here we tread on 
Jelliiigei iSymonds giound tin non rotation of the moon about her axis ' 

but the subject of the area of an autotomic plane cuive is mteiestmg It is one 
of Lisfings examples He Moigm W Thomson and others m this country have also 
dev( loped it IS a supposed new subject But its mam principles (as Muir has shown 
in Phd Mag June, 1873) were given by Mcistci 113 years ago It is now so well 
known that [ need not dilate upon it 
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(10) A cunous problem which my colleague Chrystal lecently meutioned to me 
appears to be capable of adaptation as a good example of oui subject It was to 
this effect — 

Draw the circle of least area which includes four given points in one plane 

lu this form it is a question of ordinary geometiy But we may modify it as 
follows — 


Given three points in a plane, divide the whole surface into legions such that 
wherever in any one of those regions a fouHh point he chosen the rule for construct- 
ing the least circle surrounding the Jour shall be the same 

Theie are two distinct cases (with a tiansition case which may be refened to 
either) accordmg as the given points A, B G (suppose) foim an acute- oi an 
obtuse angled triangle 

(a) When ABG is acute angled (fig 2) Draw from the ends of each side 
peipendiculars towaids the quarter where the tnangle lies and produce each of them 
mdefimtely from the point in which it again intersects the circumsciibing circle 

The circle ABG is itself the requned one so long as D (the fourth point) lies 
within it 

If D he between perpendiculars drawn (as above) fiom the ends of a side as 
AB then ABD is the required circle 

If It he in any othei legion the required circle has D for one extremity of a 
diameter, and the most distant ot A B C for the other 

(^) When there is an obtuse angle at 0 say (fig 3) Make the same con 
struction as before, but in addition desciibe the circle whose diameter is AB All 
IS as before except that AB is the ciicle required if D he wi thin it, and that if 
D he within the middle portion of the larger of the two lunes formed the required 

[In figs 2 3 4, which refer to these two cases in older and to the mtermediate 
case in which the tnangle is right angled at C, each region is denoted by three or 
by two letters When there are three the meamng is that the required circle passes 
through the corresponding points, when there are but two these are the ends of 
a diameter The separate regions are throughout bounded by full lines , the dotted 
lines merely indicate consti actions ] 


(11) A very celebrated question, directly connected with our subject, is to make 
a Knigbt (at chess) move to each square on the board once only till it returns to 
its origmal position From the time of Euler onwards numerous solutions have been 
given To these I need not refer further 

A much simpler question is the motion of a Book and to this the lately 
popular American 15 puzzle is eaAly reduced For any closed path of a rook 
contains an even number of squares, since it must pass from white to black alternately 
[This furmshes a good mstaace of the extreme simphcity which often characterizes 
the solutions of questions lu our subject which at first sight, appear formidable] 
And m the American puzzle eveiy piece necessarily moves like a rook Hence if an 
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even number of interchanges of pieces 'v^ill give the lequiied result, the puzzle can 
be solved, if not, the aiiangement is irreducible 


(12) A few weeks ago in a railway tiain I saw the following problem proposed — 
Place four sovereigns and four shillings in close aUe 7 nate order m i line Enquired 
in four moves each of two contiguous pieces (without altermg the relative position 
of the two), to form a continuous line of four soveieigns followed by four shillings 
Let sovereigns be lepiesented by the letter E, shillings by A 

One solution is as follows — 


Befoie starting — 


lit move 

B A 

2Ed 

B A 

3rd , 

B 

4!th , 

B B 


ABABABAB 
ABABA B 
A B A A B B 
B A A A A B B 
B B A A A A 


If we suppose the pieces to be originally ai ranged m circular oidcr with two 
contiguous bhnk spiccs the law of this piocess is obvious Operate always with the 
penultiinate xnd antepenultimate the gap bang looked on as the end foi the time 
being With this hint it is easy to generalize so as to get the natuic of the 
solution of the conesponding problem in any particuhi case whatever bo the numbci 
of coins It IS ilso interesting to vary the problem by making it a condition thit 
the two coins to be moved at any instant shall fust be made to change phees 


(li) Another illustration, commented on by Listing but since developed fiom a 
different point of view in x quite unoKpected diiection, was oiiginated by i veiy 

simple question piopoundcd by Clausen in the Astronormsche Naohicliten (No 494) 

In its gcnoial foim it is mciely the question ‘ What is the smallest uumbei of 

pen btiokos with which a given figuic, consisting of lines only, can be traced^ No 
line lb to he gone ovei twice and eveiy time the pen has to be lifted counts one 

Ihe obvious solution is — Count the number of points in the figuie xt each of 
which an odd numboi of lines meet Ihcre must always be an oven numhei of such 
(zero included) Half of this niimbei is the numhei of necessary sepaiatc strokes 
(except m the zero case, when the number of course must be unity) Thus the 

boundaries of the squxies of a chessboard can be traced at 14 sepaiato pen strokes 
the usual figure for Euclid i 47 at 4 pen strokes , and fig 6 at one 


(14) But if 2?i points in a plane be joined by ‘in linos, no two of which 
intersect (i e so that every pomt is x terminal of 3 different lines) the figure loquiies 
n sepai ite pen strokes It has been shown that m this case (unless the points be 
divided into two groups between which there is but one connecting line fig 7) the 
in lines may be divided into 3 groups of n each such that one of each gioup ends 
at each of the 2n points See fig G in which the lines are distinguished as a, ^9, 
ox y Also note that &c, and wyxy &c foim entire cycles passing through all 

the tiivia while Ac breaks up into detached subcycles 

Thus if a Labyrinth oi Ma/e be made, such that every intersection oJ loads is 
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a Tnvmm it may alwajs be aiianged so that the sevenl roxds met ting it luli 
inteisection may be one a glass path one gravel and the othei pavement inik< 

sure of getting out of such a Labyrinth (if it be possible), wc must sclict two 1 imK 
of road to be taken alternately at each successiie tnvium Thus we nny ihtt to 
take glass gravel glass gravel d.c in which case we must cithci come to tin (\il 
point or (without leaching it) return to our starting point to tiy a now conibiintion 
Foi it 13 obvious that if we follow oui rule we cannot possibly piss thiongh the 
same tnvium twice before returning to oui starting point 


(lo) This leads to a very simple solution of the problem ol Ma}) tolmii uk/ with 
four colours ongmallj proposed by Guthrie and since treated by Ciylcy Ktiniu 
and others 

The boundaries of the counties in a map generally meet in thiccs Hut it tnui 
or more meet at certam points let a small county be inseitcd suiioniiding ( icli 
such point, and there will then be tiivia of boundanes only These vinous bound uus 
may by our last result, be divided (usually in many different wiys) into thui 
categones a ^ 7 suppose such that each tnvium is formed by the meeting of on. 
from each category Now take four colours ^ 5 (7 i) md apply thorn ucoidiug to 
rule as follows, so that ^ 


a sepirates A and B ox G and D 

^ A and C B and D 

y A and D B and 0 


^d the thing IS done Foi the small counties, which were intioduced foi th. sik. 

of the construction may gow be made to contiact without limit till the bound ui.s 
become as they were at first ‘^on.iwuns 

The coniiection between these two theorems gives an excellent illusti ition of th. 
prmc^le mvolved in the reduction of a biquadratic equation to a cubic 

d™ upon a multiply connected surface such as that of 1 or imh.l ring 

This you can easily prove for yourselves by estabhshmg one simple instina 
IS an example of a case of Listings Census) ^ ‘ 


(16) From the very nature of our science the systems of tnr,a nc 1 , , 

be a. once „nde„t.«, Z "" 

parts of fte coatammg closed Lmtf (.. Ls ot tke^XiS”"; " ' 

to the rest by one or by two lines (ed(7e6) onlv TTio i ^ 7 edron) aic conu(ctc(l 
.«d cal, fteU class 

one of each group endmg at each point {trihedral angle) ^ ^ % 

imiplete circuit of edges alternately of two of these ^00^^^ ^ 1,^ ‘ 

b. rooad asaab, „ „aa, wa,a » a, eabaus. botf 
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eich of the angles That is iii another foitn cveiy such polyhedion may be projected 
in a figure of the typo shown m fig 9 wheio the dotted lines are supposed to he 
below the full lines But in the words of the eitraordinaiy mathematician Kirkman 
whom I consulted on the subject the theoiem has this piovoking interest that 
It mocks alike it doubt and proofs Piobably the proof of this cunous proposition 
has (§ 11) hitheito escaped detection from its sheer simplicity Habitual stargazers 
aie apt to miss the beauties ol the more humble terrestrial objects 

(17) Kirkman him clf was the fust to show so long ago as 1858, that a clear 
ciicle of edges of a umque type passes through all the summits of a pentagonal 
dodecahedron Then Hamilton pounced on the result and made it the foundation of 
his Tcosiaii Qa/nie and also of a new calculus of a veiy singular kind See figures 
9, 10 11 which arc all eijuivalent projoctions of a pentagonal dodecahedron 

At every trivium you must go either to nght oi to left Denote these operations 
by r and I icspcctivoly In the pentagonal dodecahedron start where you will, either 
1 ® or ? brmgs you back to whence you started Thus m this case t and z’are to 

bo legordcd as opeiational symbols— each (m a sense) a fifth root of +1 In this 

notation Kukmans Thcoiem is foimulatod by the expression 

rhh'H't llh h Inrlll = 1 , 
or as we may write it more compactly, 

=1 OI [(hy^ 1] =1 

It miy bo put in a gicat many \ppxicntly diKciuit but ically equivalent foinib, for 

so long xs the 07dc) of the opcxxtions is unchanged we may begin the cycle vvhcie 

wc please Also wt miy ot couisc mtcichxngc r xnd I throughout, in conboquonce 
of the symmotiy of the hg-uic 

It IS cuiious to study in such a exse xs this whoic it can easily be done the 
essential natuio of the vxiious kinds of nocesbaiily xboitive attempts to get out of 
such a labyiiuth Thus if we go according to such loutes as {rl)hP oi r^l/r^ (sequenccb 
which do not occiii m the general cycle) the nevt step whatever it be brings us 
to X point alreidy pissed thiough We thus obtxm othei relations between the symbols 
1 and I We can mike special piitixl circuits of this kind including any uumbei of 
operations from 7 up to 19 

All of these lemaiks will be obvious fiom xny one of the three (equivalent) diagrams 
<) 10 01 11 

(18) As I have alreidy said the subject of knots affords one of the most typical 
ipplicxtions of oui science I had been working at it foi some time in consequence 
of Thomsons admirable idex of Vortex-atoms before Clerk Maxwell referred me to 
Listings Essay 5 and I had mxde out for my^^elf though by methods entirely different 
from those of Listing all but one of his published results Listings remarks on this 
fascinating branch of the subject aic unfortunately very brief, and it is here especially 
I hope that we shall learn much from his posthumous papers In the Vorstudien he 

1 Heprmt of Math Papers from the Ed limes 1881 p 113 
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looks upon knots simply fiom the point of view of screwing or winding , ind In 
designates the angles at a crossing of two laps of the cord by the use of his X lud 
S notation (§ 4) Fig 12 will show the nature of such ciossmgs Figs 13 14 ind 

lo show what he calls reducible and 'i educed knots In a reducible knot the ingles 
m some compartments at least are not all X or all S (the converse is not ne cess ml} 
true) In a reduced knot each compartment is all X oi all S 


(19) My first object was to classify the simpler forms of knots so is to hud to 
what degree of complexity of knotting we should have to go to obtain a spcci il (onn 
of knotted vortex for each of the kno’v^n elements Hence it wxs ncccssxr} to dt\is( 
a mode of notation by means of which any knot could be so fully dcsciibcd thil 
it might from the description alone be distinguished from all others and (if ic(piisitt ) 
constructed in cord or wiie 

This I obtained in a manner equally simple and sufficient fiom the thcoum whicli 
follows one which (to judge from sculptuied stones engraved arabesques &( ) must hiv( 
been at least practically known for very many centmies 

Any closed plane curve which has double points only may be looked upon is 
the projection of a knot in which each portion of the co 7 d passes altei natch/ undo 
and over the successive laps %t meets [The same is easily seen to hold foi my lunnbc i 
of self inteisectmg and mutually intersectmg closed plane curves in which cisis wi 
have m general both linking and locking in addition to knotting] 

The proof is excessively simple (§ 11) If both ends of one continuous Inu lu 
on the same side of a second line there must be an even numbci of ciossmgs 


(20) To apply it go continuously round the projection of a knot (fig 16), pultmg 

A 5 0 &c at the first third fifth &c crossing }ou pass, until you hive put Ultus 

to all Then go round again writing down the name of each ciossing in tht oidi i 
m which you reach it The list will consist of each letter employed taken twic c ovc i 

A, B G &DC will occupy, in order the first third fifth &c places, but the waif in 

which these letters ocem in the even places fully characterizes the drawing of the pio 
jected knot It may therefoie be desciibed by the order of the letters in th< even 
places alone, and it does not seem possible that any briefer dcscuption (ould lx 
given 

To prove that this description is complete so far as the pi ejection is coucenud 
all that is lequired is to show that fiom it vee can at once construct the diigjun 
Thus let It be as in fig 16 LFBAGD Then the full statement is 

AEBFCBDA EGFLIA &c 


(21) To draw from such a statement, choose m it two appantions of the smu 
letter between which no other letter appeals twice Thus AEGFDjA (at the end of 
the statement) forms such a group It must form a loop of the cuive Diaw such 
a loop puttmg A at the point where the ends cross and the othei letters lu older 
(either way) round the loop Proceed to fill in the rest of the cycle m the .iin< 
way The figures thus obtained may present veiy diffeient appearances, but they lie 
all projections of the definite knot The only further mformation wc require foi 
Its full conatiuction is which branch passes over the other at each particular crossing 
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This can be at once supplied by a + or - sign attached to each letter where it occurs 
in the statement of the order in the even places 

i. process we find that it becomes a meie question of 

filled laboui to diaw all the possible knots having any assigned numbei of crossings 
I he requisite laboui mci eases with extreme rapidity as the number of oiossings is 
increased Foi we must take eveiy possible airangement of the letters in the even 
places and tiy whether it is compatible with the properties of a self intersecting plane 
cuive Simple rules for i ejecting useless oi impracticable combinations are easily formed 
But then we have again to go thiough the list of survivors and reject all but one of 
each of the numerous groups of different distortions of one and the same species of knot 

I have not been able to find time to cariy out this process further than the 
knots with seven ciossings But it is very remarkable that so far as I have gone 
the numbei of knots of each class belongs to the senes of powers of 2 Thus 

Numbei of ciossmgs 3 4 5 6 7 

Numbei of distinct foims 112 4 8 

It IS greatly to be dtsiied that some one, with the requisite leisure should tiy to 
extend this list it possible up to 11, as the next prime number Ihe hboui gieat 
as it would be would not bear compaiison with that of the calculation of tt to 
600 places ind it would certainly be much moie useful [But see Nos XL XLI which 
aio of latoi date than this Address 1899] 

Besides, it is piobxble that modem methods of anilysis may enable us (by a single 
happy thought xs it wcie) to avoid the higoi pait of the labour It is iix matters 
like this that we hive the tiue ixisou detie of mathematicians 

(23) Theic is one vciy euiious point about knots which so fxi as I know has 
xb }et no analogue clsewheic In general the peiveision of a knot (^e its image m 
a plane miiioi) is non congiueut with the knot itself Xhus, as m fact Listing points 
out it IS impossible to ehuige even the simple form (hg 14) into its imxge (hg 15) 
But I have shown tint theie is a1 lexst one form foi every ei;e/i number of ciossmgs 
which IS coiignicnt with its own peiveision The unique form with four crossings gave 
me the hist hint of this cuiious fxet lake one of the largei laps of hg 17 and 
turn it ove? the lest of the knot hg 18 (which is the peiveision) will be pioducod 

We sec its nxtuie bettci fioin the followmg piocoss (one of xn mfinito numbei) 
foi foiming A7nph%c1ut7al knots Knot a cord as m fig 19 the number of complete 
hguies of eight being at pleasuic Turn the figure upside down, and it is seen to 
be meicly its own image Hence when the ends are joined it forms a knot which is 
congruent with its own pci version 

(24) The gcneial tieatment of links is unless the separate cords be also knotted 
much simpler than that of knots — le the measmement of hehnkedness is far oasiei 
than that of beknottedness 

I believe the explanation of this curious result to lie mainly m the fact that it is 
possible to interweave throe or more continuous cords so that they cannot he separated 
and yet no one ^hall he knotted mr any two hnJeed togethei 

T II 
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This IS obMous at once from the simplest possible case shown m fig 20 Here the 
three rmgs are not linked hut locked together 

Now mere linkmgs and mere lockings are very easy to study But the various 
loops of a knot may be linked or locked with one another Thus the full study of a 
knot requires in geneial the consideiation of hnking and lockmg also 

(25) But it IS time to close in spite of the special interest of this part of the 
subject And I have left myself barely time to mention the very interesting portion 
of the Topology which Listing worked out in detail You will find a brief synopsis 
of a part of it prefixed to Cleik Maxwells Electr%m,ty and Magnetism and Cayley has 
contributed an elementary statement of its contents to the Messenger of Mathematics 
for 1873 , but there can be no doubt that so important a paper as the Census raum 
hcher Gomplexe ought to be translated into English 

To give an exccedmgly simple notion of its contents I may merely say that Listmg 
explams and generalizes the so-called Themem of Euler about Polyhedra (which all of 
M whose reading dates some twenty years back oi more remember in Snowballs or 
Hymers Trigommetry) viz that if /S be the number of solid angles of a polyhedron 
F the number of its faces and E the number of its edges, then 

8-\-F=E-\-2 

The mystenous 2 m this formula is shown by Listing to be the number of spaces 

mvolved, le the content of the polyhedron and the Ampleocum the rest of infimte 
space 

And he estabhshes a perfectly general relation of the foim 

where V is the number of spaces 8 of surfaces L of lines and P of points in any 
complex, these numbers having previously been purged in accordance with the amount 
of Oyclosis in the arrangement studied But to make even the elements of this 
mtelhgible I should require to devote at least one whole lecture to them 

Meanwhile I hope I have succeeded in showmg to you how very important is 
our subject loose and mtmgible as it may have at first appeared to you, and in 
proving, if only by special examples that there aie profound difiSculties (of a kmd 
different altogether from those usually attacked) which are to be met with even on the 
very threshold of the Science of Situation 
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ON EADIATION 


[1^0 oceedi}iq<> of the Royal Society of Minbiirgk Feb? nary lb lSb4] 

Tiil fiibt pait of this communieatioa was devoted to a lecapitulakon of the 
advanccfa in the Tkeoiy of hjjcharges made by Stewait in 1858 and published in 
the Toan&aoiio7xs of the Society foi that ycai Such a recipitulation it will be seen 

IS neoe6sa?y, Stewarts paijeis seem either to have filleu into oblivion or to bo 

deemed unwoithy of notice It was pointed out that Stewart showed ni these papers 
thit the radiition within an impoivious cnclosuie containing no souicc of heat must 
ultimately become like the picssuic of a non giavitatmg fluid at lest the same at 
all points and lu all diiections, but thit this sameness is not like that of fluid 
piessure one of mere total amount, it extends to the quantity and quality of eveiy 
one of the infinite senes ol wivc-longths involved Toi as one oi moic of the bodies 
may be bhcl the radiation is simply that of a black body at the temperature of 
the enelosuro Any new body at the piopei temperature may be inserted in the 
cnclosuie without alteiing this state of things, and must therefore emit precisely the 
amount and quality which it absorbs This rcmaik contains all that is yet known 
on the subject For wo have only to assume for the purpose of icasomng the 
existence of a substance parti illy or wholly opaque to one definite wave length and 
perfectly transpaient to all others , or with any other limited propeities we choose, 
and suppose it to be put (at the proper temperature) into the enclosure If we next 

assume that its temperature when put in dilBfers ftom that of the enclosure the 

expenmental fact that in time equilibrium of temperature is am\ed at shows that 
the radiation of any particular wave length by a body increases with rise of temperature 
And so forth 

Yet m the latest authoiitative work on the subject Zehrbuch der Spektralanalyse 
von Dr H Kayser (Berlin 1883) though historical details are freely given the name 
of Stewart does not occur even once* There are m the same work other instances of 

13—2 
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historical erroi ncaily as grave Thus the physical analogy by which Stokes in 1852 
first explained the basis of spectiiim analysis is given in Dr Kaysei s woik , but it 
IS introduced by the very peculiai phrase wollen wir versuchen eine mechamsche 

Erhlarung der Erscheinungen zu geben welche auf unsere Anschauungen uber das 
Leuchten begrundet ist , and the name of Stokes is not even mentioned in con 
nection with it * 

The second part of the papei deals with the question of the limits of accuracy 
of the reasoning which led Stewart and those who have followed him to results of 
such vast importance Dr Kaysei indeed announces his intention in aller Sticnge 
mathematisch zu beweisen the equality of emissive and absoiptive powers But the 
mere fict that phosphorescent bodies such as luminous piint give out visible ladiitions 
while at oidmary temperatures, shows at once that there xie grave exceptions even 
to the fundimental statement that the utmost ixdiation both as to quantity and xs 
to quality, at xny one temporatuie is that of a black body — and vciy simple con 
sideiations show that all the icxsoning which has been xpplied to the subject is 
ultimately based on the Second Law of Thumodynamics (oi Carnots principle) xnd 
IS thcrcfoic true only in the sense m which that law is true %e in the statistic xl 
sense The assumed ultimxto uniformity of tempeiatuie m an enclosure which is 
piactically the basis of eveiy demonati xtion of the extended Ixw of exchanges is 
meicly an expression for the aveiago of iiregularities which xrc in the mxjoiity of 
cases too icgularly spread and on a scxle too mmutc to be detected by our senses 
even when those arc aided by the most dehcatc instruments The kinetic thooiy of 
gases here furnishes us with something much closer than a meie analogy Foi the 
veiy essence of what appcxrs to us uniform temperature in x gas is the icgulxiity 
of distribution of the irregularities of speed of the vaiious paiticles And ]ust as in 
every mass of gas there xre a few particles moving with speed far gi oxter thxn 
thxt of mean square so it is xt least probable that a black body at oidinxiy 
temperatures emits (though of course excessively feebly) ladixtions of wave lengths 
coiresponding to those of visible light Effects apparently or at least conceivably 
due to this cause have been obtained by various experimentcis 

If wo could lealise a dynamical system xnalogous to that of a gas on the kinetic 
theory but such that none of the pxrticlcs could have any but one of i ceitxin 
limited number of definite speeds and if there were still a tendency to the nexicst 
statistical avenge we should have something capable of explaining phosphoiebcence xt 
oidmary tcmperatuies 
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ON AN EQUATION IN QUATERNION DIFFERENCES 


\Prooeed%ngs of the Royal Society of Edinburgh February 18, 1884] 

WuiN the faidcs of a closed polygou arc bisected -ind the points of bisection joined 
in oidci a new polygon is formed It has the same number of sides and the same 
nieam, point of its comois as the oiigiual polygon In what cases is it similai to the 
onginal polygon In what cases will two, three oi more successive opeiations of this 
kind pioduee (loi the hist time) a polygon similai to the ongmal one i 

lake the ineiii point as oiigin and let (pa (ja q^a be the n coineis Hero 
a IS any vcctoi, which if thi polygon bo plane may be taken m that plane and 
< 2 i fj-tt me (luateinions, which in the special case just mentioned aio poweis of one 

quaternion in the same plane We obviously have, if Dqr = q,^, for the plane polygon 
two conditions — the hist, 

(l + D + I)+ = 0 

depending on our choice of origin, and the second 

2m + ■D)"'2ra = QE%a, 

depending on the simihiity of the mth denved polygon to the ongmal In this last 
equation, Q is a scalar multiple of an unknown powei of the quatermon of which the 
js aic powers expressmg how the ongmal polygon must be turned in its own plane 
and how its lincai dimensions must be alteied so that it may be superposed on the 
mth derived polygon Also s is an unknown integer, but it has (like Q) a definite 
value or values when the pioblcm admits of solution r has any value fiom 1 to « 
inclusive, as may be seen at once by operating by any integral power of J) and 
remembering that we have neccssaiily 

iy^qr = q, 

The solution of this case is easily effected and gives the well known results — the 
general solution involving all equilateral and equiangular polygons, where m may have 
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any mtegial value Besides this thae aie special solutions for the triangle and for the 
quadrilateral reduced at one opoiation to a paiallelogiam In the foimoi of these m 
may have any value , in the latter (unless the figure be a square) m must be even 

But when the polygon is gauche the second of the above conditions becomes 

^^{l + Dy-q,a = QD%aQr^ 

and the solution is somewhat moie difficult Its inteiest consists in its leadmg to a new 
ind cuiious question in quatexmons 


APPENDIX 

TULORLM EELAllNG 10 IHL StM 01 SeLECII D BINOMIAL THEOREM COErriClLNTS 

\_Mei,8PngLr of Mathematios^ 1884] 

Lli equal masses be placed two and two together, at the corners of an m sided polygon 
blide one fiom each end of a side till they meet at its middle point Ihoy now foxm a 
new, and smaller, m sided polygon, but then centie of ineitia his not been distuibed lUpeat 
the piocoss indefimtely, and the masses will ultimately be collected m the centu of iiuitia 

Now if tilt distances of the coineis of the oiiginal polygon from i hxod plane be 

those of the hist denved polygon will be 

Ihese ire all included in the expression 

with the pioviso that B =t<', 

bimilirly, the first cornei of the wth denved polygon is 

2 ~ *(1 + By 

Now let where r is not gicatei than be the sum of the 7th, (/ ^ m)th (; i- 2/?i)th, 

&c coefficionts of tho binomial (1 + x)^', the above expression becomes 

2-w -1- A w + + A,’ w + + N 

But, when n is infinite, its ultimate value is (as abo-ve) 

i (-WjL + w + + 

Hence (2-“iV,“) = ^, 

ii(p 

and it seems remaikable that the limit is independent of 7 
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ON YOETEX MOTION 


[Proceedings of the Royal Society of Edinburgh, February 18 1884] 

This papoi contTiincd a dibcussiou oi the consequences of the asswmption of continuity 
of motion thioughout a pcifoot fluid, one of the hises of von Helmholtzs grand in 
vostigation on which W Thomson founded his theoiy of vortex atoms It is entirely on 
the issumcd T,bsonce of finite slip that von Helmholtz deduces the action of a lotatmg 
clement on my other element of the fluid and that Thomson calculates the action of 
one vortex atom or part of such an itom on mother atom or on the remainder of itself 
The creation of a smglo vortex atom, in the sense in which it is defined by Thomson 
involves action applied simultaneously to all parts of the fluid mass not to the 
rotatmg poition alone 
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[Proceedings of the Royal Society of Edinburgh July 7 1884] 

As I understand Prof J Thomsons problem (Proc R S E xu p 568) it is equi 
valent to the followmg — 

A set of points move Gkihlei vriso with reference to a system of co oidinate ixce , 
which may itself have any motion whatever From observations of the relative positions 
of the points merely to find such co ordinate axes 

It IS obvious that thcie is an mfinitely infinite number of possible solutions, 
bcciuse if one origm moves G-alilei wise with respect to another and the axes diawn 
from the two origms have no relative rotation any point movmg Gahloi-wise with 
respect to either set of axes will necessaiily move Gahlei wise with respect to the 
othci Hence any one solution suffices, for ill the others can be deduced from it by 
the above consideration 

Eeforicd to any one set of axes which satisfy the conditions the positions of the 
pomts arc at time t given by the vectors 

cci + Sil for a +S 2 i for B &o &c 

But it 13 clcai from what is stated above that we may look on the pair of vectors 
for any one of the pomts, say aj and Si for -d as being absolutely arbitrary — though 
of course constant We will therefore make each of them vanish This amounts to 
takmg A as the origin of the co ordinate system The other expressions above will 
then represent the relative positions of B 0 &c with regard to A 

The observer on A is supposed to be able to measure at any moment, the lengths 
AB AO AJD See , the angles BAG BAD GAD &c , and also to he able to recognise 
whether a triangle such as BOD is gone round positively or negatively when its comers 
are passed through in the order named What this leaves undetermined at any particular 
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instant ifa meicly the absolute direction of any me hne (as AB) and the aspect of 
any one plane (as ABC) passing thiough that line These being issunied at random 
the simultaneous positions of all the points can be constructed fiom the permissible 
observations But it is interesting to inquire hov many observations aie necessary, 
and how the ^Ss depend on the as 

Ihus at time t whxtevei be the mode of measuicment of time we ha\t equations 
biich as follow — 

- a = a +2Sa^ t + l5 t 

c = Qj + t 


Foi any one value of t we have n equations of each of the l&t and 3rd of these 
types md n {n — l)/2 of the 2nd ^ + 1 being the whole number of points In all 
n (n + l)/2 equations 

The scxhi unknowns involved in these equations aie (1) the values of t, (2) a a, 
&c, (3) ^ (kc, (4) Sa,a, &c , (5) &c , (6) Sa/3 Sa^ &c , and 

(7) >S(a/3, + /5of,) &c Then numbcis arc for (2) (3) (6) 7 / eieh, foi (4) (5) (7) 
l)/2 exch, in all 3/i(?i+l)2 Suppose that obseivations iie mide on m suc- 
cessive oecifaions Since oui ongm and oui unit of time aie xliLe aibitixry wt mxy 
put ^=0 foi the hist obseivition xnd meigo the vxlue of t xt the seeond obscivation 
in the tcnsois of ^ /9, ice Ihis xmounts to taking the inteivxl b( tween the hist 
two sets of obseivitions <is unit of time Ihus the unknowns of the foim (1) xie 
m — 2 m numbei ilieie au theicfoie 


mu {u H l)/2 e(iuations xnd in (n + l)/2 + /?x - 2 unknowns 


Ihus m- 3 gives an insufficient xmoimt of informxtion but m = 4! gives x supoifliut} 

In pxitieulii if thcie be thiee points only which is in geneial sufficient 3 complete 
obseivxtions give 


9 equations with 10 unknowns, 
while 4 eoinplot( obseivxtions give 

1 2 eqii xtioiis with 11 unknowns 

ihus we need i xke only two of the thiec possible measuiements xt the fouith instant 
of obseivation 


The solution of the eciuxtions supposed to be effeeted gives us among othei things 
a aj xnd /Sa a, Anij dnection mxy be assumed foi a and any plane as that of 

xnd a, Fiom these xssiimptions and the thiee numciical quantities just mined 
the CO 01 dilute system exn be xt once deduced 

This solution fails if {Haa^) =a oi TVolx^^O, foi then the thiee points A B G 
aie in one hue at starting But this and simihi cases of failuie (when they a e 
icxlly cases of fxilurc) xie due to an impioper selection of three of the points We 
need not fuithei discuss them 


1 II 


14 
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But it 18 inteiestmg to considei how the vectors /3 can be found when one position 
of the refeiencc frame has been obtained Keeping for simplicity to the system of 
three points we have by the solution ol the equations above the following data — 

Sa^^e 8 as ^3 = e (a A -h ots) =/ =g Wi = g = 

wheie e e' f g g h aie known numbers which as the equations fiom which they 
were derived were not linear, have m general more than one system of values The 
second third and sixth of these equations give 

fiiS « Os/? = hVa di + (/— 8^ a^) Fa^/S -h e'FyS a 

Provided 8 Eot cophnai with a this oquxtion gives, by the help of the fifth 
ibove 1 surface of the 4th order of which is a vector But /3 is xlso a vector 

of the plane /Sa/8 and of the sphere ==g Hence it is deteimincd by the 

intci scctionb of those three surfaces 

But if 8 oLOL^i vanishes, the equation above gives (by operating with 8 Volol^ 

0 = A(FaaO'-(y->Si8ctOi' 8 V 0 L,Vaa, + eS /3 F aVeta, 

which gives a surface of the second order (a hyperbolic cylmder) in plxce of the surface 
of the fourth order xbovc mentioned ihis may however be dispensed with — for /3 
ns in this ca e detenmned by the planes 8 u^ =e and 8 aa,y8 =0 togethei with the 
sphere —g 
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ON VARIOUS SUGGESTIONS AS TO THE SOURCE OF 
ATMOSPHERIC ELECTRICITY^ 


[Natme Maich 27 1884] 

We have scon that taking foi gianted the oloctufication ol clouds ill the 
oidiniiy phenomena of a thunderstorm (except jlohe lightning) idmit of easy iiid 
direct cxphiation by the known laws of stiticil electricity Thus fu we ait on 
compai itively suic gioimd 

But the case is veiy diffeient when wc attempt to look a little faither into the 
inittci md to seek the souico of itmospheiie electiicity One exuse ol the difheulty 
IS easily seen It is the sr ile on which ineteoiologic vl phenomena usuilly oecui , so 
cnoimonsly gieatoi thin thxt of any possible laboi itory aiiaugenicut that ellccts 
which may pi&s wholly unnoticeel by the most acute cxpeiimentei miy m niture 

use to paramount importance I shall content myself with one simple but stiikinj? 
m&tancG ” 

Few people think of the immense tr uisfoimitions of energy which accompany an 
ordinaiy shower But x vciy exsy calculxtion Icxde us to stirtling icsults To r iis<. 
a single pound of watci, in the foim of vxpour, liom the sei or horn moist gioiind 
requires an amount of work equal to thit of a home for about half in houri This 
18 given out igain, in the form of heat, by the vxpoui when it condenses, and the 
pou^ud of watei falling as rain would eovci a squxie foot of giound to the depth ol 
rather loss than one fifth of an inch Thus a fifth of an inch of ixui rcpiesLts x 
horse power foi half an houi on eveiy square foot or on a square mile about a million 
horso power for fourteen hours ' A million hoises would barely have standmg loom on 
a square mile Considerations like this show that wc can account for the most violent 
huriicanes by the energy set ftee by the more condcnsition of vapour requued for the 
concomitant ixin 

1 Bead at the meeting of the Scottish Meteorological Society on Maich 17 and comnnmioated by the Society 

14—2 
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Now the modem kinetic theory of gases shows that the particles of water 
vapour are so small that there are somcwheie about thiee hundred millions of millions 
of millions of them in a single cubic inch of saturated steam at oidinary itmo 

sphenc pressure This corresponds to ^ cubic inch of water i e to 

about an average ramdrop But if each of the \apour pai tides had been by any 
cause electrified to one and the same potential and all could be made to unite 
the potential of the ramdiop formed fiom them would be fifty million million times 
greater 

Thus it appears that if there be any cause which would give each paiticlc of 
vapour an electric potential, even if that potential weie fii smillcr thxn xny th\l 
can be indicated by our most delicate electrometers the iggrcgation of these paiticks 
into raindrops would easily explain the charge of the most foimidablc thundcidoud 

Many years ago it occurred to me that the mere contact of the particles of vaponi 

with those of air, as they inter diffuse according to the kinetic theory of gists 

would suffice to produce the excessively small potential requisite Thus the source 

of atmospheric electricity would be the same as that of Volta s eleetiifieition of diy 

metals by contact My expeiiments veie all made on a small scxle with ordinny 
laboratory apparatus Their general object was by various processes to piceipitiU 
vapour from damp air and to study either (1) the electrificition produced in tin 

body on which the vapour was precipitxted, or (2) to find on which of two pxiilltl 
polished plates oppositely electiified and artifir rally cooled the more rxpid deposition 
of moisture would take place After many trials some icsultless otheis of i inou 

promising character I saw that experiments on a compai ativcly laigc soak would be 
absolutely necessary in order that a definite answer might bo obtained I commu 
nicated my views to the Eo>al Society of Edinburgh in 1875 in ordci that some 
one with the requisite facilities might be induced to take up the inquiry but I xm 
not awaie that this has been done 

I may briefly mention some of the more prominent attempts which hive been inidt 
to solve this curious and important problem Some ot them iie ludicrous enough 
but their diversity well illustrates the nature and amount of the difficulty 

The oldest notion seems to have been that the source of atmospheric ekctncity 
IS aerial friction Unfortunately for this thcoiy it is not usually in windy weithd 
that the greatest development of electricity takes place 

In the earher years of this century Pouillet claimed to have established by 
experiment that in all cases of combustion or oxidation, in the growth of plants 
and in evaporation of salt water electricity was mvaiiably developed But moie 
lecent experiments have thrown doubt on the first two conclubions and have shown 
that the third is true only when the salt water is boiling and that the cloctiicity 
then produced is due to friction not to evaporation Thus Faraday traced the action 
of Armstrong s hydro electric machine to friction of the steam against the orifice by 
which it escaped 

Saussure and otheis attributed the production of atmospheric electricity to the 
condensation of vapour the reverse of one of Pouillet s hypotheses This however 
IS a much less plausible guess than that of Pouillet , for we could understand x 
particle of vapour carrymg positive electricity with it and leaving an equal charge 
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of negative elecfcncitj m the water fiom wliich it escaped But to iccount for the 
separation of the two electricities when two piitioleis of vapoiii unite is i much less 
piomising task 

Peltier (followed by Lament) assumed that the eaith itself his x poimancnt 
chaige of negative electricity whose distiibution vines fiom time to time and fiom 
place to place An accordmg to this hypothesis can neithei hold nor eonduct elec- 
tiicity but a cloud can do both , and the cloud is oh ctiihed by conduction il it 
touch the eaith by induction if it do not But here the difSenlty is only thiown 
back one step How are we to account for the eiiths pcimincnt chaige!* 

Sii W Thomson starts fiom the cxpeninentil fact thit the liyei of an near 
the giound is often found to be strongly olectiihed and accounts foi atmosplieiic 
electiioity by the carrying up of this layer by convection curients But this process 
also only shifts the difficulty 

A wild thooiy his m recent times been pioposed by Bccciuiiol Ooipuscles of 
some kmd electiihod by the outbursts of glowing hydrogen travel fiom the sun to 
the uppei strata of the earths itmosphero 

Muhiy trices the soiiice of electiicity to i diiect effect of solii ladiation filling 
on the eiiths surf ice 

Luddins his iccoutly ittiibuted it to the fnction of iqueous vipoui igiiust diy 
111 fcome still luoie iccont issumptioiis attiibutc it to eapilliiy siiifice tension oJ 
witei to the production of hul &e 

Bliko Kilischei, &c hive lately endcavouied to show by experiment tint it is 
not due to cvipoiitioii oi to condensation of water Then expenments Iiowevci 
hive ill been mide on too smill a scale to lusuie ceitain lesults What I have 
just said about the exti aordmaiy number of vipoui paitieles in i single laindiop, 
shows thit the whole oblige m i lew cubic feet of moist air may iltogethei eseijii 
detection 

And so tho mattei will piob ibly stand until meins iie found of miking theso 
delic ite cxpeinnc nts iii the only w ly in which success is likely I o be oht lined vi/ 
on i sc lie fir lirgei thin is it the eommind of any oulniaiy piivite luirsc It is 
i (picstioii of loal impoitinec not only foi puie science but foi the people, ind ought 
to be thoroughly silted by means which only i wealthy nitron can piovide 
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NOTE ON A SINGULAR PASSAGE IN THE PRINCIPIA 

[ProGeed%>icfs of the Royal Sonety of Edinburgh Januaiy 19 1885] 

In the remarkable Scholium appended to his chapter on the Lavs of Motion 
whue Newton is showing what Wren Wallis and Huygens had done m connietion 

with the impact of bodies he uses the following veiy peculm language 

‘Sed et ventas coinprobata ost a E Wtenno coiam Regid Societate per e\peiiinciituin 
Ponduloium quod etiim Olanssiiivus Matiottus Libio intogro exponere mox; dignitns est 
The list clause of this sentence which I had occasion to consult i few days ago 
appeired to me to be so sircastio and so unlike in tone to all the context that I wis 
anxious to discovci its full intention 

Not one of the Commentators to whose works I had access mikes any lemiik on 
the passage The Translators differ widely 

Thus Motte softens the clause down into the trivial remaik which Mi Miriotte 
soon after thought fit to explain in a treatise entirely on that subject 
The Marquise du Ohistellet (1756) renders it thus — 

‘ maib ee fut Wienn qui les conhrma par des Expdiieneos fiitcs ivoc dcs 
Pendulcs dovant la Sooiete Royale lesquelles le cdlebre Manotte a rappoitdos depuis dins 
un Traitd quil a compose expres sur cette matibre 
Thorps translation (1777) runs — 

‘ which the very eminent Mi Manotte soon after thought fit to explain in a treatise 
entuely upon that subject 

Fmally, Wolfers (1872) lendeis it thus — 
der ^weite zeigte der &ocietat die Pichtigkeit semer Erfindung an einem Pendel* 
versuche den der beruhmte Manotte in seinem eigenen Weike aus cinander zu setzen 
fur wurdig erachtete 

Not one of these seems to have remarked anything singular in the language 
employed But when we consult the entire book in which Manotte is said by 
Newton to have ‘expounded the result of Wren and which is entitled Tra%t4 de la 
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Percussion m Choc des Goips wo find that the name of Wien is not once mentioned in 
its pages • From the beginning to the end theie is nothing calculated even to hmt to 
th6 i6aider that the tiGatise is not wholly oixginal 

This gives a clue to the reason for Newtons sarcastic hnguage, whose intensity 
IS heightened by the contiast between the Clansszmits which is cncfiilly picfixcd to 
the name of Manotte and the simple D piefixed not only to the names of Englishmen 

hie Wren and Wallis but even to that of a specially distinguished foreigner like 
Huygens 

Newton must of course like all the scientific men of the time (Manotte included) 
have been fully cognizant of Boyles celebiated contioveisy with Linus which led to 
the publication in 1662 of the JDeJence of the Poottim touohmg the Spring and Weight 

of the Air In that tiact Port ii Chap 6 the icsult called in Bntain Boy! o’ s Laiv is 

established (by a very remarkable senes of exponments) for piessmes less thin as well 
as for picssures greatei than an atmosphere, ind it is established by meins of the veiy 
form of apparatus still employed for the purpose m lecture demonstrations Boyle it 
least claimed onginality for he says m connection with the difficulties mot with in 
the breaking of his glass tube — 

an accurate Expeiimenl of this natuie would he of great impoitanoo to the 

Doctrine of the Spimg of the Air and has not yot been made (that I know) hv 

any man ' 

In Mariottes Ihscows de la Nature Se I An published iouiuiln yens lilei than 
this woik of Boyle wo find no mention whatever of Boyle though the identic il fom 
of apparatus used by Boyle is dosenhed The whole woiL pioccods, is does that on 
Petcusmn with a calm ignoiation of the hbouis of the mijoiity ol conteniporaiv 
philosophers ‘ ^ 

This also must of couiso hive been pcifoctly well known to Newlon ind we 

can now sec full reason foi the markedly peculiai hnguage which he permits himsilf 
to employ with lefeienco to Muiottc 

Whit was thought of this inattoi by a very distinguished foicign contcmpoiaiy, 
appears horn the tieitisc of James Bcmoulb Be Gravitate jiJth&ns Amstcidim 1(>8J 
p 92 

Vent IS ubnusque hu)us legiilas inanifesta fit duobus cuiiosis expeiimentis ib 
Illustr Dn Boylio hinc in rem factis que vidtsis m TtactaU e/tis ooniia Linum 

Gap V, cm duas Auctor subjunxit Tabulas pio diversis Condensationis ct Euefactioiiis 
giadihus 

In order to satisfy myself that Newtons language taken in its obvious meaning 
really has the intention which I could not avoid attaching to it I lequestcd my colic igue 
Prof Butcher to state the impiossiou which it produced on him I copied foi him the 
passage above quoted putting A for the woid Wrenm and M foi Mai lottua ind I 
expressly avoided stating who was the wiitei Here is his reply 

I imagine the point of the passage to ho something of this kind (speaking without 
faither context oi acquaintance with the Latinity of the learned author) 

A established the tiuth by means of a (simple) experiment before the Royal 
Society, later B thought it worth his while to write a whole hook to prove the 
same point ^ 
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I should take the tone to be highly sarcastic at 5& expense It seems to suggest 
that B was not only clumsy but dishonest The lattei infcicncc is not certain but 
at any rate we have a hint that B took no notice of 4 s discovery xnd spent i deal 
of useless laboui 

This conclusion it w 11 be seen agiees exactly with the complete ignoiation of 
"Wien by Mariotte 

When I aftei wards refeired Prof Butchei to the whole context in my copy of 
the first edition of the Principia and asked him whethei the use of Clai issimus w xs 
sarcastic or not he wrote — 

I certainly think so Indeed even apart fiom the context I thought tho 
Glarissimus was ironical but there can be no doubt of it when it coiiespoiids to 
J) ^ ren 

In explanation of this I must mention thxt when I fust sent the pissxge to 
Pi of Butcher I had copied it from Hoisleys sumptuous edition, in which the Z)s 
are omitted while the Glaiissionus is retained 

Alike in Fiance and in Geiniany to this daj the Law in question goes by the 
name of Mariotte The following extracts fiom two of the most lecent high class text 
books have now a peculiar interest I have put a woid oi two of each in Italics These 
should be compared with the dates given 

Diese Frage ist schon fiuhzeitig unteisucht und zwai fast gl&ichzeitig von dcin 
fianzosischen Physikei Mariotte (1679) und dem cnglischen Physiker Boyle (10()2) 
Wullner, Lehrhuch der Expenmentalphysih lbS2 §98 

La loi qui idgit la compressibilite des gaz \ temper xtuie const into x ctd tiouvec 
presque szmultanement pai Boyle (16G2) on Angleterrc et par Maiiottc (1670) cn Fiance , 
toutefois SI Boyle a publie le piemier ses experiences il no sut pas en tirci Icnoncd 
clair que donna le physicien fran 9 ais Cest done avec quelque raison que le nom de loi 
de Mariotte a passd dans 1 usage Violle Goars de Physique 1884 § 2bl 

On this I need make no remark fuither than quoting one sentence fioin Boyle 
wheie he compaies the actual pressuie employed m producing a ceitain compiessioii lu 
air with what the pressure should be according to the Hypothesis that supposes the 
pressuies and expansions to be in reciprocal propoition M Violle has probxbly been 
misled by the archaic use of expansion for volume 

It must be said m justice to Maiiotte that he does not appeii to hxve claimed 
the discovery of any new facts in connection eithei with collision or with the effect of 
pressuie on an He rathei appeals to write with the conscious infallibility of x mxii foi 
whom nature has no secrets And he transcribes or adapts into his writings (without 
any attempt at acknowledgment) whatevei suits him in those of other people He seems 
to have been a splendidly successful and very early example of the highest class of what 
we now call the Paper Scientists Witness the following extracts from Boyle with i 
paiallel citation from Mariotte of fourteen jears latei date at least The compxrison 
of the sponges had struck me so much in Mariotte s work that I was induced to sexich 
for it in Boyle where I felt convinced that I should find it 

This Notion may perhaps be somewhat further explain d by conceivemg the An 
near the Earth to be such a heap of little Bodies lying one upon another as mxy be 
lesembled to a Fleece of Wooll For this (to omit other likenesses betwixt them) 
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consists of many slendoi and flexible Hairs, each of which may indeed hke a little 
Spiing he easily bent oi rouled up, but will also like a Spring bo still endeavouiing 
to stietch itself out again For though both these Hanes and the itreal Coipusclcs to 
which we liken them do easily yield to extornall piessures, yet each of them (by vutue 
of its structuie) is endow d with a Power or Piinciple of Selfo-Dilatation , by virtue 
wheieof though the haiis may by a Mans hand be bent and ciouded olosei togethei 
and into a nanower room then suits best with the Nature of the Body yet whilst the 
compression lasts there is in the fleece they composeth an endeavoui outwards whereby 
it continually thiusts against the hand that opposeth its Expansion And upon the 
removill of the external pressuie by opening the hand moic or less the compressed 
Wooll doth as It were spontaneously expand or display it self towaids the iccovery 
of its former more loose and fiee condition till the Fleece hath either regain d its 
former Dimensions oi at least approached them as nc iic os the compicssing hand 
(perchance not quite opend) will permit Ihe powoi of Solfe Dilatation is somewhat 
moie conspicuous in a diy Spungc compress d then ni a Plceco of Wooll But yet wc 
lathei chose to employ the latter on this occasion, because it is not hke a Spungc, 

an mtne Body, but a numboi of slcndoi and flexible Bodies loosely complieated as the 
All itself seems to bo 

And i few pxgcs htci lie idds — 

a Column of An ol miny miles in height Icxning upon some spungy 
Coipusclcs ol All heic below rxixy lixvo weight enough to bend then little spnngb, 
and Loop them bent As (to lesuinc oui fornid compnisoii) li thou we flocces of 
Wool) pild up to a mountainous height upon one anollui the hiiis that eompose the 
lowcimost Locks which suppoit the icst would, by the wdghl of all the Wool above 
them be as well strongly compicssd as if a Mon should squco/c them togethoi m his 
hands oi imploy any such othei model ate foice to compress them Ho that we need not 
wondci that upon tlio taking off the incumbent An fiom any paicol of the Atmosphoie 
heie below the Corpuscles wheieof that undermost An consists should display them 
solves and lake up more room than before 

Miiiottc (p 151) On peut compiendic k pen pies eottc diffe'rencc de condensation 
do lAu, pu Toxemple do plusicius dponges quon auroii ontassdes Ics uiies sui Ics 
auties Coi il ost evident que cellos qui seioient tout au haul auioieiil leui oiitendue 
natuielle que colics qui seroicnt immddiatement an dcssous soioient nn peu moms 
dilatdes , et que cellos qui soioiont au dcssous de tontos les autres, seioient tiiLs surdos 
ct condcns(:c8 II cst encore mamfeste, que si on otoit toutes cclles du clessus colles du 
dessous leprendroient leui dtendue natiuello par la vertu de lessort quelles ont ct 
que SI on on otoit sculcmcnt une partio dies ne repicndroicnt quune partic dc loui 
dilatation 

Those curious in such antiquaiian details will probably find a iich reward by making 
a careful comparison of these two woiks, and in tracing the connection between the 
Mer 'mteqer, and its fons ot oiigo, the papei of Sn Chiistopher Wren 

Condorcet m his Moge de Manotte says — ‘Les lois du choc dcs corps avaient etd 
trouvccs par une mdtaphysique et par une apphcabion d analyse, nouvcllcs lunc ot 1 autic 
et SI subtiles que les ddmonstrations de ces lois no pouvaient satisfane quo Ics grands 
mathdmaticiens Manotte cheicha a les rondre pom ainsi dire populaires, on Ics 
T “ Id 
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appuyajat sur des exp^nences &c’ prec%sely what Wren had thoroughly done before 
him 

Le discours de Mariotte sur la nature de lair renferme encore une suite dexpdii 
ences intdressantes et qui etaient absolument neuves This as we have seen is 
entirely incorrect 

But Condorcet shows an easy way out of all questions of this kind, however delicate 
in the words — On ne doit aux morts que ce qui pent etre utile aux vivants la verite 
et la justice Cependant lorsquil reste encore des amis et des enfants que la v^nte peut 
affliger, les egards deviennent un devoir, mais au bout dun siecle, la vanitd peut seule 
etre blessde de la justice rendue aux morts 

Thus it is seen that even the turn of one of Newtons phrases serves, when rightly 
\iewed to dissipate a widespread delusion — and that while Boyle though perhaps he 
can scarcely be said to have been bom great * certainly achieved greatness , the 
assumed parent of La Loi de Manotte (otherwise Mariotte sches Oesetz) has as certainly 
had greatness thrust upon him 
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[Pioceedmgs oj the Lduibmgh Mathematical Society Fehuanj 13 1885 Vol lir] 


Tin object this note is to point out bj- % few iemn,iks on x single case how 
well woith the attention of youngoi nuthcmiticians is the full study of certain 
Problems suggested by pliysies but limited (so fii is that science is concerned) by 
properties of mittei 

In de St Veiunts bcuitiful investigitions of the flexure of piisnis thoic occurs 
a plane slriiu involving the (bsjilacenieuts 


1 = 


I) 


V = 


2J) 


Physically this is xpphcable to <k St Venants pioblem only when a xnd y aie each 
small compaied with D But it is inteiesting to consider the icsults of extending 
it to all values of the cooidinxtes This I shall do but very bnefly 


1 The alteied cooidinxtes of xiiy jioint xie given in toims of the oiigmal co 
ordinates by 


; = / 



/ = y + 


y 

2J) 


Sa' = Sj: (^1 + jj 


Hence 
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From thehe we see at once that so far as an indefinitely small area is concerned 
the stiam is a meie extension in all directions in the latio 




combined with a rotation through an angle whose tangent is 


D + y 


2 Hence elementaiy squares rem un squares , and any two senes of lines dividing 
the plane into little squares will continue to do so after the strain 


becomes the parabola 
and i = a becomes a paiabola 


a ^ 


, 2a / , 

^ ^-L\y 


lines paiallel to the axes 

Thus y = b 


(1) 

a +D\ 

(2) 

2D ) 


These groups of parabolas (1) and (2) must evidently be orthogonal and if the 
simultaneous small increments of a and h be equal must divide the plane into 
little squares But as it is clear from (2) that the sign of a is immaterial the 
two lines 

oa^a u? = — a 

are hotK deformed into the same paiabola Hence it appears that every part of the 

area becomes dwplar This will be examined by another and more suitable method 
later 


Having thus obtained another set of lines which divide the plane into squares 
we may begin again with it and obtain a third set &c 

3 A hne 2 ^ = m®, passing through the origm becomes the parabola 

-my j g— (ma -y') 

The orthogonal trajectories of all such parabolas are the cuives into which the circles 

^ + y =c 

are deformed Their equation may be put in the form 


where y" is written instead of y + ~ 

ZJJ 
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curves have the property that at every point the mm. {or difference) of the 

distance fiom a givm pomt, and of a multiple of the square root of the distcmoe from 
a given line %s constant 


4 But if we express the new rectangular coordinates of a point m terms of its 
origmal polar coordinates we have 


a^' = r CO& 0 + ^cos ^26 - 
y' = r&m0+ 2 ^™ 


Thus the defoimod aides above spoken of aie seen to be epicycloids of the cardioid 
senes Their orthogonal trajectories arc the parabolas just mentioned 


5 Another curious set of questions is as it wue the reverse of these —le what 
were the cuives in the unsti lined plate which became the system 

= a y — b 

01 the other (also orthogonal) system 

y-mx a. + / = 0 ? 

Cl J.I. ’’ tiansfoimation is still more explicit in the mformation it gives 

Shift the ongm to (0 -I>) md we have 

J) 2J} 

If WG put j = p slu <f> y — p cos <f> those give 

^' = |^sin2.^ y-| = |^cos2<^ 

Hence i circle of radius p surrounding the new origin becomes a circle of radius 
^ surrounding the point ^0 - half way between the new and old origins The 
<p of any point in the circle becomos 2(f) 

Hence the whole suifacc is opened up like a fan round the new origin every 
radius through this origin having its inclination to the axis of y doubled Thus the 
pojts of 1 diameter, on opposite sides of the centre aie brought to coincide, and an 
mfuiitely extended Ime through the centre becomes limited at the centre Thus what 
was a single sheet becomes duplex as was said above 


It suffices to hive indicated by i partial examination of some of the cunous 
features of i smgle case, the stores of novelties which are thus easily reached See 
especially , for additional materials of the same kind the investigation m S8 706-7 of 
Thomson and Taits Faina al Philosophy 
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SUMMATION OF CERTAIN SERIES 

\Proceed%ngs of the Edinburgh Mathematical Society June 12 1885 Vol in] 

[Ahst'i acf^ ] 

The attempt to enumerate the possible distinct forms of knots of any oidci 
though unsuccessful as yet has led me to a number of curious results some oi which 
may perhaps be new The general character of the methods employed will be obvious 
from an inspection of a few simple cases and any one who hxs some piictict in 
algebra may extend the results mdefinitely 

Take for instance the series 

^ ^ ... 2 l ( 7 . ^ — &c 

I z 

where the coefficients are the teims of ( 1 -- 1 )’^ and the other fictors aic the 7 ;ith 
poweis of the terms of an arithmetical scries — m being a positive intcgci The 
well known properties of exponential senes give us an easy method of summing all 
expressions of this foim For we have 

_ ne » -j. ^ ^ 3) — &c 

1 2 

which may be written in the form 

1 / 72 72 — 1 - - - . . \ 

= S — , \ nf^ — ninp + q — jp)*** H — j— ^ — {tip + 22 —p)^ — &c j 

1 This abstract is pait of the papei read in June entitled On the detection of amphicheiral knots with 
special reference to the mathematical processes inyolved I have unfoitunately mislaid the MS — P G T 
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Make np — t ^~p = s, and p and q aie known 

The loquued sum is then the coefficient of t’® in the expansion of 

((p-q), + Y 

It vanishes therefore so long* as in< n ^ and foi m = n its value is 

(^ - q)'^ = (— 

When the coefficients in the given seiics ne the alternate teims of (1 — • 1)’^, we 
hxve only to treat as above the expres'^ion 

^ ^qxy _ ^q^yi 

Such results may be varied ad libitum by intioducmg two or more quantities in 
place of a and comparing coefficients of like terms — -e g as in finding by the two 
methods of expansion the teim in of the quantity 

^qyyi 

But it suffices to hive cillcd xttention to piocesses which can give endless varieties 
of icsults some of which mxy have useful applications 
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ON CEETAIN INTEGKALS 


[Proceedings of the Edinhu/igh Mathematical Society Decemhei 11 1885 Vol iv] 


This paper was based mainly on the results of an investigation which will xppt ir 
in full in the TTansactiOTis of the Eojal Society of Edinburgh Incident illy how(Vci 
it led to a discussion of the question — Find the law of density of a planet s atmo 
sphere supposing Boyles law to he true foi all pressures and the temperature to be 
uniform throughout 

Boyles law gives p^hp where p is the density at distance r from the planets 
centre 

The Hydrostatic condition is ^ = — pJ2 where R is the attriction on unit oi 

mass 

^ ^n-r pdr 

Hence = where n is the radius xnd Jf the miss <>i the 

planet 

Write this as 

and differentiate , and we obtain the cniious equation 


d /7» 


47r 
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A specud value of p (compatible with the absence of a solid nucleus) is 
but this canuot be generalised 

The finding of the integial of (1) m a form convergent foi all values of i 
greater than u piesents novel and grave difficulties, hut it is clear fiom the physical 
question on which the whole is based that such a solution exists 

If we change the independent vaiiable to s where rs = l (1) becomes 

d log p _ 4«rr p 
ds ~ Ihs^' 

or, if log/) = M ^ = e 



This seems to be tho simplest foiin into which the equation can be transfoimed 

[Sec a papci by Sii W Thomson, On the Eqmldynum of a Oas imder %ts own 
(hamty o-idy Pioo USE Fob 21 18i>7 , or Phil Mag 1887 i 287 1899] 


r II 


16 



122 


[lxxvi 


LXXYI 


HOOKE’S ANTICIPATION OF THE KINETIC THEORY, AND OF 

SYNCHRONISM 


\Prooeed%ngs of the Royal Society of Edinburgh March 16 1886 ] 

While collecting materials for a Textbook of the Propet ties of Matter the 
author had occasion to consult the very cuiious pamphlet by Robert Hooke entitled 
Loctwtes de Potentia Restitativa or of Spiing (London 1678) 

In this work there is a cleir statement of the principle of Synchronism which 
was applied by Stokes to the cxphnation of the basis of Spectrum Analysis Ihere 
IS also a veiy lemarkable statement of the elementary principles of the modem 
Kinetic Theory of Gases, the fiist mention of which is usually fixed sixty years later 
and ascribed to D Bernoulli in his Hydr odynarmca (Argentorati 1738) 

[Here is the chief passage refer led to — 

‘^In the next place for fluid bodies amongst which the greatest instance we have is 
air, though the same be m some proportion m all other fluid bodies 

“The Air then is a body consisting of particles so small as to be almost equil to the 
particles of the Heterogeneous fluid medium incompassing the earth It is bounded but on 
one side, namely, towards the earth, and is indefinitely extended upward being only hind red 
from flying away that way by its own gravity (the cause of which I shall some other time 
explain ) It consists of the same particles single and separated, of which water and other 
fluids do, conjoyned and compounded and being made of particles exceeding, small its motion 
(to make its ballance with the rest of the earthy bodies) is exceeding swift, and its Vibrative 
Spaces exceeding large, comparative to the Vibrative Spaces of other terrestriil bodies I 
suppose that of the Air next the Earth in its natural state may be 8000 times greater 
thin that of Steel and above a thousand times greater than that of common water, and pro 
portionably I suppose that its motion must be eight thousand times swifter than the former. 
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and above a thousand toes swifter than the latter If therefore a quantity of this body 
e moose y a solid body, and that be so contrived as to compress it mto less room 
the motion thereof (supposing the heat the same) will contone the same and consequently 
the Vibrations and Occuisions will be increased in reciprocal proportion that is, if it be 
Condensed into the space the Vibrations and Oecursions will be double in number If 

into a quarter the Vibrations and Oecursions wiU be quadruple, &c 

i wii^tuning Vessel be so contrived as to leave it more space the length 

of the Vibrations will be pioportionably inlarged, and the number of Vibrations and Occur 
sions will be icciprocally diminished, that is, if it be suffered to extend to twice its former 
dimensions i s Vibrrtions will be twice as long, and the nmnber of its Vibrations and 
byTIff°'^^ co>i‘>eq'iently its indea^ours outward will be also weaker 

Body*;Srtoe^v?‘”tS?]'"‘^^ explaining the Spiing of any other 


16—2 
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ON THE FOUNDATIONS OF THE KINETIC THEOKY OF GASES 


\TTansact%ons of the Royal Society oj Ed/inhurqh May 14 ISSO Vol \xxin] 
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The attempt to account for the behaviom of gases by attributing their apparently 
continuous pressure to exceedingly numerous but neaily infinitesimal impacts on the 
containing vessel is probably very old It ceitainly occurs with some little develop 
ment in Hookers tract of 1678 Lectures de potentid restitvtivd or of Spring, and 
somewhat more fully developed m the Hydrodynamica of D Bernoulli 1738 Traces 
of it are to be found in the wiitings of Le Sage and Provost some 80 or 90 years 
ago It was recalled to notice m 1847 by Herapath in his Mathematical Physics 
and applied, m 1848 by Joule to the calculation of the average speed of the particles 
in a mass of hydrogen at various temperatures Joule expressly states* that his results 
aie independent of the number of the particles and of their directions of motion as 
also of their mutual collisions 

* The paper is reprinted Fliil Mag 1857 II See especially p 215 
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In and aftei 18 d 7 Clausius gieatly improved the tieatment of the pioblem by 
taking account not only of the mutual impacts of the pai tides but also of the 
rotations and internal vibrations which they communicate to one anothei with the 
beanng of this on the values of the specific heats, at the same time introducing 
(though only to i limited extent) the statistical method In this senes of papeis 
we find the hist hint of the length of the mem free path of a particle and the 
explanation of the compaiative slowness of the piocess of diffusion of one gas mto 
another But throughout it is assumed so fir as the calcuhtions aie concerned that 
the particles of a gas oie all moving with equal speeds Of the Vinal which Clausius 
intioduced in 1870, wc bhall have to speak latei 

In the Fh%lo(,oph%ccd Magazine foi 1860 Clerk Maxwell published his papers on 
the Collisions of Fhstic Spheres which had been lead to the Bntish Association 
in the previous yeai In this veiy lomiikablo investigation we have the first attempts 
at a numerical deteimination ol the length of the mean free path These are 
founded on the observed late of diffusion of gases into one anothei, and on the 
viscosity of gases whieh here first locoived a physical explanation The statistical 
method IS allowed free play and consetiueutly the 1 aw of distiibution of speed among 
the impingmg particles is investigated whcthei these bo all of one kind oi a mixture 
of two or moie kinds Ono of his propositions (that lelating to the ultimate putition 
of energy among two gioups of eolliding spheres) which is certamly fundamental is 
proved in a minnei open to veiy grave objections — not only on account of the 
singular and unexpected ease with which the proof is airived at but also on account 
of the extraordinary i ipidity with which (it seems to show) any forced deviation 
from Its conclusions will be repaiied by the natural opoiition of the collisions, 
especially if the mass of a paiticle be nearly the same in each sjstcm As this 
pioposition in the extended form given to it by Boltzmann and others seemed to 
render the kinetic theory incapable of explaimng certain well known expeiiinental facts 
I was induced to devote some time to a careful examination of Maxwells proof 
(mainly because it appears to me to be the only one winch does not seem to evade 
rathei than boldl} encounter the real diftioultios of the question*) with the view of 
improving it oi of dispiovmg the theoiom as the case might be Hence the present 
investigation which has mcidontally branched off into a study of other but closely 
connected questions The vaiiety of the traps and pit falls which are mot with even 
m the elements of this subject into some of which I have occasionally fallen and 
mto which I think othois also hive fallen, is so great that I have puiposoly gone 
into very minute detail in oidoi tint no step taken however slight, might have the 
chance of escaping oiitieism oi might have the appearance of an attempt to gloss 
over a real difficulty 


Compare another mvostif,ation also by Clork Maxwell but based on Boltzmann s prooe ses ■winch is given 
in Nat me vin td? (Oet 2d 1871) &omo remaiks on this ■will be made at the end oi the papei Meanwhile 
it IS BuUiciont to point out that this like the (loss elaborate) investigations oi Moyei and Watson merely 
attempts to show that a oortam state onot attained is permanent It gives no indication of the rate at 
which it would be restored if disturbed As ■wiU be seen latei I think that this rate is an element of 
very great importance on account of the reasons ioi confidence (in the general lesults of the investigation) 
which it so strikmgly inrnishes 
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The greater part of the following investigation is concerned only with the most 
elementary parts of the kinetic theoiy of gases wheie the paiticles are regarded is 
haid smooth spheres whose coefficient of restitution is unity The influence of external 
forces such as gravity is neglected, and so is that of internal (molecular) forces 
The number of spheies is regarded as extremely great (saj of the order 10" pei 
cubic inch) but the sum of their volumes is legirded as very small in compansoii 
with the space through which they arc fieo to move, as for instance of the order 
10"‘ 01 10“‘ It will be seen that several of the fundamental assumptions on which 
the whole investigation rests are justified only by reference to numbers of such 
enormous magnitude or such extreme minuteness as the case may be The walls of 
the contaimng vessel arc supposed simply to reverse the normal velocity of every sphere 
impinging on them 


I One set of Equal Spheres 

1 Very shght consideration is required to convince us that, unless we suppose 
the spheres to collide with one anothei it would be impossible to apply any species 
of finite reasoning to the ascertaining of then distribution at each instant or the 
distribution of velocity among those of them which are foi the time in any particular 
legion of the containing vessel But when the idea of mutual collisions is iiitio 
duced wo have at once in place of the hopelessly complex question of the behavioui 
of innumerable absolutely isolated individuals the comparatively simple statistical 
question of the average behaviour of the vaiions groups of a community This dis 
tmction IS forcibly impressed even on the non mathematical, by the extiaoidmary 
stoadmess with which the numbers of such totally unpredictable though not uncommon 
phenomena as suicides twm oi triple biiths dead letters &c in any populous eountij 
are mamtamed year after year 

On those who arc acquainted with the highei developments of the mathematical 
Theoiy of Pi obabilities the impression is still more forcible Every one then foie 
who considers the subject from eithci of these points of view must come to the 
conclusion that continuous collisions among our set of elastic spheres will proutdod 
they aie all equal produce a state of thmgs m which the percentage of the whole 
which have at each moment any distinctive property must (after many collisions) 
tend towards a definite numeiieal value , from which it will never afterwards markedly 
depart 

This principle is of the utmost value when legitimately apphed, but the present 
investigation was undertaken in the belief that occasionally at least its powers have 
been to some extent abused This appears to me to have arisen from the difficulty 
of deciding in any one case, what amount of completeness or generality is secured 
when the process of averaging is applied m successive steps from the commencement 
to the end of an investigation instead of bemg reserved (as it ought to be) for a 
single comprehensive step at the very end 

Some of the immediate consequences of this principle are obvious without calcu 
lation such as 
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(а) Even distribution at any moment, of all the particles throughout the space 
in which they move 

(б) Even distiibution of direction of motion among ill particles having any one 
speed iiid theiefore among all the pai tides 

(c) Definite percentage of the whole foi speed lymg between definite limits 

These ipply, not only to the whole group of particles but to those in any portion 

of space sufficiently large to contain a very gieat number of particles 

(d) When there are two or more sots of mutually colliding spheres no one 
q/ winch ts overwhelmingly mo)e numerous than another nor m a hopeless minority as 
regards the sum of the others similar assertions may be midc as to each set 
sep iiatdy 

2 But calculation is lecpuicd in oidoi to determine the law of grouping as to 
speeds m (c) above It is quite clear that the spheres even if they once had equal 
speed could not possibly maintain such a state (I except, of conise, such merely 
ailificial distiibutions as those in which the spheres are supposed to move m groups 
in vaiious non intcisccting sets of parallel lines and to have none but dncct impacts 
lot such distiibutions arc thoroughly unstable, the very slightest tiinsvcise impact 
on any one sphere would at once upset the iiiangcincnt) Foi when equal smooth 
spheres impinge they erchangc their velocities along the line of centics at impact 
the other components being unchanged, so thaf, only when that lino is equally 
inclined to then origin il directions of motion do thdi speeds if oiigiuilly equal 
lenum equal iftei the completion of tin impact And, as an extreme case, when 
tuc) spheres impinge so that the velocity of one is wholly in the line of centies at 
imp let anel that of the othei wholly peipendiculai to it, the fiist is brought to rest 
and the second takes the whole kinetic energy of the pan Still wlntovci be the 
hnd distribution of speeds it is obvious that it must bo mdepciidenl of any special 
system eil ixes which wo may use tor its computation This consider itioii taken 
along with (b) above suffices to e liable us to find this hn il distiibution 

■1 hen wo may iraigitu i spiu diigrnn to be eonstiueled in which lines are 
hid off fioni in origin so is 1o upiesenl the simultaneous velocities of all the spheres 
111 a poifion of spice largo enough to contain a very great numbei of them Then 
(6) shows that these lines iie to bi diiwn evenly in ill directions in space and 

(e) thil then ends lie evenly dislubuted throughout the spice between any two 
ni Illy equal eoncontiie spheres, whose centics aie it the common origin The density 
of distiibution of the ends {i c the numbei in unit volume of the space diagiam) is 
then foie i function of r that is, of Ja^ + y +z But the argument above shows 
further that this density must bo expressible m the form 

whatever lectinguhi axes be chosen pissing through the oiigm Ihose joint conditions 
give only two admissible results vi/ either 

y(a)=A 01 
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The first is incompatible with the physical pioblem as it would make the pei 
centage of the whole pai tides which have one definite speed increase indefinitely with 
that speed The same considei ition shows a fortiori that in the second foim of 
solution which IS the ordy one left 0 must be negative Hence the density of the 
distribution of ends already spoken of is 

If n be the whole number of particles le of ends we must obviously have 


f dr = n 

Jo 

1 /tt 

The value of the integial is 

so that the numbei of spheres whose speed is between r and r + dt is 

4 . /- ne~^^7 di 


This distiibution will hcieaftei be spoken of as the special’ state 
The mean speed is therefore 




= - 

0 V irh 


while the mean square speed is 




■hi 7^4(1^ ^ 

2h 


This shows the meaning of the constant h (Several of the lebults we have ]ust 
arrived at find full confirmation m the mvestigations (regarding mixed systems) which 
follow if we only put in these P for Q passim — le pass back from the case of x 
mixture of spheres of two different groups to that of a single group ) 


4 Meanwhile we can trace the general nature of the process by which the 
‘ special irrangement of speed expressed by (1) is brought about from iny mitral 
distubution of speed however iiregular Foi impacts on the containing vessel do not 
alter i but merely shift the particuhi end ’ in question to a different position on 
its spherical locus Similaily impict of equal pai tides does not alter the distr ibution 
of velocity along the line of centres noi along any line peipendiculu to it But it 
does in general produce alterations in the distribution parallel to xny line other 
than these 

Hence impacts in all of which the line of centres is parallel to one common 
line produce no change in the nrangement of velocity components along that line 
noi along any line at right angles to it But there will be m general changes 
along every other line It is these which lead gradually (though very rapidly) to 
the finnl result in which the distubution of velocity components is the same for all 
directions 
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When this is ainved at collisions will not in the long run, tend to alter it 
For then the uniformity of distribution of the spheres in space and the symmetry 
of distiibution of velocity among them enable us (by the principle of averages) to 
dispense with the only limitation above imposed , viz the parallelism of the Imes of 
centrefa in the collisions considered 

5 In what precedes nothing whatever has been said as to the ratio of the 
diameter of one sphere to the average distance between two proximate spheres except 
what IS implied in the prelimmary assumption that the sum of the volumes of the 
spheres is only a very small fraction of the space in which they axe free to move 
It IS probable though not (so fai as I know) thoroughly proved that if this fraction 
be exceedmgly small the same results will ultimately obtain but only after the lapse 
of a proportionately long time , while if it be mfimtely small there will be no law 
as there will be practically no collisions On the other hand if the fraction be a 
large one (^e ns m the case of a highly compressed gas) it seems possible that 
these results may be true at first, only as a very bnef time average of the condition of 
the spheres in any region large enough to contain a great number — ^that m fact the 
distribution of particles and speeds in such a region will be for some <nTnp subject to 
considerable but extremely rapid fluctuations Eeasons for these opinions will be seen 
m the next section of the paper But it must also be noticed that when the particles 
fill the greatei part of the space in which they move simultaneom impacts of three 
or more will no longer be of raie occurrence, and thus a novel and difficult feature 
forces itself into the question 

Of course with mfimtely hard spheres the probability of such multiple collisions 
would be infinitely small It must be lemcmbeied however that the mvestigation is 
meant to apply to physical pai tides and not to mere mathematical fictions , so that 
we must in the case of a highly compressed gas take account of the possibilitj of 
complex impacts because the duration of an impact though excessively shoit is 
essentially finite 


II Mean ee Path among Equal Spheres 

6 Considei a layer of thickness Ba. in which quiescent spheies of diameter s 
aie evenly distiibuted at the late of per unit volume If the spheies were opaque 
such a layer would allow to pass only the fraction 

1 “ riiirs 

of light falling perpendicularly on it But if, instead of light we have a group of 
spheres also of diameter s fallmg perpendicularly on the layer the fraction of these 
which (whatevei their common speed) pass without collision will obviously be only 

1 — TliTT^Bx , 

for two spheres must collide if the least distance between their centres is not gieatei 
than the sum of then radii It is, of course, tacitly understood when we make such 
a statement that the inheres m the very iJiin layer are so scattered that no one 
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prevents another from doing itb full duty in ariesting those which attempt to pass 
Thus the fraction above written must be considered as differing very little fiom 
unity In fxct if it differ much fiom unity this consideration shows that the estimate 
of the number airested will necessaiily be e^aggeiated Another consideration which 
should also be taken into account is that m consequence of the finite (though very 
small) diameter of the spheies those whose centres ire not in the layei but 

within one diameter of it act as if they weie in pait in the layei But the 

corrections due to these considerations can be mtioduced at a latci stage of the 
investigation 

7 If the spheres impinge obliquely on the hyer wo must substitute foi 8x the 
thickness of the layer in the direction of thou motion 

If the p 11 tides in the layei be all moving with a common velocity parallel to 
the layer wo must substitute foi 8 >6 the thickness of the layei in the direction of the 
relative velocity 

If the pai tides in the layei be moving with a common velocity inclined to the 

plane of the layer and the others impinge peipendiculaily to the Ixyci the lesult will 

bo the same as if the thickness of the layei were reduced in the ratio of the 
relative to the ictual speed of the impinging pai tides and it wore turned so as to 
be perpendicular to the direction of the relative velocity 

8 Now suppose the pxrtidcs in the layer to be moving with common speed 
Vi but in directions umfoimly distributed in space Those whose duections of motion 
are inclined it angles between /3 and /3 + d^ to that of the impmgmg particles aie 
in number 

t^iSm^S d/3/2, 

and by what has just been siid ]f v be the common speed of the impinging 
particles, the virtual thickness of the layer (so far as these particles arc conceined) is 

VoSxjv 


where v^ = ^v -1- — 2wi cos ^ 

IS the relative speed a quantity to be treited as essentially positive 

Thus the fraction of the impinging particles which traverses this set without 
collision IS 

1 - UiTTS BxVo sin ^d^l2v 

To find the fraction of the impinging particles which pass without collision 
through the layer, we must multiply together all such expressions (each, of couise 
infinitely nearly equal to unity) between the limits 0 and tt of ^ The logarithm 
of the product is 

_ f V-u + - 2vvi cos /3 sin j8d/3 

2v 1 0 
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Making v„ the vanable instead of yS this becomes 

WlTTS hj! ( , 

If V be gieatei than Vj the limits of integration are v — and v-j-Vi and the 
expression becomes 

but if V be less than Vi the limits aie Vj — v and Vi-hv and the value is 

— UiTTS S/v f— - 1 - — 

These give as they should the common value 


when V = Vi 


— 47?i7r5 Sa}/S 


9 Finally suppose the particles in the layei to be in the special state If 
there be in unit volume we have for the number whose speed is between the 
limits Vi and Vi -f dvi 

Hcncc the logaiithm of the fi action of the whole numbei of impinging particles whose 
speed IS V and which tiavoisc the layer without collision is 

-w v'; «»{//-“■ (•. +7)^ 

The viluc of the factor m biackets is exbily seen to be 


dV 

dll 3v dh ^ Kill 




^-hv 


F 

,4/i V ^ 2/J 


when 


xnd thus it may leidily be tibulitcd by the help of tables of the erroi function 
When V is very laigc the ultimite value of the expression is 


1 /tt 

iV h'’ 


which shows that, in this case the ‘special state of the paiticlcs in the layci does 
not lift cl its peimcability 


17-2 



132 


ON THE FOUNDAnONS OF IHE KINETIC THEORY OF GASEb [lXXVII 


10 Write for a moment —eSo} 

xs the logarithm of the fraction of the particles with speed v which traverse the 
Ixyer unchecked Then it is cleai that 


lepiesentb the fiaction of the whole which penetiatc unchecked to x distance a. into 
X group in the special state Hence the mean distance to which particles with 
speed V can penetiatc without collision is 



1 

e 


This is of com sc i function of v, and the lemarks above show thxt it increases 
continuously with v to the maximum value (when v is infinite) 

1 

nirs ’ 


be the mexn path for a particle moving with infinite speed is the same as if the 
p XI tides of the medium traversed had been at rest 


11 Hence, to find the Mean Free Path among a set of spheres xll of which 
xrc in the special stxte the natural course would appear to be to multiply the 
xvciige path foi each speed by the probability of that speed and take the sum of the 
pioducts Since the probability of speed to + is 

4 dv, 

the above definition gives for the length of the mean fice path 

4 A /— [ dvje 


or by the expression for e above 


1 €~^'^vdv 


f e- 1 

(vvi vA 
U v) 

\dvi 


This may without trouble (see § 9) be transformed into the simpler expression 

1 ^a^e’^dx 

^ xe^ + -h 1) [V* dx ’ 

J 0 

which admits of easy numerical approximation The numerical work would be 
simplified by dividing above and belovv by but we piefer to keep the present 
form on account of its direct applicability to the case of mixed systems And it is 
curious to note that is the third differential coefficient of the denominator 
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The value of the definite mtegial (as will be shown by direct computation in 
an Appendidb to the paper) is about 

0 677, 

and this is the ratio m which the mean path is diminished in consequence of the 
motion of the particles of the medium For it is obvious from what piecedes that 
the mean path (at any speed) if the particles were quiescent would be 

1 

[The factor by which the mean path is i educed in consequence of the special 
state IS usually given after Cierk Maxwell as 1/^2 or 0 707 

But this appears to be based on an erroneous definition Foi if nj, be the 
fraction of the whole particles which have speed v p^ their free path , we have 
taken the mean free path as 

X (n^p^) 

according to the usual definition of a mean 
Clerk Maxwell however takes it as 

S (r?,v) 

2 (n^v/p^) 

%e the quotient of the average speed by the average number of collisions per 
particle per second But those who adopt this divergence from the ordinary usage 
must I thmk face the question Why not deviate in a different direction and 
define the mean path as the product of the average speed into the average time of 
descnbmg a free path ? This would give the expression 

X(ihv) X(%oPvlv) 

The latter factor involves a definite integral which differs from that above 
solely by the factor in the numerator so that its numerical determination is 

easy from the calculations already made It appears thus that the reducing factor 
would be about 

^ X 0 650 = 0 734 nearly , 

% e considerably more in excess of the above value than is that of Clerk Maxwell 
Until this comparatively giave point is settled it would be idle to discuss the small 
effect on the length of the mean free path of the diameters of the impmging 
spheies ] 
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III Numhe'i of Collisions pei Paiticle pei Second 

12 Here again we may hrve a divcisity of definitions leading of course to 
diffeient numerical lesults Thus with the notation of § 11 we may give the mean 
numbei of collisions per particle pei second as 

S (ihvjpf) 

This IS the definition given by Cleik Maxwell and adopted by Meyei , and heie the 
usual definition of a mean is employed The numencal value by what piccedes is 

Urn dv (^ 1 , + 1 ) dv, + £ ) dv,- 

Meyer evaluates this by expanding in an infinite series integiating and summing 
But this circuitous process is unnecessary, foi it is obvious that the two parts of 
the cxpiession must from then meaning be equal , while the second pait is mtegiable 
directly 

1^ On account of its beaiing (though somewhat indirectly) upon the treatment 
of other expressions which will presently occur it may be well to note that a ineie 
inveision of the older of mtogiation m eithei pait of the above double mtcgi il, 
changes it into the other pait 

Otherwise — we may i educe the whole to an immediately mtegiable foim by the 
use of polai cooidinates, putting 

V = 7 co'ry 6 Vi = rsin9 

and noting that the limits of i aie 0 to oo in both parts while those of 6 aic 0 
to 7 r /4 m the first part, and 7r/4j to 7r/2 in the second [This transfoimation 
howeaei is not a\ell adapted to the integials which follow with lefcience to two 
sets of sphoies because h has not the same value in each set] 

14 Whatevei method 'we adopt the value of the expiession is found 1o be 

Stt „ / 2 

-7 ns = 2 . / TTiis 


and, os the mean speed ib 

we obtain Cleik Maxwells value of the mean path above referred to viz 

1 


y TTii 


^/irh 



nirs if 2 
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But (m illustration of the lemarks it the end of § 11) we might have defined 
the mean number of collisions per particle pei second as 

2 1 
— -r— ' 01 as :=r 7 y-r, &C &C 

^ K'n^Pv) S {rivPvM 

The first which expiesses the ratio of the mean speed to the mean fiee path gives 

2 THIS 

v,;^ owi’ 

and the second which is the leciprocal of the mean value of the time of desciibing 
a free path gives 

1 irns 
Vh 0 650 

The three values which we have adduced as examples bear to one another the 
reciprocals of the ratios of the above mentioned determinations of the mean free path 

IV Olei k Maxwell s Theorem 

15 In the ardour of his research of 1859 Maxwell here and there contented 
himself with very incomplete proofs (we can scaicely call them more than illustrations) 
of some of the most impoitant of his losults Ihis is specially the case with the 
mvestigation of the law of ultimate partition of energy in a mixture of smooth 
spherical particles of two different kinds He obtained in accordance with the so- 
called Law of Avogadro the result that the avenge eneigy of translation is the 
same pei particle in each system, and he extended this in a Corollary to a mixture 
of any number of diffeient systems This pioposition if true is of fundamental 
importance It was extended by Maxwell himself to the case of iigid particles of 
any form where rotations perforce come in And it appears that in such a case 
the whole energy is ultimately divided eqiiallij among the various degrees of freedom 
It has since been extended by Boltzmann and others to cases in which the individual 
particles are no longer supposed to be rigid but are regarded as complex systems 
having great numbers of degicos of freedom And it is stated as the result of a 
process which from the number and variety of the assumptions made at almost oveiy 
stage IS rather of the nature of playing with symbols than of reasoning by consecutive 
steps that in such groups of systems the ultimate state will bo a partition of the 
whole energy in equal shaies among the classes of degieos of freedom which the 
individual particle systems possess This, if accepted as true at once raises a formidable 
objection to the kinetic theory For there can be no doubt that each individual 
particle of a gas has a voiy great number of degrees of freedom besides the six 
which it would have if it were rigid — the examination of its spectrum while 
incandescent proves this at once But if all these degrees of freedom are to shaie 
the whole energy (on the average) equally among them, tho results of theory will no 
longer be consistent with our cxpeiimental knowledge of tho two specific heats of a 
gas and the relations between them 


♦ PJiil Mag 1860 
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16 Hence it is desirable that Clerk Maxwell s proof of his fundamental Theorem 
should he critically examined and improved where it may he found defective If it 
he shown in this process that certain preliminary conditions are absolutely necessaiy 
to the proof even of Clerk Maxwells Theorem and if these cannot be granted in the 
more general case treated by Boltzmann it is clear that Boltzmann s Theorem must 
be abandoned 

17 The chief feature in respect of which Maxwells investigation is to be 
commended is its courageous recognition of the difficulties of the question In this 
respect it far transcends all othei attempts which I have seen Those features besides 
too great conciseness in lespect of which it seems objectionable, are — 

(a) He assumes that the tiansfeience of eneigy fiom one system to the othei 
can be calculated from the results of a single impact between particles, one from 
each system, each having the average tianslational eneigy of its system 

Thus (so far as this step is concerned) the distribution of eneigy in oxch 
system may be any whatever 

(b) In this typical impact the velocities of the impinging spheies are taken as 
at right angles to one another so that the relative speed may be that of mean 
square as between the pai tides of the two systems The result obtained is fallacious 
because in general the directions of motion after impact aic found not to be xt 
right angles to one another as they would certainly be (on account of the perfect 
reversibility of the motions) were this leally a typical impact 

(o) Clerk Maxwell proceeds as if every particle of one system impinged upon 
one of the other system at each stage of the process — le, he calculates the tians 
ference of energy as if each pair of particles one from each system had simultaneously 
a typical impact This neglect of the immensely greater numbei of particles which 
either had no impact or impinged on others of their own group makes the calculated 
rate of equalisation fai too rapid 

(d) Attention is not called to the fact that impacts between pai tides aie 
numeious in proportion to their relative speed nor is this consideration introduced in 
the calculations 

(e) Throughout the investigation each step of the process of avei aging is 
peiformed (as a lule) before the expressions are ripe for it 

18 In seeking for a pi oof of Maxwells Theorem it seems to be absolutely 
essential to the application of the statistical method to premise — 

(A) That the particles of the two systems are thoroughly mixed 

(B) That m any region containing a \ery large number of particles the particles 
of each kmd separately acquire and maintain the eiror law distribution of speeds — 
le each set will ultimately be in the * special state The disturbances of this 
arrangement produced in eithei system by impacts on members of the othei are 
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regarded as being promptly repaired bj means of the internal collisions in the sjstem 
Itself This is the sole task assigned to these internal collisions We assume that 

they accomplish it so we need not further allude to them 

[The warrant for these assumptions is to be sought as in §4, and in the fact 
that only a small fraction of the whole particles are at any mstant in collision 
%e that each paiticle advances on the average through a considerable multiple of 
its diameter befoie it encounters another] 

(C) That there is perfectly free access for collision between each pan of particles 
whether of the same or of different systems, and that m the mixture the numbei 

of pirticles of one kmd is not oveiwhelmmgly gi eater than that of the other kind 

[This IS one of the essential points which seem to be wholly ignored by Boltzmann 
and his commentators There is no pi oof given by them that one system while 
regulating by its internal collisions the distribution of energy among its own members 
can also by impacts regulate the distnbution of energy among the members of 
another system when these are not free to collide with one anothei In fact if (to 
take an extreme case) the particle^ of one system were so small m comparison with 
the average distance between any two contiguous ones that they practically had no 
mutual collisions they would behave towards the pai tides of anothei system much as 
Le Sage supposed his ulti a mundane corpuscles to behave towards particles of gross 
matter Thus they would merely alter the apparent amount of the molecular forces 
between the particles of a gas And it is specially to be noted that this is a 

question of effective diameters merely and not of masses —so that those particles 

which axe virtually free from the self regulating power of mutual collisions and 
therefore foim a disturbmg element may be much moie massive than the others] 

19 With these assumptions wo may proceed as follows —Let P and Q be the 
misses of particles from the two systems respectively, and when they impinge let 
u V be their velocity components measured towards the same parts along the line 

of centres at impact If these velocities become after impact u V respectively we 

hive at once 

P(u'-u) = -J^(u-v) = -Q(v -v), 

an immediate consequence of which is 

P (u' - u ) - Qv - (P - Q) uv} = - Q (v - V ) 

Hence denoting by a bar the average value of a quantity we see that transference of 
energy between the systems must cease when 

Pu -Qv=-(P-Q)uv = 0 ( 1 ) 

and the question is reduced to finding these aveiages 

[I thought at first that uv might be assumed to vanish and that iT and v 
might each be taken as one thud of the mean square speed in its system This set 
of suppositions would lead to Maxwells Theorem at once But it is clear that when 
two particles have each a given speed they are more likely to collide when they 

T II 18 
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aie moving towards opposite parts than when towards the same parts Hence uv 
must he an essentially negative quantity and therefoie Pu^ necessarily less than Qv 
if P he greater than Q Thus it seemed as if the gieater masses would have on 
the average less energy than the smallei These aie two of the pitfalls to which 
I have alluded Another will he met with picsently] 


20 But these first impressions aie entiiely dissipated when we proceed to 
calculate the average values For it is found that if we wiite (1) in the form 

Pu“ — uv — Qv — uv = 0 

the teims on the left are equal multiples of the a'v crage energy of a P and of a 
Q respectively Thus Maxwells Theorem is ngoiously tiue though in a most unexpected 
manner There must surely be some extiemoly simple ind diiect mode of showing 
that u^ — uv IS independent of the mean square speed of the system of Qs Mexn- 
while m default of anythmg more simple I give the investigation by which I airivcd 
at the result just stated 


21 Suppose a particle to move with constant speed v among i system of 
othei particles in the special state, the fi action of the whole of its encounteis 
which takes place with particles whose speed is fiom to ViH-cZvi ind whose 
directions of motion are mchned to its own it angles from yS to /3 + is 8) 
proportional to 

\ dviVo sin /3 dj3 

or as we may write it for brevity 

ViVq sm ^d^ 


This IS easily seen by remarking that by § 8 while the particle advinces thiough 
a space Saa it vutually passes thiough a layer of particles (such as those spccifi( d) 
of thickness VqScc/v Here (§ 3) 3/21 is the mean squaic speed of the pxi tides of the 
system 

Let the impmgmg particle belong to another group also in the special state 
Then the number of particles of that group which have speeds between v xnd v + dv 
is proportional to 

as we will for the present write it 


Now let Vy Vi 



Voy m the figure be the projections of v, Vi Vq on the unit 
spheie whose centre is 0 , (7 that of the line of 
centres at impact Then FO Fi=/3 Let FoOF=a 
FoOFi = ai VqOC—j and FFoC=<^ The limits of 7 
are 0 and 7r/2, those of are 0 and 27r Also the 
chance that G lies within the spherical surface 
element smydydef) is pioportional to the area of 
the projection of that element on a plane perpen 
dicular to the direction of Vo, ^ e it is propor 
tional to 


cos 7 sm ydydej) 
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But by definition we have 

u = cos VOG = V (cos a cos y + sm a sin 7 cos 

Y = Vi cos ViOG = Vi (cos oti cos 7 + sm oti sin 7 cos </>), 

and by the Kinematics of the question as shown by the dotted triangle m the figure 
we have 

2; cos a — Vi cos «! = Vo 
vsm a— Vi sin oti = 0 

Thus as indeed is obvious from much simpler considerations 

u— v = ^;oCOS7 


so that 


J vviVq sm ^d/SvL (u — v) cos 7 sm ydyd<f> 

J WiVq sm 13 d^ cos 7 sin ydydcj) 

jwiVo sinffd^v (cos a cos 7 4- sm asm 7 cos <I>)vq cos^ysmydydcfy 
J vv^Vo sm^dfi cos 7 sin ydyd^ 


where each of the integrals is quintuple 

The term m cos <f) vanishes when we integrate with respect to ^ — and when we 
further mtegrate with respect to 7 we have for the value of the expression 


^ J I'l'iVo sm ^dl 3 Wo cos a 
jpviVo sm j3dj8 


where the integrals are tuple 

Now 2vt;oCOba = ?; -Vi^, 

and vvi sm j 3 d^ = Vodvo 

so that the expiession becomes 

1 r Vo dvo. ^ V 

J llVl (v +Vo -Vi) 

4 iJ uvi ^ ' 

I Vo dVo 


It will be shown below (Part YI ), that we have generally 

2W“1 

r ^0 '^dvo _ Ijn+x , (A4-^) ^ 

J ^ vvi 271+1 4 {hkY'^^ 

and that it is lawful to differentiate such expressions with regard to h ox to h Hence 


U-* — uv = - • 
4 


{dh 1 


Thus Clerk Maxwell s Theorem is proved 


18—2 
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22 The investigation, of the separate values of the parts of this expression is 
a little more troublesome as the numerators now involve second paitial differential 
coefficients of , hut it is easy to see that we have 

16 IJS 2h (h + k) 

16 /,/3 ~ 2(h + J) 

and from these the above result again follows 

IS clear fiom the investigation just given that the expiession foi the value of 

u — uv would be the same (to a numeiical factor prhs) whatever law we assumed foi the 
probability of the line of centies having a definite position and thus that Maxwells 
Theorem would be tiue provided only that the law were a function of y alone and 
not of <j> (^ e that the possible positions of the line of centres were symmetiically 
distiibuted round the direction of relative motion of the impinging particles) In mj 
fiist non approximate investigation (lead to the Society on Jan 18 and of which an 
Abstract appeared in Nature J in 21 1886) I had inadvertently assumed that the possible 
positions of G were equally distiibuted over the surface of the hemisphcie of which P"© is 
t^c pole instead of over the surface of its diimetral plane The foi ms however of 

u ind of uv separately suffer more piofound modifications when such issumptions aie 
made] 


V Rate of JElquaUsation of Average hnergy per particle in two 

Mixed Systems 


25 To obtain an idea of the rxte at which a mixture of two systems approaches 
the Maxwell final condition suppose the mixture to be complete and the systems 
each m the special state but the aveiage energy pei paiticle to be different in the two 
As an exact solution is not nought, it will be sufficient to adopt throughout loughly 
approximate expressions for the various quantities involved We shall choose such as 
lend themselves most readily to calculation 

It 18 easy to see by making the requisite slight modifications m the formula of 
§12 that if m be the number of Ps and n that of Qs in unit volume, the number of 
collisions per second between a P and a Q is 

where s now stands for the sum of the radu of a P and of a Q For if in the formula 
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referred to we put (hky^ for and also put k for h in the exponentials where the 
integiation is with respect to Vi it becomes 

8ns^(hk)^Iij3 

according to the notation of § 21 This is the average number of impacts per second 
which a P has with Qs 


Hence if 'ey be the whole energy of the P p that of the Q s, pei unit volume the 
equations of § 19 become 


16 PQ 


3 {P + Q) 


/tt (A + A) ^ ^ 


from which we obtain, on the supposition (approximxte enough for our purpose) that 
we may treat l/A^-l/^ as constant 


H'ST — mp - 


where 

The quantity 


1_16 PQ 
T- 3 (P+Q) ' 



■jr(h + 7) 
hk 


nts — mp = mn (w/m — p/n) 


IS mn times the diffeience of the average energies of a P and a Q and (since 
100 nearly) we see that it is reduced to one per cent of its amount in the time 


ti = 4 6P= 


hi 


13 8 (P + Q) 

16s (m+n.) PQ V 'jr(h + k) 




seconds 


24 For a mixture in equal volumes, of two gases in which the masses of the 
particles are not very different saj oxygen and mtrogen we may assume as near enough 
for the purposes of a rough approximation 

3 

m = n. = “ X 10 ° 
z 

whence m + n (per cubic inch) is double of this 

3 3 

2 ^ = ^ = (12 X ICOO inch sec )®, 


s = 3 X 10“® inch, 


so that 


13 8 X 10^® X 4 / 3 1 

16 X 9 X 3 X 10 » X 12 X IGOO V 4^‘"3iri6* neiily, 


and the diffeience has fallen to 1 per cent of its oiiginal amount in this peiiod 
%e after each P has had on the average about four collisions with Qs This calculation 
has no pietensions to accuiacy but it is excessively useful as showing the nature of the 
warrant which we have for some of the necessary assumptions made above Foi if 
the rapidity of equalisation of average eneigy in two sj stems is of this extreme Older 
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of magnitude we are entitled to suppose that the restoration of the special state in any 
one system is a phenomenon takmg place at a rate of at least the same if not a 
higher order of magnitude 


Clerk Maxwell s result as legards the present question is that at eveiy typical 
impact between a P and a Q the difference of their energies is i educed in the ratio 



so that if the masses were equal the equalisation would be instantaneous 


VI On some Defimte Integrals 


2o It IS deal that expressions of the forms 

/,00 ^35 ^CO ^oo 

I e”*’-/ y'^dy and I dob ifdy 

Jo Jo Jo J X 


wheie r and s are essentially positive integers may lawfully be differentiated undoi the 
integral sign with legard to h or to k In fact the} and their differential coofficionts 
which are of the same foim are all essentially hnite 


As m what immediately follows we shall requiie to treat of the first of these foims 
only when r is odd and s even and of the second only when i is even ind s odd 
it follows that their values can all be obtained by differentiation from one or othci 
of the integrals 

[ e^^^xdxf dy = — 

Jo Jo ^ 4^\/A + / 

and I 6''^ dx / e^^ydy=^ . 

Jo Jx ^ ^ 

These values may be obtained at once by noticing that the second form is intcgrable 
directly, while by merely inverting the order of mtegiation it becomes the first with 
h and k interchanged 


26 In §§ 21 22 we had to deal with a number of mtegrals all of one form of 
which we take as a simple example 

I,/3=Jm^^dvo 

= ydy((y + !!;)> -(y - xf) 
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From the lemarks above it ib cleai that this can be expressed as 
2V7r(/^ d d-\ I d d\ 1 I 

3 4 |v dhdk dk 1 dkdh dh)k'\/h+k) 

^2^3 / k + 3h ik + h \ 

3 4 2 VA2 k‘{h+k) ) 

_Vir {k>+ Zl^h) + (IW + An 
^ hk (h+k) 

_tj'ir {h->rk)^ 

~ T QiJ) 

The peculiar feature heie shown is the making up of the complete cube of ^4-A 
m the numeratoi by the supply of the first half of its terms fiom the first pait of the 
integial and of the remainder fiom the second* On tiial I found that the same tluTig 
holds for Jb and f so that I was led to conjecture that generally as m § 21 

2»-l 

Tn+i _Vw fh-\-l) ^ 

2n+l 4 ” 


After the pieliminarj woik we have just given it is easy to prove this as follows 
We have always 

(fee + y) «+» - (a - y)“‘+‘) ((a + y) + (* _ y) ) 

= (a + y) "+' - (a - y) “+> + (a® - y ) {ifi + y)^^ - (® - y) ““0 


Operate on this by 


/ * 

6“^'*' COdx ( €“ 


[ ydij 
J 0 


and on the bame expiesbion with x and y interchanged (when of course it remains 
tme) by 

J 6 “^ idu J €~^y ydy ^ ^ , 


and add the lesultb This gives xt once 

d . d \ ^ 


-9 -7 


d d 


jdh dk 


which IS found on trial to be satisfied by the general value given above 

* Prot Cayley has called my attention in connection with this to the following expiession from a Tiinity 
(Cambridge) Examination Paper — 

(a + 6)2«=(a + &)»‘(a” 

+ (a -f &) *-1 (na^ 1) + wa6”) 

/ . »>« > ^ + 1 W 71 + 1 , \ 

+ (a+6)«-^^-j^-^ a»6 S -j— ^ a ^ \ 


+ (a-ft-'+a- 1») 
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27 Partly as a mattei of curiosity but also because we shall require a case of 
it it may be well to mention here that similar piocesses (in which it is no longer 
necessary to break the y integration into two ports) lead to the compamon formula 


L- 

2a 


^00 ^00 

/ 6“*® vdx I ydy {{% + y) " 
/o ^0 


-(x-y) ”)/2n 


TT 1^ 3_5 
4 


(2m-l)(/i + A;)’*-’ 
on w+ 1 

(hi) 


And we see by Wallis Theoiem that (when is mcieased without limit) In is 
ultimately the geometiic mean between I and 


VII Mean Path in a Mixtme of two Systems 


28 If we lefei to §10 we sec thxt instead of what was theie wiitten as —eha 
we must now wiite — (e + 0 l)S^, wheie Oi which is due to stoppage of a paiticlc of 
the fiist system by particles of the second diffcis from e in thice lespects only Insteid 
of the fictoi 4s“ which xppeais in e we must now write + , where 6i is the 

diameter of x particle of the second system Instead of h and n we must wiitc hi 
and respectively 

Hence the mean free pxth of a paiticle of the fiist system is 


4 



V dv 




j 


which when the \alues of e and xie introduced, and a simplification analogous to those 
in §§ 9 11 lb applied becomes 


< 00 

46“*^ 


xe-^ + (l+2x^)j 


+(l+2.ii)J 

0 / 


in which 



Thus the values tabulated at the end of the papei for the case of a single system 
enable us to calculate the value of this expiession xlso 


VIII P^essaie in a System of Colliding Pai tides 

29 Theie are many ways m which we may obtain by very elementaiy piocesscs 
the pressure in a system of colliding pxrticles 

(a) It IS the rate at which momentum passes across a plane unit area, or the 
whole momentum which so passes per second [It is to be noted that a loss of 
negative momentum by the matter at eithei bide of the plane is to be treated as a gam 
of positive] 
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In, this and the other investigations which follow we deal with planes supposed 
perpendicular to the axis of «, or with a thin layer bounded by two such planes 

The average number of particles at every instant per square unit of a layer whose 
thickness is is nSa: Of these the fraction 

/JlP 

v = 4* -u dv 

have speeds from -y to V'\-dv And of these the fraction 

sin )Sd/9/2 

aie moving in diiections inclined fiom ^ to /S + dyS to the axis of x Each of them 
therefore remains in the layer for a time 

hxjv cos /S 

and car lies with it momentum Pv cos ^ 

parallel to x Now from ^ = 0 to = ^ we have positive momentum passmg towards a 

positive From yS = ^ to ^ = 7r we have an equal amount of negitive momentum leaving 

X positive Hence the whole momentum which passes per second through a plane unit 
perpendiculai to x is 

It 

1 r** 1 ~ 

2x^PuJ vv j cos j3 sm /3d/3 = g P7iv 

where the bar indicates mean value Thxt is 

2 

Pressure =p= -r (Kinetic Eneigy in Unit Volume) 

(b) Or we might proceed as follows txking account of the position of each particle 
when it was last in collision 

Consider the particles whose speeds iie from v to y-f-dv and which are contained 
in a layer of thickness Sx, at a distance x from the plane of y: 2 i Each has (§ 10) on 
the average ev collisions pei second Thus by the perfect reversibility of the motions 
from each umt area of the layer theie start poi second 

nvevBx 

such particles which have just had a collision Those move m directions unifoimly 
distributed in space, so that 

sin ^d/3/2 

of them aie moving m directions inclmed jS to to the axis of x Of these 

the fraction 

scc/s 


r II 


19 
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(where x is to be regarded as signless) reach the plane of yz and cxch bungs 
momentum 

Pv cos ^ 

perpendicular to that plane Hence the whole momentum which reaches unit ucx 

of the plane is 


2 x^7iP I vv^ f cos j8 sm j3dj8 f 
Jo Jo Jo 

TT 

= ?lP VV I cos yS sm 
Jo Jo 


the same expression as before 

(c) Clausius method of the virial, as usually applied, also gives the sxmc losult 

30 But this result is approximate only, for a reason pomted out in ^ 0 xbovo To 
obtam a more exact result let us take the virial expression itself It is in this cxsc it 
iV be the numbei of particles in volume V 

\Firv- = lpV + l%(Rr), 

wheie It IS the mutual action between two particles whoso centres ue i ipart, ind is 
positive when the action is a stress tending to bring them neaiei to ono inothci Hcnci 
omitting the last term, we have approximately 

1JV„- 

P^^yPv 

which we may employ foi the purpose of mterpreting the value of the term omitted 

[It IS commonly stated (see foi instance Clerk Maxwell s Loclmo to the Chiimcil 
Society*) that when the term ■J-X(i2r) is negative the action between the pii tides is ni 
the main repulsive — a repulsion so great that no attamable foice can reduce th( 
distance of the particles to zero There are gra\e objections to the assumption of 
molecular repulsion and therefore it is well to inquiie whether the mere impxcts whidi 
must exist if the kinetic theory be true are not of themselves sufifioient to explain the 
experimental results which have been attributed to such repulsion The experiments 
of Eegnault on hydrogen first showed a deviation fiom Boyle s Law in the direction of 
less compression than that Law mdicates But Andrews showed that the same thing 
holds for all gases at temperatures and pressures ovei those corrosponding to thtir 
cntical pomts And Amagat has expeiimentally proved that in gaseous hydrogen which 
has not as yet been found to exhibit any traces of molecular attraction between its 
particles the graphic representation of m tenns of p (at least for pressuies above ui 
atmosphere and for common temperatures) consists of a senes of paiallel straight Inn s 
If this can be accounted for without the assumption of moleculai repulsion but simply 

Chem Soc Join xiii (1875) p 493 
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by the impacts of the particles a real difficulty will be overcome And it is certain that 
at least in dealing with hard colliding spheres if not in all cases we have no right to 
extract fiom the vnial, as the piessure term that part only which depends upon impacts 
on the containmg vessel, while leaving unextracted the pait depending on the mutual 
impacts of the paiticles The investigation which follows shows (so fai n,s its assumptions 
remain valid when the particles aie not widely scattered) that no piessure however great 
can bring a group of colliding spheres to a volume less than four times the sum of 
their volumes If they were motionless they could be packed mto a space exceeding the 
sum of then volumes in the ratio 6 7r\/2 oi about 135 1 only] 

In the case of haid spheres we have obviously 7 = 5 , and with the notation of 
§19 remembermg that Q = P I —h we have 

JS =. — P (u — v) 


Hence wo must find by the method of that section the mean value of the httei 
expression It is easily seen to be 

p sin $ cos^7 sin ydydj> __ __ 2P fvvi'V Q^dvoIvVi 

fvPiVQ sm /8 cos 7 sin ydydej) ” 3 ivvi% dvojwi 

IlL 

~ 3 73/3“ 

But § 14 the average number of collisions pei particle per second is 

'2 N 


'■S 


Its 


xA V 

Hence for any one particle the sum of the values of R (distiibuted, on the 
average uniformly over its surface) is in one second, 

^ 2NP 

2 \Jd) = — ^ prP'z; 7r6 = — p 

Thus it would appear that we may regard each particle as being subjected to the 
general pressure of the system, but as having its own diameter doubled It is tieated 
m fact just as it would then be if all the others were reduced to massive points 

The value of the term in the virial is 


l^xstiR) 


because, though every particle suffers the above average numbei of collisions it takes 
two particles to produce a collision This is equal to 

— %jp7r6^= — 6p (sum of volumes of spheres), 
so that the virial equation becomes 
— 3 

TiPv j2 — -^p[V — ^ (sum of volumes of spheres)}, 

which, inform at least agrees exactly with Amagats^ expeiimental results for hydiogcn 

* Annales de Ckimie xxn 1881 


19—2 
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These lesults are closely lepiesented at 18 C by 

j)(F-2 6) = 2731, 
and at 100° 0 by J9(F- 2 7) = 3ol8 

The quantity subtracted fiom the volume is sensibly the same at both temperatures 
The right hand members are nearly in proportion to the absolute temperatures The 
pressure is measured m metres of mercury Hence the volume of the gas, at 18 C 
and one atmosphere is (to the umt employed) 

2 6 + 2731/0 76 = 3596 nearly 

Thus by the above interpretation of Amagats lesults we have at 18 C 

WTTs’ = 3 9/3596 

Clerk Maxwell m his Bradford Lectme* ranks the vaiious numeiical data as to 
gases according to the completeness of oui knowledge of them” The mean free path 
appears in the second rank only the numbers m which are regarded as rough ap 
pioximations In the third rank we have two quantities involved in the expression 
for the mean fi.ee path, viz the absolute diameter of a particle and the number of 
particles per unit volume (s and n of the pieceding pages) 

To determine the values of s and n separately a second condition is required 
It has usually been assumed foi this puiposc that the volume of a gas, when 
reduced to the hquid form is not much greater than the combined volume of the 
molecules” Maxwell justifies this assumption by reference to the small compressibility of 

But, if the above argument be even in part admitted, we are not led to any 
such conclusion and we can obtain (as above) as a quantity of the second rank 
We have already seen that ns is inversely propoitional to the mean ft-oc path and 
IS thus also of the second rank From these data we may considerably improve our 
approximations to the values of n and of s 


Taking Maxwell s estimate of the mean free path in hydrogen, wo have (to an 
inch as umt of length; 

0 677 


irns 


-= 380 10-» 


Fiom these values of and we have, approximately for 0° C and 1 atmosphere, 

n=16 10" 5 = 6 10-" 


The values usually given are 

11=3 10® 5=23 10-" 

It must be recollected that the above estimate rests on two assumptions, neither 
* Fhxl Mag 1873 ii 453 See also Nature viii 298 
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of "which IS moie than an appioximation (a) that the pai tides of hydrogen hehaYC 
like haid spheres (&) that they exert no mutual moleculai forces If theie "weie moleoulai 
attraction the value of 7^s» would he greatei than that assumed above while tis would 
be unalteied Thus the particles would be larger and less numerous than the estimate 
shows 

[Of course aftei what has been said it is easy to see that V should be di- 
minished furthei by a quantity propoitional to the surface of the containing vessel 
and to the radius of a sphere But though this coirection will become of constantly 
greater importance as the bulk occupied by a given quantity of gas is made smallei 
it IS probably too mmute to be detected by expeiimcnt] 


IX I^^ect of EaAerml FotmtvxX (ddded Juixe 15, 1886) 

31 Another of Maxwell's most remarkable contributions to the Kanetic Theory 
consists in the Theorem that a vertical column of gas, when it is in equilibmim 

under gravity has the same tempeiatuie throughout He states hovevei, that an 
erroneous aigument on the subject when rt occuired to him in 1866 nearly upset 
[his] belief in calculation * He has given vanous investigations of the action of 
external forces on the distribution of colliding spheres but all of them oie complex 
The process of Boltzmann, alluded to in a foot note to the introduction (emte p 125), 
and which Clerk Maxwell ultimately preferred to his own methods involves a step of 
the following nature 

An expression analogous to the / of § 3, but in which B and (7 are undetei 
mmed functions of the coordinates x y z oi x point is foimed for the number of 
particles per unit volume at that point whoso component speeds parallel to the 

axes he bet"ween given narrow limits I do not at present undertake to discuss the 
validity or the sufficient generality of the process by which this expression is obtained, 
though the same process is (substantially) adopted by "Watson and others who have 
wiitten on the subject However obtained, the expression is conect It can be 
established at once by reasonmg such as that in ^ 2 3 4 To determine the forms 
of the aforesaid functions however a most peculiar method is adopted by Boltzmann 
and Maxwell The number of the particles per unit volume at « y a whose cor 
lespondmg ends occupy unit volume at u v w m the velocity space diagram (§ 3) 
IS expressed in terms of those functions and of it + u + w The lanation of the 

logarithm of this number of particles is then taken on the assumption that 

Sx=uSt &c, = &c 

ax 

where U is the external potential, and it is equated to zeio became the numhet of 

N'atuie vni May 29 1873 Maxwells name does act occui m the Index to this volume though he has 
made at least five oontiibutions to it most of ■which bear on the piesent suhieet — ^viz at pp 85 298 361 
527 537 
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particles %s unchangeable As this equation must hold good foi all values of u v w 
it furnishes suflScient conditions for the deteimination of B and G The reasons foi 
this remarkable procedure aie not explained but they seem to be as below The 
particles aie, as it weie followed in thought into the new positions which they would 
have reached and the new speeds they would have acquiiod in the interval St had 
no two of th^fn collided o? had thei e been no oth&i s to collide with them But this 
IS not stated much less justified and I cannot regard the aigument (in the foini 
in which it IS given) as othei than in exceedingly dangerous one, almost certain to 
mislead a student 

What seems to underlie the whole though it is not enunciated is a postulate 
of some such form as this — 

When a system of colliding pai tides has o eaclied its final state we may assume 
that {on the aveiage) foi every paiticle which enteis and icndeigoes collision in a 
thin layei, anothei goes out foni the othei side of the layeo precisely as the fiist 
would have done had it escaped collision 


32 If we make this assumption, which will probably be illowcd it is not 
difficult to obtain the lesults sought without having lecouise to a questionable 
process of variation Foi this purpose we must calcuhte the changes which tike 
pi ICC in the momentum and in the numbci of paiticlo*^ in \ layei, oi ixthei we 
must inquiio into the nxtufc of the piocessos which by bahncing one another s 
effects, leave these quantities unchanged 


Eecui to § 29 and suppose the particles to be subject to i potential, U which 
depends on cg only Then the whole momentum passing pei unit of time poipen 
dicularly across unit surface of my f)lxne parallel to yz is 



vv 


__ Fn 


where n (the numbci of particles per cubic unit) md h (which involves the mem 
square speed) ire functions of ^ 


At a paiallel plane 
corresponding value is 


dibtmt a fiom the first in the direction of a positive 




1 +a 


-] 

dj) 


n 

h 


the 


But the difference must be sufficient to neutralise in the layer between these planes 
the momentum which is due to the external potential i e 


— PnoL 


da 


Hence 



d n 
dx h 


==-Pna 


dU 

dx 


dx ^ n dx h dx 


01 


( 1 ) 
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Again the nunibe} of pai tides which in unit of time, leave the plane unit 
towards the side x positive is 

V 

1 r” p 1 /*“ 

j:n \ vv \ cos /S sin y8cZ/3 = 7 / vv 

^ J 0 J 0 4 Jo 

Hence those which leave the corresponding area at distance a are in number, 




But by our postulate of last section, they can also be numbered as 

vv(l-^lv) 

where 


? =2a 


dx 


This expiession is obtained by noting that none of those leaving the iiist plane 
can pass the second plane unless they have 

dU 


V cos yS > 2a 


dx 


All of the integrals contained in these expressions aie exact, and cm therefore give 
no tiouble The two leckonings of the numbei of particles when compaied give 


— _ 1 d/?- 1 dh 

dx "" n dx 2h dx 


( 2 ) 


From ( 1 ) and ( 2 ) togethei we find first 


dh 

dt 


= 0 , 


A\hich IS the condition of uniform tcmpciituie, and igiin 

which IS the usuxl 1 elation between density md potentixl 

[In obtaining ( 2 ) above it was xssumed that with sufficient iccuiacy, 

To justify this — note that in oxygen, xt ordinxry teinpci xturcs xnd under gravity, 

= lo50 m foot second units 
2A 


dU 

dx 


= 32 


so that, even if a = l inch we have approximately 

adU 1 


=2A 


] 


dx 300,000 

It IS easy to see that exactly similar leasoning may be applied when ET is a function 
oi X y BO that we have generally 
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wheiG h IS an absolutG constant And it is obvious that similai results may be 
obtained foi each sepaiate set of spheies in a mixtuie with the addition il proviso 
from Maxwells Theoicm (§§ 20 21) that Pjh has the same value in each of the sets 


APPENDIX 

The following little table has been cdculated foi the puiposes of §§ 11, 28 by Mi J B Chrl , 
NeilAinott Scholar m the Umveisity of Edmbmgh, who used six place logarithms — 


X 

1. 

A 

yx 

X 

X,/ 1 

1 

000099 

200665 

00049 H 

000990 

00 193 H 

2 

001537 

405312 

00379 + 

007686 

01896 + 

3 

007420 

617838 

01198 + 

024676 

03991- 

4 

021814 

841997 

02591 - 

054537 

06477 + 

5 

048675 

1 081321 

04501 + 

097350 

09003 - 

6 

090418 

1 339068 

06752 + 

150698 

11254- 

7 

147091 

1 618194 

09089 

210130 

12985 H 

8 

21597b 

1921318 

11241- 

269973 

14051 + 

9 

291870 

2 250723 

12968 + 

324301 

14409 - 

10 

367879 

2 608351 

14104- 

367879 

14104- 

11 

436590 

2 995825 

14572 + 

396900 

13249 - 

12 

491380 

3 414479 

14388 + 

409409 

11990 + 

13 

527004 

3 865384 

13633 + 

405388 

10488- 

14 

541119 

4 349386 

12441 + 

386514 

08887 - 

15 

533581 

4 867132 

10962 + 

355721 

07109- 

16 

506619 

5 419114 

09348- 

316637 

05843 - 

17 

464174 

6 005696 

07729 - 

273044 

04546 + 

18 

409127 

6 627149 

06203 + 

22840 4 

01447 - 

19 

352543 

7 283658 

04840- 

185549 

02547 + 

20 

293040 

7 975359 

03674 + 

146520 

01837 H 

21 

236390 

8 702340 

02715 + 

112567 

01294- 

22 

185224 

9 464667 

01956- 

084193 

00889 

23 

141065 

10 262360 

01373 + 

061333 

00598 - 

24 

104541 

11 095474 

00941 + 

043559 

00393- 

25 

075390 

11 964016 

00630 + 

030156 

00252 + 

26 

052962 

12 S67980 

00411- 

020370 

00158 ■( 

27 

036242 

13 807388 

00262 + 

013423 

00097 + 

28 

024155 

14 782249 

00162 + 

008627 

00058 f- 

29 

015700 

15 792549 

00099 + 

005414 

00034 + 

30 

009963 

16 838302 

00057 + 

003321 

00019 + 


Here and -Yj = ce’e"®' , while X + ( 226 ® + 1) f €~ dec 

Jo 

The sum of the numbeis in the fouith column is 1 69268, so that the appioximaie value 
of the integral m § 11, which is 0 4 of this, is 0 67707 

The sum of the numbers in the sixth column is 1 62601, so that the value of the integril 
m [the addition to] § 11 is about 0 6504 
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In the piesent communication I have applied the results of my jfiist paper to 
the question of the transference of momentum of enugy and of matter in a gas 
or gaseous mixture, still however on the hypothesis of haid spherical pai tides 
exerting no mutual foices except those of impact The conclusions of §§ 2S 24 of 
that papei form the indispensable piclimmary to the majority of the following m 
vestigations For except in extreme cases in which the causes tendmg to disturb the 
special state are at least nearly as rapid and peisistent in their action as is the 
process of recovery we are entitled to assume from the re'?ult of § 24 that in every 
part of a gas or gaseous mixture a local special state is maintained And it is to 
be obseived that this may be accompanied by a common tianslatoiy motion of the 
particles (oi of each separate class of particles) in that legion, a motion which at 
each instant may vary continuously m rate and direction from region to region, 
and which in any one region may vary continuously with time This is a sort of 
T 11 20 
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generalisation of the special state and all that follows is based on the assumption 
that such is the most general kind of motion which the paits of the system can 
have at least in any of the questions here treated Of course this translation xl 
speed is not the same foi all particles in any small pait of the system It is meicly 
an average which is maintained in the same loughly appioximate manner xs is the 
special state and can like it be assumed to hold with sufficient accuracy to be 
made the basis of calculation The ineie fact that a steady state say of diffusion 
can be lealized expeiimentally is a sufficient warrant for this assumption, and there 
seems to be no reason for supposing thxt the iiieguhrities of distiibution of the 
translatoiy velocity among the particles of x group should be more soiious for the 
higher than for the lower speeds or vice versa For each paiticle is sometimes x 
quick sometimes a slow moving one — and exchanges these states mxny thousxnd 
times per second All that is really icquiiod by considerations of this kind is xllowcd 
for by our wiy of looking at the mexn free paths foi diffcient speeds 

I may txke this opportunity of xnsweiing xn objection which hxs been i used 
in correspondence by Professor Newcomb and by Mesbis Watson xnd Buibuiy to x 
passage in ^ S of the First Part of this pxpei* The woids objected to xic put in 

Italics — 

But the argument above shows fuithei that this density must be expiessibU in 
the foim 

whatever rectangular axes be chosen passing through the origin 

The statement itself is not ob]ectod to but it is alleged that it docs uoi follow 
from the premises assumed 

This pait of my papci was mtioduced when I revised it foi picss souk months 
after it was read , the date of revision, not of reading being put at the he xd It 
was written mainly for the purpose of stringing together what had been i set of 
detached fragments and was in consequence not so fully detailed xs they weu 

I made some general statements xs to the complete veiification of these pielimin uy 
propositions xvhich was to be obtained from the moie complex investigxtioiis to whicli 
they led, thus showing that I attached compai xtively little weight to such intio 

ductory matters If necessary a detxiled proof can be given on the lines of ^ 21 

of the paper The argument in question howevei may be given as belov It is 
leally ^lvolved m the italicised words of the following passage of ^ I — ‘‘in plxce of 
the hopeless question of the behavioui of innumerable absolutely isolated mdividuxls 
the compaiatively simple statistical question of the aveiage hehaviom of tho vmiou^ 
groups of a community 

Suppose two ideal planes, parallel to =- 0 to move with common speed j 
through the gas Ihe portion of gas between them will consist of two quite distinct 

* In the Fliil Mag for April 1887 the same objection is raised by Prof Boltzmann who has appended 
it to the Enghsh translation of his paper presently to be referred to But he goes faithei than the other 
■objectois and accuses me of reasoning in a cucle 
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classes of particles — the greatly more numerous class being mere fleeting occupants 
the minority being (relatively) as it weic permanent lodgeis These aie those whose 
speed perpendiculai to the planes is veiy nearly that of the phnes themselves The 
individuals of each class are perpetually changing those of the majority with extia- 
ordinary rapiditj compared with those of the minority, but each class as such foims 
a definite group of the community The method of averages obviously applies to 
each of these classes separately, and it shows that the minoiit} will behave so far 
as y and z motions aie concerned as if they alone had been enclosed between two 
mateizctl planes and as if their lines of centies it impact were always parallel to 
these The instant that this ceases to be tiue of any one of them that one ceases 
to belong to the group , — and another takes its place Then behaviour undei these 
circumstances (though not their numbci) must obviously be independent of the speed 
of the planes Hence the law of distiibution of components in the velocity space- 
diagiam must be of the form 

/(^) 

and symmetiy at once gives the result above 

[(jT^iserted Maich oth 1887) Another ob]ection but of a diametrically opposite 
chaiacter raised by Mr Buibury* and suppoited by Professor Boltzmannf is to the 
effect -that in my fii&t papei I have unduly multiplied the numbei of preliminarj 
afasumptions necessary foi the proof of Maxwells Theorem concerning the distribution 
of energy in a mixtme of two gases In fo'im perhaps I may inadveitently have done 
so but certainly not in substance 

riie assumptions which (in addition to that mxde it the commencement of the 
paper (§ 5) for piovision against simultineous impacts of three oi more particles 
which was introduced expressly foi the purpose of making the results applicable to 
real gases not merely to imaginary hard spheres) I found it necc&saiy to make are 
(§ 18) as follows, briefly stated 

(A) That the particles of the two systems are thoroughly mixed 

(B) That the particles of each kind separately acquiie and maintain the “special 

state 

((J) That theie is free access foi collision between each pair of pai tides whether 
^ Tlie Foundations of the Ivinetio Theory of Gases Phil Mag 1880 I p 481 

t Ubei die zum theoietisohen Beweiso des Avo^adio sohen Geset/ts eifordeihdien Voiaussetzungen Sitzh 
del 1 ais Akad xoiv 1886 Oct 7 In this article Prof Boltzmann states that I have nowheic expiessly 
pointed o-ut that my results aie applicable only to the case of hard splieies I might plead that the article he 
refers to is a biief Ahbttact only of my paper but it contains the following statements which aie suiely 
explicit enough as to the object I had in view — 

Tins is specially the case with his [Maxwell s] investigation of the law of ultimate paitition of energy 
in a mixture of smooth spherical particles of two different kinds 

It lias since been extended by Boltzmann and otheis to cases m which the pai tides aie no lonf,er 
supposed to be hard smooth spheres 

Hence it is desiiable that Maxwells proof of his fundamental Theorem should be cntically examined 
Then I proceed to examine it not Professoi Boltzmann s extension of it In my papei itself this limitation is 
most expressly insisted on 


20—2 
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of the same kmd or of diffeient systems, and that the number of particles of one 
kind IS not overwhelmingly greatei than that of the other 

Of these (A) and (B) though enunciated separately are legarded as consequences 
of (C) which IS thus my sole assumption foi the pioof of Cleik Maxwells Theoiem 
Piofessor Boltzmann states that the only necessaiy assumptions aic — that the particles 
of each kind be uniformly distributed in space that they behave on the average 
alike in respect of all diiections and that (for any one paiticle?) the duiation of 
an impact is shoit compaied with the inteival between two impacts His woids aie 
as follows — * Die emzigen Voiaussetznngen sind dass sowohl die Molekule eistei als 
auch die zweitei Gattung gleichfoimig im ganzen Raume vertheilt bind sich durch 
schnitthch nach alien Richtungen gleich \eihalten und dass die Dauei eines Zusam 

menstosses kurz ist gegen die Zeit welche zwischen zwei Zusamnienstossen vergeht 

He faithei states that neither system need have internal impacts, and that 

Ml Burbuiy is collect in maintaining that a system of paiticles which aie so small 

that they piactically do not collide with one anothei will ultimately be thrown into the 
^ special state by the piesence ot a single pxiticle with which they can collide 

A‘^sumlng the usual data as to the number of particles in a cubic inch of an 

and the number of collisions pei particle pei second it is easy to show (by the help 
of Laplaces remarkable expression"'' for the value of when m and n aie veiy 

laige numbois) that somewheie about 40,000 years must elapse before it would be 
so much as even hetting that Mr Bui bury s single particle (taken to have twice the 
diametei of a paiticle of air) had encountered once at lea&t each of the 3 10'’ veiy 
minute particles in a single cubic inch He has not stated what is the average 
number of collisions necessary foi each of the minute paiticles befoie it can be knocked 
mto its destined phase of the special state, but it must be at least considerable 
Hence even weie the proposition true aons would be requiied to bring about the 

result As a lesult it would be veiy interesting, but it would certainly be of no 

importance to the kinetic theory of gases in its piactical applications 

I think it will be allowed that Professor Boltzmanns asbumptions which (it is 
easy to see) piactically beg the whole question aie themselveb inadmissible except 
as consequences of tlie mutual impacts of the particles m each of the two systems 
separately Professor Boltzmann himself indiiectly and without any justih^^ation (such 
as I have at least attempted to give) assumes almost all that he objects to as ledundant 
m my assumptions with a good deal moie besides But he says nothing as to the 
relative numbers of the two kinds of particles Thus I need not as yet take up 
the question of the validity of Professor Boltzmanns method of investigation (though 
as hinted in § 31 of my first papei I intend eventually to do so), and this for the 

simple reason that in the present case I cannot admit his premises 

* Theone Analytique des PioldbiUtes Livre ii chap n 4 [In using this formula we must make sure that 
the ratio mjn is sufficiently large to 3UBtify the approximation on which it is founded It is found to be 
so in the present case At my lequest Professor Cayley has kmdly investigated the correct formula for the 

case in which m and n are of the same order of large quantities His papei will be found in Pi oc B S JS 

April 4 1887 ] 
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Mr Buibury issumes the non-colliding particles to be m the special state and 
pioceeds to prove that the single additional paiticle will not disturb it But, sup 
posing foi a moment this to be tiue it does not prove that the solitaiy paiticle 
would (even after the lapse of ages) reduce any non colliding system with positions 
at any instant speeds and lines of motion distributed absolutely at landom (for heie 
theic cannot be so much as plausible giounds foi the introduction of Professor 
Boltzmanns assumptions) to the special state If it could do so the peifect re 
veisibihty of the motions piactically limited in this case to the reveisal of the motion 
of the single particle alone shows that the single paiticle would (foi untold ages) 
continue to throw a system of non colliding paiticles fuithei and fuithei out of the 
special state, thus expiessly contiadicting the previous proposition In this conse 
quence of leversal we see the leason foi postulating a vciy great number of particles 
of each kind It Mr Burburys sole particle possessed the extiaoidmary poweib 
attributed to it it would (except undei circumstances ot the most exact adjustment) 
not only be capable of pioducing but would pioduce absolute confusion among non 
colliding paiticles already m the special state Considering what is slid xbove I do 
not yet see iny leason to doubt that the assumption of collisions unong the paiticles 
of each kind sepaiately is quite is essential to a valid pi oof of Mxxwells Theorem 
as is that of collisions between iny two paiticles one fiom each sj^stem I have 
not yet seen any attempt to piove that two sets of paiticles which have no internal 
collisions vill by then mutual collisions tend to the state assumed by Piofessoi 
Boltzmann Noi can I see any ground foi dispensing with my farther assumption 
that the numbei of particles of one Lind must not be overwhelmingly giextei than 
that of the othei A small minoiity of one kind must (on any admissible assumption) 
have an aveiage encigy which will fluctuate sometimes quickly sometimes veiy slowly 
within veiy wide and constantly vaiying limits 

De Moigan* made in extiemely important lemxrk which is thoroughl} applicable 
to many investigations connected with the present question It is to the effect 
that no p'twiaty eonsidei itions connected with the subject of Piobahlity can be 
or ought to be leceived if they depend upon the lesults of x complicated mathe 
matical analysis To this luiy be added the obvious lemaiL that the puiely 
mathematical pait of an investigation however elegant and poweiful it may be is 
of no value whatever m physics unless it be based upon admissible assumptions 
In many of the investigations connected with the piesent subject alike by British 
and by foreign luthois the above lemxik of Do Morgan has ceitiinly met with scant 
attention ] 

In my first paper I ^poke of the eirois in the treatment of this subject which 
have been intioduced bj^ the taking of means before the expressions weie npe foi 
such a process In the present paper I have endeavoured throughout to keep this 
dangei in view, and I hope that the results now to be given will be found even 
where they arc most imperfect at least moie ipproximatcly iccurate than those which 
have been obtained with the neglect of such precautions 


Encyc Metropohtana lit Theory of Piobabihties 
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The nature of Clerk Maxwells earlioi investigations on the Kinetic thcoij in 
which this precaution is often neglected still gives them a peculiai vxluc, is it is 
at once obvious, from the foims of some of his results that he must hxvc thonqht 
them out befoie endeavouring to obtain them or evon to expicss them bj analysis 
One most notable example of this is to be seen in his Lemma {Phil Mag 1860 II 
p 23) to the effect that 

r ±C/i“cZa;=—^ f (£/■»’»+) 

wheie U and i aie functions of a. not vanishing with x ind vxiying but slightly 
between the limits —t and » of %, — and where the signs in the lutcgiand (1 o 2KU(1 
upon the chaiactei of m as an even or odd mtogei This foims the slaitmg i>oiut 
of his investigations in Diffusion and Conductivity It is clcu fiom the, contc\t win 
this cuiious pioposition was intioduced but its acciuacy and even its t\act incnuiig 
seem doubtful 

In all the moie impoitant questions now to be ticattd the nuan fice pith of 
a particle plays a prominent pait and mtegrals involving the quiu titles e oi e + (i 
(as defined in §§ 9 10 28) occui thioughout We commence thciiloie with such i 
biief discussion of them is will serve to lemove this meiely nuineiicil eoinplication lioni 
the propel ly physical part of the reasoning 


X On the Defintte Integrah 


r and r 

Joe Jo Bi + ze 


iS In the following investigations I employ thioughout tlu dchmtiou of tlu 
mean fiee path for each speed as given in § 11 Thus ill my lesults nccissaiilj difiii 
at least slightly from those obtained bj any othei investigitoi 

By § 11 wc see at once that 

e v' + du 


f“ - 

Jo e UTTS p 
Jo Jo 

I 


.-hv 


_1__ 

UTTS 


+ V/ li; )dvi+ f 6-'‘» (w,/ i + Vi'jv) dvi 

J V 

dx 


nirs^ 


^ ite"® -|- (2x + 1 
suppose 




da 


thp f ^ quadiatuies as in the Appendix to 

the First Paifc of this papei where the values calculated aie m this notition C_, 

G,, and Mr Claik has again kindly assisted me by computing the values of 
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0 ] C-j C /5 which are those ie(^uiied when we are dealing with Viscosity and with 
Heat Conduction in a single gas The value of (7 hxs ilso been found with a view 
to the study of the general expression foi Or These will be given in an Appendtj, to 
the present paper 


34 When we come to deal with Diffusion except in the special case of equility 
of density in the gases, this numeiical part of the work becomes extremely serious 
even when the assumption of a steady state is permissible As will bo seen m § 28 
of my first paper we should have in general to deal with tables of double entry foi 
the expressions to be tabulated are of the form — 


r" w'' _ f «>_ da, 


. 0 , 




Eol the second gas the coiresponding quantity will be written as ( 2 D^ Heie 


and 


'iljl fs + 6A 

w/ii \ 26 / ’ 


so that they aie numerical quantities of which the hist depends on the lelative 
masses of pai tides of the two gases while the second involves m addition, not 
only then lehtive size but also then relative numbei It is this last condition which 
intioduceb the real difficulty of the question foi we have to expiess the value of the 
integral as a function of z before we can proceed with the furthei details of the 
solution and then the equation for Diffusion ceases to resemble that of Fourier foi Heat 
Conduction 


Ihe difficulty however disappears entirely when we conhne oui selves to the study 
of the steady state (and is likewise much diminished in ihe study of a variable 
state) in the special case when the mass of a particle is the same in each of the 
two gaseous systems, whethei the diameteis be equal oi no Foi in that case we 
have lii — h and ai = a?, so that the factor 1 /( 14 -^) can be taken outside the integral 
sign Thus instead of i®,, we have only to calculate (7, of the pievious section 


XI Pressure in a Mixture of Two Sets of Spheres 

Suppose theie be spheres of diameter Si and mass Pj and n with s P 
pel cubic unit Let 6 = (Si + 52)/2 

Then the aveiage number of collisions of each Pj with PjS is pei second, 
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The impulse is on the average (as in § 30) 

Similarly each Pi encounters in each second (§ 23) the aveiage numbci 

of P s and the average impact is 

_ P1P3 / ’ir{hi+Jh) 

Pi + P V M 

Thus the average sum of impacts on a Pi is per second 


— 2Pi^}iiSi* due to PiS, 

and -2p;TP ~hA 

In the Vinal expiession ^t(Ri) {§ 30} r must bo taken as foi the hist oi 
these portions and as s for the second Hence we have 

1 S w - 1 {$ .. + 2 ^ 4. } 


where 


= --p {ni Si + 2nin^ + ng 5 
Th 


■Pi_P _ fi + P 2 _l f UiPi n Pa _ ^ 
hi h + A w \ Ai ^2 / ^ 


n = ni + n 


In the special case Si^s =s this becomes as in § 30 


7 2 (Ur) = — wp^is"^ 


lo obtain an idea as to how the * ultimate volume spoken of m that section 
IS affected bj the diffeience of size of the particles suppose ni = n^ The values oi 
the above quantities are 

2ss + s 3} and 

so that (as we might have expected) disparity of size with the simc mow ot 
diameters vicreases the quantity in question 

Thus if Si s Sj 1 2 3 

the ratio of the expiession-* above is 11 8 The utmost value it can have (when 
Si/s IS infinite or is evanescent) is 5 2 
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XII Vt cosity 


36 Suppose the motion of the gas as a whole to be of the natuic of a simple 
shear, such that lelatively to the particles in the plane of yz those in the piano 
jb have a common speed 

V=Bx 

paiallel to y F” even when a, is (saj) a few inches is supposed small compared 
with the speed of mean sijuare We have to determine the amount of momentum 
parallel to y which passes pei second across unit aiea of the plane of yz 

In the stiatum between x and x + hi, there are pci second pei unit suiface nvevSai 
collisions discharging paiticles with speed v to v + dv (distributed uniformly m all 
diiections) combined of course with the speed of translation of the stratum The 
number of these particles which cross the plane of yz at angles 6 to d + dd with 
the axis of a is 

g-csbeofl gm 

[Stnctly speakmg the exponent should have had an additional term of the ordei 
eBxfv, but this is insensible compaied with that letained until a; is a veiy large 
multiple of the mean fiee path Sec the lemaiks in | 39 below] Each takes with it 
(besides its noimal contiibntion which need not be consideied) the abnoimal momentum 

FBx 

relatively to yz and paiallel to y 

Hence the whole momentum so transfeiied fioin / positive is 

rr 

PBn r**" 

^ Jo Jo Jo 


01 


TT 


PBn 

2 



cos 6 sin ddO = 


PBnf 

6 io 


JW 

e 


Doubling this to get the lull differential effect acio&b the plane of yz it becomes (§33) 

PBn Ci _ PBn 0838 
37^?^5 \/A ^7rns hjh 


The multipliei of te of dVjdx is the cocflBcieiit of Viscosity Its iiumeiicxl 
\alue in terms of density ind mexn path is 


pX 

hjli 


0 412 


Cleik Maxwell m 18G0 gave the value 


which (because Z = 70'rx/677 
T II 


as in § 11) difieis from this in the latio 20 21 

21 


In 
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this case the short cuts employed have obviously entailed little numciicxl ciioi 
Since pX IS constant foz any one gas the Viscosity (as Maxwell pointed out) is 
independent of the density 

37 Both expiessions are propoitional to the squaie loot of the ibsolutc teni 

peiature We may see at once that on the hypothesis we have adopted sueh must 
be the case For, if we suppose the speed of every spheie to be suddenly incuis(d 

m fold the operations will go on precisely as befoie onl}^ in times faster But the 

absolute temperature will be increased as m 1 Similar anticipations nixy bt midt 
in the cases of Diffusion and of Thermal Conductivity 

Maxwell was led b} his expeiimental mea&uies of Viscosit) which seemed to 
show* that it mcieases neail} in propoition to the hist powei ol the absolute 

tempeiatuie to discard the notion of haid spheres and to mtioduce the hypothesis of 
paiticles repelling one another with foice inveisely as the hfth powei of the distinec 
I have already stated that theie are veij^ gia\e objections to the mtioduction of 
lepulsion into this subject except of course in the foim of ehstic lestitulion 1 hat 
the particles of a gas have this piopcity is plain horn their cxpability ot vibi xting 
so that they must lose energy ot uanslation by impact, and I intend in the next 
instalment of this investigation so far to modify the fundamental xssumption Iiitluito 
made as to deduce the effects coiiesponding to a coefficient of icstitution less thui 
unity, and also to take account of molecular atti action speciall} limited lu its i mge 
to distances not much greater than the diametei of a spheie 


XIII Thei mal Conductivity 


38 We must content ouiselves with the comparatively simple case of the sic xdy 
flow of heat m one direction, say parallel to the axis of ^ ihis will bi issnnud 
to be vertical the temperatuie in the gas increasing upwards so as to pi event 
convection currents No attention need otherwise be paid to the eflects of gi xvily 

Hence the following conditions must be satisfied — 

(а) Each horizontal layer of the gas is in the special state compounded with 

a definite translation vertically 

(б) The pressure is constant throughout the gas 

(c) There is on the whole no passage of gas acioss any hoiizontal plane 

(d) Equal amounts of eneigy aie on the ^hole transferred (in the &imc direction) 

across unit aiea of all such planes 


39 Let n be the number of particles per unit volume in tlie layer between 
« and V the fiaction of them whose speed relatively to the ueighbouis as a 

whole lies between v bsA v^dv, a the speed of translation of the layer 


* Cf however Stokes Phil Tians 1886 7 ol 


CLXxvii p 786 
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The numbei of pai tides which pass pei unit aiea pei second fiom a? positive 
through the plxne t = 0 is the sum of those escaping aftei collision from all the 
layeis for positive a and not arrested on then wxy — viz 

IT 

1 r ra -aLcefaaa, ^j^^;cos0 — a , 

S nvve€ sin^d^ 

^ fo Jo I 0 V cos 0 

Hoic a though in any ordinary case it need not be more than a very small 
fi action of an inch is a quantity large compared with the mean fiee path of a 
particle Its value will be more exactly indicated when the reason foi its introduction 
IS pointed out 

The last factoi of the mtcgiand depends on the fact that the particles aic 
emitted from moving layers — involving the so called Dopplei piopeily the Eomei 
piinciplc 

We neglect howovei as insensible the difference between the absoiption due to 
slotvly movmg layers and that due to the same when stationary 

Because a the langc of n is small we may write with sufficient approximation 

n = ??o + no'^ &c &c 

Inbroducing this notation the expiession ibo\c becomes 





1 


-SC( 

€ 




sin OdO 


V cos 0 — a j 

vco^e 


Now to the degue ot ippioximxtion adopted 

I +60 x /2 

1 0 

The second teim of this must xlwxys be vciy smill m eompxiison with the fiist 
even foi an exceptionally long fiec path But if we wcic to mxke 


the second teim would become equal to the hist Hence a the uppei limit of the 
/ integration must be made much srnallei than this quantity Thus we may write 

e = ■?ec^/2+ ) 

We said above that eoa = al- 

I •So 

IS a large numbei saj of Ihc oidei 10 It appeiis then at once that teims m 

g-cort — g-ioo — iQ-ii nearly 

may be neglected Such teims occui at the uppci limit in the integiation with 
legaid to X above and what we have said shows fiist why a had to be intioduced 
second why it disappeais fiom the result 

21—2 
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Writing now only those factors of the above expression which are concerned in 
the integration with respect to x we have 


01 


|l + + ^ + 4 I (1 - fioV sec 0/2 4 

licos04-f^4^)co&0. 

6o ( ^0 V^o ^0/ 


The terms in aie found to have cancelled one another a result which greatly 
simplifies the investigation 


Had we complicated matteis by mtioducing in place of a the teim m 

tto' (which if it exist at all is at least very small) would have been divided on 
integration tmce by eo a quantity whose value is on the average of the older 5 10® 
(to an inch as umt of length) 

The expression now becomes 

I lo lo ^ (n v) ^ 

We have omitted the zero suffixes as no longer retjuired, and as the plane ic = 0 is 
arbitrary, the expression is quite geneial 

Omitting the product of the two small terms and integrating with respect to 6 
we have 

if^nv|v2-a4(^4^)i-/3c- 

The corresponding expression foi the number of particles which pass through the 
plane fiom the negative side is of course to be obtained by simply changing the 
signs of the two last terms Thus by (c) of § 38 we have 

or >'(^+7)’'®* 0 ) 


40 The pressure at the plane ii? = 0 taken as the whole momentum (parallel to 
cc) which crosses it per unit area per second is to be found by introducing into our 
first integrand the additional factor 

P {v cos 0 — a) 

where P is the mass of a particle There results 
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We must take the mm of this and of the same with the signs of the two last 
terms changed , so that the pressure (which is constant throughout by (&) of § 3S) is 

Thus n/h is constant throughout the gas 

[If a very small thin disc v^ere placed in the gas with its plane parallel to 
yz and the steady state not therehy altered the difference of pressures on its sides 
would be 

or (B 60 § 42 Wow) I' j_8_go,-C!,)-|0 +0.} 

For ordinary pressures and a temperatuie giadient 10° C per inch this is of the 
ordei 10”^ atmosphere only] 

41 For the energy which passes per second per umt of aiea acioss = 0 we 
must introduce into the fiist integrand of § 39 the additional factor 

p 

^ (z; — 2m cos 6 ) , 

and the lesult of operations similar to those foi the number of particles is 

( 3 ) 

This expi esses the excess of the eneigy pissing horn the negative to the positive 
side of x — 0 over that passing fiom positive to negitivc, and by (d) of §38 must 
be constant 

42 To put (1) and (3) in a moic convenient and more easily intelligible foim 


note that because 

12 = 4 e~^'^v'‘dv 


we have 

V i h' j, 

r-2i 


But by (2) 

r^_h' 
n h 


Thus by (1) 

^hf P /h \ 

(10 

Similarl} (3) becomes 

6,^(4 «-»«■ + 7 

(30 
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4S The only variable fictoi {h jh ) in those cxpiessions for a and foi L is the 

same 111 both Hence as E does not vaiy with x h jh is constant and so also is 
a Thus since if r be abbolute tempeiature we have 


hr = constant 

wc find at once r ^A + Bx 

Ihns the distubutiou of tompeiiture and theiefoie that of density is deteimincd 
when the terminal conditions iie given The formula just given agrees with the 
lesult hist obtained by Chusins in in evtiemcly ehboiate investigation* in which 
he showed thxt Maxwells cailiest theoiy of Heat Conduction by gases is defective 


+ 1 , 1 of ^^0 gas IS now seen to be analogous to 

thxt of liquid mud when x scavenget tiiiA to sweep it into a heap The bioom 
pioduces a tiinslxtoiy motion of the mud which is counteracted by gravitation slidine 
due to the suiface gradient —just xs the displacement (by tianslation) of the whole 
gas fiom hot bo cold is counteiaeted by the greatei number of particles discharged 
(xftei collisions) fiom x coldei xnd densei layer than horn an adjoining wximci and 


44 The results of calculation of values of C, given in the Appendix enable us 
to put the expiessions (1 ) xnd (S ) into the more convenient forms 


a = 4r ^0 06 

^^h p 




iMh. ‘Lr of the tempertl™, 


The Conductivity / is dehned by the equation 


da 


xnd thus Its value is ] = / L. Eh. o 4 o 

V V \/Ao 

vheie T„ //„ aie simultaneous values of t and h 

At 0 0 (xe t= 274) this is, for an nearly 3 10“ in theimal units on the 

rT/36M oTtH system -x® about 1/28 000 of the conductivity of non 

1/3600 of that of lead+ Of course -with our assumption of hard sphencal naiticles 
we heve net reckons! the pert of the coadeeted ene.^ wtaehT rS tZeD/ dt 

to rotation oi to vibration of individual particles ^ 


lofjg Ann cxy 186*^ llul Mag 1862 I 
t ham R S L 1878 p 717 
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X IV Dij^vsioii 

45 The complete treatment of this subject piesents difficulties of a veiy foimidable 
kind seveial of which will be appaient even m the coinpaiatively simple case which 
IS tieatod below We take the case of a uniform vertical tube of unit aiea m 
section connecting two vessels oiigmally hlled with diffeient gases oi (bettei) mixtures 
of the same two gases m different piopoitions both however maintained at the same 
tempeiatuie, and wo confine oui selves to the investigation of the motion when it 
con be tieated is approximately steady We neglect the effect of gi ivity (the densei 
gas 01 mixture bemg the lower) and we suppose the speeds of the group motions to 
be very small in comparison with the speed of mean square in eithei gas [In some 
of the investigations which follow there are (small) paits of the diffusion tube in 
which one of the gases is in a hopeless minority is regards the othei Though one 
of the initial postulates (d of § 1) is violated I h we not thought it necessary to 
suppiess the calculations which aie liible to this objection , foi it is obvious that 
the conditions, under which alone it could arit-e arc unatt unable in practice] 

Clerk Maxwell s Iheoiem (§ 15) taken in connection with oui pielimmary assump- 
tion shows that at every pait of the tube the number of spheres per cubic unit 
and then average eneigy are the same Hence if u, n be the numbers ol the 

two kmds of spheres per cubic unit at a section a of the tube 

til •‘rti =n = constant ( 1 ) 

Also if Pi F be the misses of the spheres m the two systems icspoctively /ij 

and h the measures (§ 3) of then mean square speeds we h we 

Pj//'i = P = (»iiPi//»i + n F jh )/ft = 2plii (2) 

where p is the constant pressure 

Strictly speaking the fact that there is a tiaiislational speed of each layer of 
particles must iffeet this expression but only by teims of the first order of small 
quantities 


46 The number of paiticles of the Pj kind which pass on the whole towaidb 
positive x thiough the section ol the tube is (as in ^ 39) 



where Ui is the (common) translation il speed of the PjS and l/e^ the mean free 
path of a Pi whose speed is We obtain this by remarking that m the present 
problem hi is regarded as constant so that there is no term in v/ 


Hence if Oi be the mass of the first gas on the negative side of the section, 
divided by the area of the section we have 


dt 


= -jPi(«iai-«ii®i/3) 


( 3 ) 
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If G be the corresponding mass of the second gas we have (noting that by (1) 
ni+n =0) 

jp 

=-P (w a ®i/o) (4) 

From the definitions of the quantities Gi G we have also 


da 

dG 

d^} 


= -Pi^i 


= P ?? 


dG, 

doc 

dG 

dx 


= P.n' 

:-Pn: 


( 5 ) 


4T We have now to foim the equations of motion for the layers of the two 
gases contained m the section of the tube between x and x + Boc The inciease ot 
momentum of the Pi layei is due to the difference of pressures behind and before 
eiused by PjS, minus the resistance due to that poition of the impacts of some 
of the PiS against P s in the section itself which depends upon the lelative speeds 
of the two systems each as i whole This is a small quantity of the oidei the 
whole pressure on the suifaccs of the paiticles multiplied by the ratio of the speed 
of tianslation to that of mean squaie The remaining poition (i datively very gieat) 
of the impacts in the section is employed as we have seen in maintaining oi 
restoring the special state in each gas as well as the Maxwell condition of 
petition of energy between the t\\o gases If R be the resistance m question the 
equations of motion arc 

where 9 represents total differentiation 


4b To calculate the value of R note that in consequence of the assumed 
smallness of a, a relatively to the speeds of mean square of the particles the 
numbci of collisions of a Pi with a P and the cucumstances of each may be 
treated as practically the same as if a, and a were each zeio — except m so far that 
there will be, in the expression for the relative speed in the direction of the line of 
centres at impact in additional term 

(a, — a) cos yjr 


where 'v/r is the inclination of the line of centres to the axis of 
impulse whose expression is of the form 


2PQ 

P+Q 


(u-v) 


X 


Thus to the 


I 19 of the Fust Part of the paper there must be added the term we seek viz 


2PiP , , , 

p-^{a,-a)cosyfr 


xs in 
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This must be resolved agaiu parallel to x foi which we must multiply by 
cosi/r Also as the line of centres maj have with equal probability all directions 
we must multiply furthei by sm ■>|r£Zi/r/2 and mtegiate from 0 to tt The result 
will be the aveiage transmission per collision, pei Pj of translatory momentum of 
the layei pirallel to x Taking iccount of the numbei of impacts of a P^ on a P 
as in § 23 we obtain finally 






wheie s is the semi sum of the diameteis of a Pj and a P 


( 7 ) 


49 To put this in a moie convenient form note that (2) in the notation of 
(o) gives us the relation 

K dx h dx P 


alienee QJK + Q,lh ^2px (8) 

We have not added an arbitiaiy constant foi no oiigin has been specified foi a 
Nor have we added an arbitrary function of t because (as will be seen at once 
fi:om (3)) this could only be necessary in cases where the left hand members of (6) 
are quantities comparable with the othci terms in these equations They are however 
of the ordei of 


dt 


dxdt^^ 


&c 


and cannot rise into importance except in the case of motions much moic violent 
than those we arc considering 

Fiom (8) wc obtain jk = 0 ( 9 ) 

which signifies that equal volumes of the ti^o gases pass in the same time in opposite 
directions through each s-ection of the tube This gives a general description of the 
nature of the cases to which our investigations apply 


But by (3) and (4) wc hxvc foi the value of 


PjP (otj - a ) 

the expression - P,n - 1 j + + \P < Gti) , 

or by (9) (2) and (5) 


T II 


{'W ~ 8n ^ 


22 
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Substituting this for the corresponding factois of R in the first of equations (6) 
and neglecting the left hand side we have finally 

. 1 d^Qi , 8 /ir{h + h) ph idQx 1 dOx, of ar \ 

“ “ - s; -3? + 3* V -TA— + P. I w - te ^ ’*■) 


01 


dG,^(8 Pi + P 


dt \16s® Vtt (/?i + A 2 ) hji P 


- -f (?2 iCti + 'ih. ssGti)^ 


doc^ 


or somewhat more elegantly 


dQi __/3 jhi-\-h 

dt \8n5 V Trhih 


1 

8n 


(W2i(ZDi + 72i2 



dco^ 


( 10 ) 


60 This equation resembles that of Fourier for the lineai motion of heat, but 
as already stated m § 34 the quantities which occur in it render it in general 
intractable The first pait of what is usually called the diffusion coefficient (the mul 
tiplier of d^Qi/da^ above) is constant, but the second, as is obvious from (5) and (8) 
is except in the special case to which we proceed a function of dGi/dao, %e of the 
percentage composition of the gaseous mixture 

61 In the special case of equality both of mass and of diameter between the 
particles of the two systems the diffusion coefficient becomes 

/— + — 

bns^\ irh inirs^^/h 

^4 ^2 0 677 ^ ® 

where X is the mean free path in the system Hence the diffusion coefficient among 
equal particles is directly as the mean free path and as the square root of the 
absolute temperature Fourier s solutions of (10) are of course applicable in this 
special case 

If we now suppose that our arrangement is a tube of length I and section S, 
connectmg two infinite vessels filled with the two gases respectively, and farther, 
assume that the diffusion has become steady the equation (10) becomes 

dt dec 

where the left hand membei is constant Also, it is clear that since dGi/dx must thus 
be a linear function of a? we have 
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SO that the mass of either gas which passes per second acioss any section of the 
tube is 

SDp/l 

where p is the common density of the two gases 

Foi companion with the corresponding formulae in the other cases treated below 
we may now write oiu lesult as 

= - -^122 
at TTS \lli 

Also to justify our assumption as to the order of the translatory speed we find 

ty (3) 

138\ 

Hence except where I — a, is of the oidei of one thousandth of an inch oi less this 

lb very small compared with h~ And it may safely be taken as impossible that 
can (experimentally) be kept at 0 at the section a, = I 

If the vessels be of finite size and if we suppose the contents of each to be 
always thoioughly mixed we can appioximate to the law of mixtuie as follows On 
looking back at the last result we see that foi p we must now substitute the 
difference of densities of the first gas it the ends of the connecting tube Let g 
be the quantities of the two gases which originally filled the vessels respectively, 
and neglect in comparison with them the quantity of eithei gas which would fill 
the tube Then obviously 

d(?i _ _ SDp _ gr, — 

dt I \gi g ) 


whence 


5 - 1 + 17 


+e ^ on 
SI 


This shows the steps by which the initixl state (gr^ 0) tends asymptotically to the 


final state 




9 


\9i-^9 9i+ 9 

vessels aie equal this takes the simple foim 


= ^ ( 1 + e 


gA in which the gases aie completely mixed When the 




52 In the case just tieated thoie is no transmission of energy so that the 
fundamental hypotheses are fully admissible In general however it is not so The 
result of ^ 41 properly modified to apply to the piesent question shows that the 
energy which on the whole passes positively across the section oo is, per unit area 
pel second 


5 

i \ A / 6 




®3) 
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This of course in geneial diffeis from section to section and thus a disturbance of 
temperature takes place In such a case we can no longer assume that and 
are absolute constants, and thus teims in Ctg would come in just as a term in 
appeared in the expression foi energy conducted (§ 42) Thus in order that our 
investigation may be admissible the process must be conducted at constant tempera 
ture This in general presupposes conditions external to the apparatus 


53 Though it appears hopeless to attempt a general solution of equation (10) 
we can obtain from it (at least appioximately) the conditions foi a steady state of 
motion such as must we presume finally set in between two infinite vessels filled 
with different gases at the same temperatuio and pressure Foi the left hand member 
IS then an (unknown) constant a second constant is introduced by integrating once 
with lespect to Xy and these which determine the complete solution are to be found 
at once by the terminal conditions 


1 dQx _ __ jn for a? = 0) 

A ■^“”*"10 = i ] 


( 11 ) 


And by a slight but obvious modification of the latter part of § 51 above we can 
easily extend the process to the case m which the vessels are of finite size — 
always however on the assumption that their contents may be regarded as promptly 
assuming a state of uniform mixture The consideration of ^ 52 however shows that 
the whole of the contents must be kept at constant temperature in order that this 
result may be strictly applicable 


54j Recurring to the special case of § 51 let us now suppose that while the 
masses of the particles remain equal their diameters are diffeient in the two gases 
Thus suppose 5i>5 Then it is clear that 

Si and s - 5 


are both positive In this case infinite termmal vessels being supposed (10) gives for 
the steady state 


A = ^ /iL J. ^ M ^ 

7m (45 V 2 3 \ni5i^ + n^s -hnsy] dx 

whose integral, between limits as in (11) above is 


( 12 ), 



Here A is the rate of passage of the first gas in mass per second per unit area 
of the section of the tube 


If now we put 5i = 5 -l-cr 5=5 — 0 - 

then when a is small compared with 5 the multiplier of Cin/S is 

(1 -h 0 - 73 ^ )/^ nearly 
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When <7 IS nc<arly equal to 5 % e one of the sets of particles exceedingly small 
compared with the other it is nearly 

1 283/s 

Thus it appears that a difference in size the mean of the diameters being unchanged 
favours diffusion 


Si s 


3 2 1, 


Suppose for instance 
mi w. have 4 + (j* +|«l„g » + 

{lyM- 


ttZs j\/h 




1085 




124 


Compare this with the result for equal pai tides (§ 51) remembering that X 
now stands for the mean free path of a particle of either gas in a space filled with 
the other — and we see that (so long at least as the masses are equal) diffusion 
depends mamly upon the mean of the diameters being but little affected by even 
a considerable disparity in size between the particles of the two gases Thus it 
appears that the viscositj and (if the experimental part of the inquiry could be 
properly earned out) conductivity give us much more definite information as to the relative 
sizes of particles of different gases than we can obtain from the results of diffusion 


Equation (12) shows how the grad%ent of density of cither gas vanes m the 

j 

stationary state with its percentage in the mixture For the multiplier of ^ is 

dx 

obviously a maximum when 

+ s^+s^/y 

m which y = 'ihjni ib so This condition gives 

= 2/ = s /si 


Hence the gradient is least steep at the section in which the proportion of the two 
gases IS inversely as the ratio of the diameters of their particles, and it mcreases 
either way from this section to the ends of the tube at each of which it has the 
same (greatest) amount This consideration will be of use to the full understanding 
of the more complex case (below) in which the masses as well as the diameters of 
the particles diffei m the two gases 


56 Let us now suppose the mass per particle to be different m the two gases 
The last terms of the nght hand side of (10), viz 


1 
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may be ■wntten in the form 

Pi dill f(n — Hi) h /■“ 

37 m doc 1 >Jbi I , 


r f(y)dv 

t riih Si F (y) +{n-ni) AjS F (^y 


'(y) dy 


0 (n-ni)kii F(^y) + nihs F(^y^^^j 


where the meanings of / and F are as m § 34 

If we confine ourselves to the steady state wc may integrate (10) directly with 
respect to x smce dGijdt is constant In thus operating on the part just written 
the integration with regard to x (with the limiting conditions as in (11)) can be 
carried out under the sign of integration with lespect to y — and then the y inte 
gration can be effected by quidraturcs 

The form of the x integial ib the same in each of the terms Foi 


Jn^ni + B(n- rii) J^A (n - ni) + 5?Zi A - 5 r A 

This expression is necessarily negative as A and B aie always positive When A 

and B are nearly equal so that B = { 1 ’\- e)A its value is 

A\2 ) 

so that even when A and B \ie equal there is no infinite term 

It is easy to see fiom the forms of F(y) and of its first two diffeiential 

coeflficientb that the equation 

h^iF(y) = IiiS^F{yf^j^ 

can hold for at most one finite positive value of y 

16 As a particular and very instructive case let us suppose 

Pi P h h 16 1 

the case of oxygen and hydrogen 

(a) First assume the diameteis to be equal Then the mtegral of (10) with 

limits as in (11) taken on the supposition that the flow is constant is 


A , B 


7^1- 

^ dt ~ 




m-w{i 

P(y)-16P(| 


^’(3/)/(y)-16»P(|)/(|)^ 16P(|) 

( /i,\ \ a TPr«,\ 


Fiy)-16F 
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As remarked above the definite mtegial is essentially negative For so is every 
expression of the form 

a ~h Aa — Bh, B 
A-B'^{A -Bf^^^A. 

provided A B, a and h be all positive When A and B are equal its value is 

- 23 <« + 6 ) 

I have made a rough attempt at evaluation of the integral paitly by calculation 
partly by a graphic method My result is at best an approximation for the 
various instalments of the quadrature appear as the relatively small differences of two 
considerable quantities Thus the three decimal places to which fiom want of 
leisure I was obliged to confine myself are not sufficient to give a very exact 
value The graphical representations of my numbers were however so fairlj smooth 
that there seems to be little nsk of large enor The full curve in the sketch 
below shows (on a ten fold scale) the values of the integrand (with their signs 



changed) as ordinates to the values of y is ibscissse The area is about - 2 165 
Hence we have 

TTi v/tl 


idG, 

^ dt 


U63 
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(b) Suppose next that the diametei of a Pi is three times that of a P but 

the semi sum of the diameteis is s as before The definite integral takes the foiin 



The coiresponding cuive is exhibited by the dashed line in the sketch and its aica 
IS about — 3 157 Hence in this case 


.dO, 

dt 


Pi 

tts \J h\ 


3 793 


(c) Still keepmg the sum of the semidiameters the same let the diametei of a 
Pa be three times that of a P^ The integral is 



The curve is the dotted line in the cut and its aiea is about —1713 Hence have 


dt “ 


Px 

ir^A/hi 


3 312 


If we compare these values obtained on such widely different assumptions as to the 
relative diameteis of the particles we see at once how exceedingly difiicult would 
be the determination of diameters from observed lesults as to diffusion (Compare § 54) 


But we see also how difiiision vanes with the relative size of the pai tides the 
sum of the diameters being constant For the smallei relatively are the particles 
of smaller mass (those which have the greater mean squaie speed) the moie lapid is 
the diffusion 


And furthei by companson with the lesults of §§ 51 54 we see how much more 
quickly a gas diffuses into another of different specific gravity than mto another of 
the same specific giavity 
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When the less m issue pai tides aie indefinitely small in compaiison with the 
others tb-© diameter of these is s, and for then late of diffusion we have 


= _ -Pi 

dt -TTS 


426 


When xt ife the more massive particles which are evanescent in size the numerical 
factor seems to be about 3 48 Hence it would appear that even in the case of 
masses iscii different there is a value of the diffusion coefficient which is 

reached before the moro massive particles are infinitesimal compared with the otheis 


[At one time I thought of expressing the results of this section in a foim 
similar to that adopted in the expression for i) in § 61 It is easy to see that the 
quantity corresponding to \ would now bo what may be called the mean free path 
of a svngle particle of one gas in a space filled with another Its value would be 
easily calculated by the introduction of for h m the factor v of the integral 



while ke©i>ing e in teims of h This mvolves multiplication of each numbei in the 
fourth column of the Appendix to Part I by the new factor But on 

reflection I do not see that much would be gamed by this] 


T II- 


23 
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APPENDIX 


The notation is the same as m the Appendix to Part I 


X 

xXJX, 

xr./r 

^XJX 

.TJX 

01 

000049 

000005 

000001 

000000 

2 

000758 

000152 

000030 

000001 

3 

003594 

001078 

000323 

000029 

4 

010364 

004146 

001658 

000265 

5 

022505 

011252 

005626 

001407 

6 

040512 

024307 

014684 

005250 

7 

063623 

044536 

031175 

015276 

8 

089928 

071942 

057654 

036834 

9 

116712 

105041 

094537 

076575 

10 

141040 

141040 

141040 

141040 

1 1 

160292 

176321 

193953 

234683 

1 2 

172666 

207187 

248624 

358019 

13 

177229 

230398 

299517 

506184 

14 

174174 

243844 

341382 

669108 

15 

164430 

246645 

369968 

832427 

1 6 

149568 

239309 

382894 

980209 

17 

131393 

223368 

379726 

1 097407 

18 

111654 

200977 

361758 

1 172098 

19 

091960 

174724 

331976 

1 198432 

20 

073480 

146960 

293920 

1 175680 

21 

067015 

119731 ! 

251435 

1 108829 

22 

043032 

094670 

208274 

1 008046 

23 

031579 

072632 

1670o4 

883714 

24 

022584 

054202 

130085 

749288 

25 

015750 

039375 

098438 

615234 

26 

010686 

027784 

072238 

488332 

27 

007074 

019099 

051567 

375926 

28 

004536 

012701 

035563 

278812 

29 

002871 

008336 

024145 

203063 

30 

001710 

00ol30 

015390 

138510 

31 

001071 

003320 

010294 

098925 

32 

000629 

002014 

006445 

065997 

33 

000361 

001192 

003935 

042852 

34 

000211 

000689 

002344 

027098 

35 

000111 

000389 

001361 

016671 

36 

000066 

000240 

000865 

010004 

37 

000037 

000136 

000505 

005839 

38 



000229 

003307 

39 



000118 

001798 

40 



000062 

000985 


2 095244 

2 954862 

4 630593 

14 624154 


Thus the values of C^, and are respectively 0 838, 1 182, 1 852 and 5 849 
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I HAVE explained at some length in my Reply to Piof Boltzmann* the 

circumstances under which the present inquiry originated and has been pursued Of 

these I need now only mention two —fi^st the very limited time which I can spare 
for such work second the very mcagie acquaintance I possessed of what had been 
aheady done with regard to the subject My object has been to give an easily 

intelligible investigation of the F ov/j/iddtions of the Kinetic Theory , and I have in 

consequence abstained from readmg the details of any mvestigation (be its author who 
he may) which seemed to me to be unnecessarily complex Such a course has 
inevitably ceitam disadvantages but its manifest advantages far outweigh them 

In August 1888 however I was led in the course of another inquiry f to peruse 
rapidly the work of Van der Waals Die Gontmuitat des gasformigen vnd flussigen 

* Pi oc P S E January 1888 Phtl Mag March 1888 

I* Report on some of the Physical Properties of Water Phys Chem Chall Exp Part IV [LXI above p 56 ] 

23—2 
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Zustcmdes This shows me that Lorenz had anticipated me in making nearly the same 
correction of the Virial equation as that given in the eailiei part of § 30 of my first 
paper His emplo}ment of the lesult is a totally different one from mine he uses 
it to find a coirection for the number of impacts The desne to make at some time 
this investigation arose with me when I was wilting my hook on Heat as will be 
seen m the last paragraphs of § 427 of that book [First edition 1884 ] It was caused 
by my unwillingness to contemplate the existence of molecular 'iepulsion m any form 
and my conviction that the effects ascribed to it could be explained by the mere 
resilience involved in the conception of impacts 

The piesent papei consists of instalments read to the Society at inteivals duiing 
the yeais 1887-8 The first of these which is also the eailiest in point of date deals 
with a special case of molecular attraction on which of course depends the ciitical 
temperature and the distinction between gases and vapouis Heie the particles which 
at any time are undei molecular force have a greater average kinetic energy than the 
rest Mathematical or rather numeiioal difiSculties of a somewhat formidable nature 
inteifeied with the exact development of these inquiries I found for instance that 
in spite of the extieme simplicity of the special assumption made as to the molecular 
force the investigation of the average time between the encounter of two particles and 
their final disengagement from one another involves a quadrature of a very laborious 
kmd Thus the correction of the number of impacts could not easily be made except 
by some graphic process 

One reason for the postponement of publication of the piesent part was the hope 
that I might be enabled to append tables of the numerical values of the chief integrals 
which it involves especially the peculiarly mterestmg one 

y = 6”^ I dx 
Jo 

Want of time however forced me to substitute for complete tables mere graphical 
representations of the corresponding curves drawn from a few carefully calculated values 
These are not fitted for publication, though they were quite sufficient to give a goneial 
notion of the numerical values of the various results of the investigation, and enabled 
me to take the next step — viz the approximate determination of the form of the Vinal 
equation when molecular attraction is taken account of Part IV of this investigation 
contammg this application was read to the Society on Jan 21 1889 and an Abstract 
has appeared in the Proceedings It appears that the difference of average kinetic 
energy between a free and an entangled particle is of special importance in the physical 
interpretation of the Virial Equation 

An Appendix is devoted to the consideration of the modification which the previous 
results undergo when the coefficient of restitution is supposed to be less than 1 This 
extension of the mvestigation was intended as an approximation to the case of radiation 
from the particles of a gas, and the consequent loss of energy But so far as I have 
developed it no results of any consequence were obtained I met with difficulties of 
a very formidable order arising mainly from the fact that the particles after impact 
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do not always separate from one another The full tieatment of the impact of a smgle 
paiticle with a double one is ^ery tedious, and the conditions of impact of two 
double particles are so complex as to be totally unfit for an elemental y mvestigation 
like the piesent 

The remainder of the Appendix is devoted to two points raised by Professors 
Newcomb and Boltzmann lespectively — the first being the pioblem of distribution of 
speed in the special state , — the other involving a second approximation to the 
estimates of Viscositj and Theimal Conductivity already given in Part II 


XV Special Assumption as to Moleculai Force 

o7 To simplify the treatment of the moleculai attraction between two particles 
let us make the assumption that the kinetic energy of their relative motion changes 
by a constant (finite) amount at the instant when their centres aie at a distance a 
apart This will be called an Encounter There will be a lefraction of the direction 
of their lelative path exactly analogous to that of the path of a lefracted paiticle 
on the corpuscular theory of light To calculate the term of the viiial (§ 30) which 
corresponds to this we must find 

(a) The probability that the relative speed before encounter lies between u and 
U’\’du 

(b) The probability that its direction is inclined from 6 to to the line of 

centres at encounter 

(c) The magnitude of the encountei under these conditions and its average value 

Next to find the (altered) circumstance*^ of impact we must calculate 

(d) The piobability that an encounter defined as above shall be followed by 
an impact 

(e) The circumstances of the impact 

(/) The magnitude of the impact and its average value per encounter 

In addition to these we should also calculate the number of encounters per 
second and the average duration of the period from encounter to final disentangle 
ment in order to obtain (from the actual speeds befoie encounter) the correction foi 
the length of the free path of each This however is not easy But it is to be 
observed that in all probability this coirection is not so serious as in the case when 
no molecular force is assumed For m that case the free path is always shortened 
whereas m the present case it depends upon circumstances whether it be shortened 
or lengthened Thus if the diameters of the particles be nearly equal to the en 
counter distance, there will m general be shortening of the paths and consequent 
dimmution of the time between successive impacts — if the diameters be small in 
compaiison with the encounter distance, the whole of the paths will be lengthened 
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and the interval between two encounters may be lengthened or shortened Thus if 
we assume an intermediate relation of magnitude there will be (on the average) but 
little change in the intervals between successive impacts Hence also the time during 
\vhich a particle is wholly free will be nearly that calculated as in § 14 with the substi 
tuition of course of a foi 6 


XVI Average Values of Encountet and of I'm/pact 


58 The number of encounters of a y with a in diiections making an angle 
y3 with one another is by § 21 proportional to 

vviVo sin 

where Vq^ = v + “* cos ^ 

Hence the number of encounters for which the relative speed is from u to u-\-du 
IS proportional to 


udu 


J VVi 


( 1 ) 


The limits of Vi aie v±u or u±v according as viu, and those of v are 0 to oo so 
that the integral is 


lo2hv^ ’ 

J 0 


c—hu H 


The first term of this integral may be written as 


and the faecond as 


I dxe-^ 


— OO 

Together these amount to xdx€~^^ +uj 


The first term vanishes and the second is 

u fir 

2 V ^ 


u^du 


Q—Jiu /2 


f 2A’ 


Thus the value of (1) is 


( 2 ) 
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But on the same scale the whole number of encounters in the same time is 

h 1 ^ - 3 = j 

Thus the fraction of the whole encounteis which takes place with relative speed to 
w + dzc IS 

— u^du 

whose integral from 0 to oo , is 1 as it ought to be 

59 Now these lelative motions are before encountei distributed equally in all 
directions Let us deal therefore only with those which are parallel to a given line 
The final lesult will be of the same character relative to all such lines, and theie 
fore the encounters will not distuib the even distribution of directions of motion 

Refer the motion to the centre 0 of one of the encountermg particles Let 
A be the point midwaj between the particles at encounter B that of impact the 



encountering paiticle coming paixllel to GO Let OA^aj^ OB (as befoie) = 5/2 Let 
0 <j> he the angles of incidence and lefiaction at encounter ^|r that of incidence at 
impact ic and w the relative speeds before and ifter the encounter Then 

V ^md = w 

and if Pc® represent double the work done m the encountei by the moleculai foices 

cos® 0 -h c® = w; cos (p 

so that u + c = w 

Also it IS obvious from the diagram that 
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Hence the encounter will not be followed by an impact if 

sin 0 > — 
au 

60 We must next find the average value of an encounter and also of m 
impact, m the latter case taking account of all the encounters whether or not they 

in\olve an impact 

The numerical value of the encountei-impulse in the above figure is evidently 

P (w cos cos 0)/2, 

which must he doubled to include the repetition on separation, and the average value 
when the relative speed is u is 


It 

2P sm 9 cos 0 (w cos ^ - M cos 6) 

Jo 


d9 


0) 


The value of the subsequent impact is 

— Fw cos '\p' 

and the average value 

- 2Pw jeos 0 sin 0 ^ 


sm 9d9 


When sw>au the limits are 0 and ^ and the value is 




(4) 


But when sw < au the limits are 0 and sm-i ^ and the value 

2 r, SW 

-s^“'sr 


IS 


( 5 ) 


By (2) and (3) we find as the average value of the encounter takmg account of ill 
possible relative speeds, 

+ ^h f {(c +w) -c®- w’}, 

O J Q 

- 1 ^ I® ‘ H ^ ® ^/rk^ 
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or if we wiite for feimplicit} e = Ac®/2 

- 2 V2^ - 3 y f } 

^ -l) + ev'2-V2««“y-»dy| 

+ ( 6 ) 

The expression obviously vanishes as it ought to do when ^ = 0 And it is 
always positive foi its differential coefficient with respect to e is 



In a similar way (4) and (5) give with (2) as the aveiage impact <pet encounte) 


JJ = — _ f_i_ 1 ^ ( 

i-f 

1-^y 

k >.00 

j+l wiidue~^'^l 

3 a Uo V 

V 

S H) J 

J J _sc 


3 a (Jo Jo \ swj j 


The first integral we have already had as part of the encounter To simplify the 
second let 5 /a = cos a and it becomes 


'c cot , 

-f c ’—u sec a)® 
J 0 


which with 
gives 


c — tan a = < 0 ^ 


cot a 

/ 0 


01 




Ihe whole is now 


jB = — -^A^cos 


tan^ae"^^^ f 




f 


J-Ulta 




J\ 


Oj-Qoia 


Pcos'^af /tt „ P , , recota 

VA ~ r v 2 - V26« J ^ dy + V2e tan a- ^/2e-‘‘ tan -* aj e'^ 

^ ^ “ 1^* x/l Iq ®~® ^ 2 / - ^26-*"“^ a Vd»| 


n^dxe^^ 
dx 


24 
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which, when e = 0 and cos a = 1 becomes 


-P 



as in § 30 

It would at first sight appeal 


that the value of the impact is finite 


(—■ fVI) 


when there is no nucleus e ot-jj But in such a case we must lemember that 

the second part of the first expression for R above has no existence In fact the value 
of the second of the two integrals is V^tan^a ecota when ecota i& small, and this 
destroys the apparently non vanishing term 


XVII Lffect of Encounters on the Free Path 


61 If two particles of equal diameteis impinge on one another the relative path 
must obviously be shortened on the average by 


27rsin0cos 6d9 


27r sin 6 cos 6dd 


3 


But if V Vi be their speeds and Vq their relative speed the paths are shortened 
respectively by the fractions vjv^ ana Vi,jv^ of this The average values must be equal 
so that we need calculate one only 


Now the average value of v/vq is obviously 

j vi/ivsm 13 d^ 

JvviVoSmj8d/3 

where j8 is the angle between the directions of motion so that 

vvi sin j3d/3 = Vodvo 

Hence the average above is 

I v, J 4 1 
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Hence the mean of the free paths during a given period becomes 

1 V2a 

sj^mrs 3 ’ 

that IS it IS shortened in the ratio 

1 — ^ nir^ 1 
o 


or 1—4 (sum of vols of spheies in unit vol ) 1 = 1—^ 1 say 

Hence the number of collisions per second already calculated is too small in the same 
ratio 


Thus the value of S(i2) in § 30 must he inci eased in the ratio 1 
virial equation there given becomes 



and the 


«.P«;/2=|p 



It this were true in the limit the ultimate volume would be double of that before 
calculated, % e 8 times the whole volume of the p\i tides 


62 Another mode of obtaining the result of § 61 is to consider the particles as 
mere points and to fmd the average interval which elapses between their being at a 
distance s from one anothci and then reaching the positions whcie then mutual distance 
IS least The space pas ed over by each during that time will have to be subtracted 
from the length of the mean free path calculated as in § 11 when the particles weie 
regarded as mere cnculxr discs 

The average mteival just mentioned is obviously 


1 


If 



s cos 6 sin 6 cos 6d6 


u 


ir 



Sin d cos 6 dO 


3w 


Hence the average space passed over in that interval is 


3w- 



Wi 


dv 


3 ‘"“3 


If -we put a for 5 m this expression we have the amount to be subtracted from 
the average path between tv^o encounters in consequence of the finite size of the region 
of encounter 


24—2 
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XVIII Average Duration of Entanglement and consequent Average Kinetic Energy 


63 We have next to find the average dmation of entanglement of two pxi tides — 
^ e the interval dining 'which their centres are at a distance less than a 

The whole relative path between the entering and leaving encounteib is 

2 (a cos “ 5 cos yjr) 


or 2a cos (f> 

accordmg as there is or not an impact 

Hence the whole time of entanglement is the quotient when one oi othei is divided 
by w And the average value foi relative speed u is 


when 

and 


■ = — f (aJiu - u sin 0 — Jws —au sin 6) cos 6 sin 
= (w^ — c®) — ^ (w^s^ — (w s —an )^) 


ede 


ws>au, 


_4 

' w 


' ra 

I ajw — 

y 0 


u sm® 6 cos 6 sin Odd ■ 


/• au 

Jws - 
Jo 

= (^3 _ gS) L 2^353^ 

' a u } 


oj^u^ sin 6 cos 0 sm OdO 


when 


ws<au 


These must be multiplied by the chance of lelative speed u as in § 58 and the 
result IS 


2h 

3 


CJ_ 

sja -s 


f s -au)^e 

Jo w V a J a^Jo 


■or with the notation of § 60 
2ah^ 


he! \ — /] _ oos _ (A Q-ihio /2 >j. I — ic Sin a)^ ■ 

^ ^ Jc 


_ q7ic I f ^ n — COS® a) — C®) ■ 

3 


2ah^ -^cot rccosa z^dz 

3 ^ Jo 


q+7iz cosec a/2 


As the value of this expression depends in no way on the length of the free 
path it 18 clear that the average energy of all the particles is gieatei than that of 
the free pai tides by an amount which increases lapidly as the length of the fiee 
path IS diminished 
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APPENDIX 


A Ooefficient of ResMuHon less than Umty 


Let us form again the equations of § 19 assuming e to be the coefficient of lestitution 
We ha\e 




so that P(u -n)=-:^|il^)(u-v){(2P + ei-e)u+§(l+e)vj, 

The whole change of energy in the collision is half the sum of these quantities viz , 


With the help of the 
and of a respectively 


\PQ(\-e) 


(u-v) 


2 P+C 

expressions in 22 we find for the 


iveiage changes of ener^^y of a P 


ip(u = - {^{Fk-Qh)vQ{l-e){h^k)\ 

- -^(1 - «) (^' + -^)i 

The first term on the right is energ} exchanged between the systems, and as in the case 
of 6 = 1 it vanishes when the average eneigy per particle is the same in the two systems 
Ihe second term (intrinsically negative for each system) is the energy lost and is always 
greater for the particles of smaller miss The xveiage energy lost per collision is 

Pg(l- 6)/l 1\ 

2(F^Q) U V 


It is easy to make for this case an investigation hi e that of ^ 23 Bui we must 
remember that there is loss of ener^^y by the internal impacts of each system which must 
be taken into account in the formation of the diffirential equations This is easily found 
from the equations just written by putting Q = F— hut ihe differential equations become 
more complex than befoie, and do not seem to j^iie iny result of value [Shortly aftei 
Part I was printed off, Prof Burnside called my attention to the fact that the equations 
of interchange of energy in § 23 are easily integrable without ippi oximatiqn But the 
approximate solution in the text suffices foi the applicxtion made] 


B The Law of Distribution of Speed 

In addition to what is said on this subject in the Introduction to Part II , it may be 
well to take the enclosed (from Froc R S F Jan 30, 1888) 
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‘‘The behaviour parallel to y and % (though not the number) of particles whose velocity 
components are from x to x->rdx must obviously be independent of x so that the density 
of ‘ends in the velocity space diagram is of the form 

/(^) ^ {y 

The word I have italicised may be very easily justihed No collisions count except those 
in which the hne of centres is practically perpendicular to x (for the others each dismiss 
a particle from the minority, and its place is instantly supplied by another, which boha\cs 
exactly as the first did) and therefore the component of the relati\e speed involved in the 
collisions which we lequiie to consider depends wholly on y and z motions Also, foi the 
same reason, the frequency of colhsions of various 1 inds (so far as x is concerned) does 
not come into question Thus the y and z speeds not only in one x layer but in all> 
are entirely independent of x though the numbei of particles in the layei depends on 
X alone 

C Viscosity 

In my “Reply to Prof Boltzmann I promised to give a furthei approximation to 
the value of the coefficient of yiscosit;y, by taking account of the alteration of peimeibility 
of a gas which is caused by (alow) shearing disturbance I then stated that a lough 
calculation had shown me that the effect would be to change my first avowedly ctppi otxnidU 
lesult by 11 oi 12 per cent only I now write agiin the equations of § 36, modifying 
them in conformity with the altered point of \iew 

The exponential expression in that section foi the number of particles ciossin^^ the pi me 
of yz must obviously now be written 

-seed / fit; d^jv 

where % is the velocity lelatwe to the absorbing layei at and e also is no lont^oi 
constant But we have at once ^ 

Iq-v + sin d cos <f> 

so that the exponent above is -^J^lev + (ev) Bi sm 6 cos 

Thus the differential of the whole 1 / momentum which comes to unit surface on so = 0 from 
the layer x x + dx is 

g * (1 - B.^ (- siu ^ cos « + B.) sin ^ 

Integrator with lespect to from 0 to 27r to x from 0 to oo , and to 0 from 0 to 

2 and doubling the lesult we ha\e 

The first term expresses my foimer result, viz 

BPG^ 

Sts Jh 
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BPn r^/^_ 2£Pn r°° vkv‘ 2BPG, 

15 In ^ J 15 In & I^Trsl . Ih 


B.t tho ,1.01, ^ 

IS jo ^ / IS /q e Idirs sjh 

The ratio is = 3 704/4 19 = 0 882 

It IS worthy of remark that the term 

Jo 15e 


has the value 


r H 

Jo 15e 
5 0, - 20, 

l')W7rs J/i 


and that 4/5 ths of the Oi term are due to e 

D Thermal Conduct%mty 

Applying a process, such as that just given, to the expressions iii ^ 39, we hiid tint 
the exponential in the integral for the number of particles must be written 

-eoa;sec^+ — -i-ofsccd/. .. (qO,%\ 

€ ^ ^ = € il-fioX^ec o/^v + j 

to the required degree of appi oximation [Properly, the superior hunt of the B mUgiation 
should be cos“^ hut this introduces quxntities of tho Older a only] Thus cquxtion 
( 1 ) becomes 

In the same way equation (3) of § 41 becomes 

{C ^ 7 )/^ “ 'ialv-Qa/ieo^ 

Thus equations ( 1 ) and (3 ) of § 42 become, lespectively, 

a = A JL n.r 

bTr2)6 \2 ^ 7 birphs^ ’ 

and JE = -Z (— 0 - 50 + 0^ ^ 3P(?a 5P C^a 

Thus we have finally to deal with the new foims of (1 ) and (3 ) of 13 vi/ 

a =4 ^0 06 

VA p ph ’ 

When similar methods are applied to the diffusion equations, they beconu hopelessly 
comphcated ^ 
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[A PEW words are necessary to explain why the present papei has hitheito been 
piinted in Abstract only and to show what modifications it has undergone since it 
was read more than two years ago 

In the paper as it was first presented to the Society I contented myselt with 
the usual practice of extracting from the virial a negative term {— ^p) to rcpicsc iit 
at least a portion of the part due to the molecular lepulsion at impact But as will 
be seen by the Abstract printed at the time {Pioc Roy 8oc Edm 21/1/89) T staled 
that though this procedure is correct when molecular attiaction is not taken into 
account it requires considerable modification when such attractions are intioduccd I ilso 
stated that its main effect would be to alter one of the disposable quantities (A) in 
my equation I have since seen that the definition of what we are now to undei stand 
by temperature which I then introduced leads naturally and directly to the wilting 
of a part of A in the form 


— e Oj{v H- fy)J 
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where E is proportioual to the absolute temperature and to the average energy of 
1 free particle This lemark reallj substitutes the new undeteimined quantity e for 
the /9 which occuned m my former expression But the equation in its new form 
though containing as many arbitrary constants as before is considerably more simple 
to deal with as p occurs only in the teim pv m which both factors are directly 
given by experiment The teim p(v—0) was a source of great trouble in the 
attempt to determine the proper values of the constants It was recognised by 
Van del Waals even in his earliest paper that the quantity 0 suffers large changes 
of value with changes of volume of the gas so that no foimula in which it is treated 
as a constant could suffice to represent more than a moderate volume range of the 
isothermals with any consistent degree of accuracy 

When I first read my paper I had made no serious attempt to attack the 
formidable numerical pioblem of determining values of the constants which should 
adapt my mam foimula to Andrews experimental data I contented m}self with 
obviously (and professedly) provisional assumptions which showed that it was well fitted 
to represent the results but I also gave the relations among the constants of the 
formula and the data as to the mass and the critical values of the pressure volume 
and temperature of the substance 

Later having carefully reduced Andrews data to tiue pressures (by the help of 
Amagats determinations of the isothcimals of air at oidinary tempeiatures) I pioceeded 
to try various ^assumptions as to the values of the quantities ii p a in my formulse 

on which (as < = 30 9C was already given by Andrews with great precision) all the 

constants can be made to depend I at first endeavoured to adjust these so as to 
make /9 = 0 0017 m consequence of a statement by Amagat (Ann de Chimie 1881 
XXII p 397) as to the ultimate volume of CO But I failed to get results givmg 
more than a general accordance with Andrews experiments, so that I made further 
guesses without taking account of this datum I had however become accustomed to 
the employment of it as a quantity of the order lO"'* of the volume of the gas at 
0 C and 1 atm so that I was much surprised to find that one of my chance 
assumptions which gave ^ = 000005 led to a formula far more closely agieemg with 
Andrews than any I had till then met with The reason for this agreement is now 
obvious — The term -/3p is not the proper expression for the part of the vinal which 

it is mtended to represent and the true mode of iiftroducmg that part is as pointed 

out m my Abstract to alter the value of A from isothermal to isothermal and from 
volume to volume 

In January last I happened to ask IM Amagat if he could give me the value of 

pv for CO 2 at 0 C and 1 atm which is wanting m his remarkable table (m the 

Ann de Ghimie above referred to) In reply he kindlj furnished me with a new 
and extremely complete set of determinations of pv in teims of p foi CO , the range 
of pressures being 1 to 1000 atm and of temperature 0 to 100 C some special 
isothermals up to 2 d 8 being added My first step on receivmg these data was to try 
how far they agreed with Andrews results which I had caiofully plotted (to true 

pressures) from 31 1 to 4.1 C and for volumes fiom 03 to 002 My object was to 

discover if possible by comparison of the results of two such exceptionally trustworthy 

T II QC 
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experimenters whether any modification of the behaviour of CO is (as some them eticil 
we »serWl) podueed by the to due to f ^ 

fine tubes in vhich Andiews measuiements were made I could find nothing of 
sort The isothermals plotted fiom Amagats numbers (which in no case ^^r® for any 
of Andrews temperatures) took their places in the diagram almost as if they had 
W an additional part of the work of one expenraenter The slight discrepancies at 
Sr^eller vohmee »e.e obviously duo to die too. (1/600) of -u. wtach us Audiew. 

■DOinted out was associated with the caibouic acid m his tu es i-l i i 

But although I have got from them only negative information as to the molecular 
effects said to be due to glass Amagats isothermals aie so regularly spread over the 
diagram as to he far more readilj available toi calculation than are those of Andrews 
I iSve not however the leisure requisite for anything like an exhaustive treatment of 
them, and all that I have attempted is to obtain values of the constants m my formula 
which make it a fair representation of the phenomena in the 

gated range of the gas region of the diagram and more especially that poition of it 
where the volume exceeds the critical volume It appears to me that to try to prish 
the approximation further at present would be waste of time, be attempted 

with any hope of much improvement until certain pomts referred to below have been 
properly^invLigated These may lead to modifications of parts of the formula which 
though unimportant m the regions now treated may greatly improve its W^ment 
with the facts in the remaining portions of the diagram Besides there is in the data 
the uncertainty due to the presence of air which was not wholly rernoved (though 
reduced to 1/2500) even in Amagats experiments This as above remarked begins to 

tell especially when the volume is small ir i. a * 

It IS aery much to be regretted that Clausius did not avail himself of Amagats 

data in reducing Andrews scale of pressures He expressly says he reiected thorn 
because they were not consistent with those of Cailletet Hence the formula which 
he obtained after great arithmetical labour though it is in close sometimes in almost 
startling agreement with the data through the range of Andrews work is not 
properly a relation among p u and t If we make it such by putting rn the 
correction (in terms of v) for the pressures as measured by the air manometer i 
new u factor is introduced into the equation and its simplicity (which is one of its 
most important characteristics) is lost I tried to obtain hmts lor the values of the 
constants in my own foimula bj making this change m that of Clausius But 
I found that the factor lit which Clausius introduced into the virial term (in ordci 
to approximate to the effect of the aggregation of particles into gioups it the lower 
ranges of temperature) made his formula mapplicable to the wide regions of the 
diagram which Andrews did not attack but which have been so efficiently explored 
by Amagat There are no doubt traces of this systematic divergence even in the 
special Andrews region but they become much moie obvious in the outlymg parts 

It IS certainly remarkable that my simple formula based entirelj on the behaviour 
of smooth spheres should be capable of so close an adjustment to the observed facts , 
and I think that the agreement affords at least very strong testimony m favour of 
the proposed mode of reckoning the temperature of a group of particles When this 
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IS intioduced it appears at once that the term of Van der Waals equation which 
he took to represent Laplaces K is not the statical pressure due to molecular forces 
but (approxim itely) its excess over the lepulsion due to the speed of the particles 
And hence the (external) pressure is not as Clausius put it ultimately the difference 
between two very Ixrge quantities but the excess of one very large quantity over 
the very large difference between two enoimously great quantities, and thus the 
whole phenomena of a highly compressed gas oi a liquid are to be legarded as 
smgulai examples of kinetic stability 28/o/91 ] 

Prehminao y 

In the preceding part of this paper I considered the consequences of a special 
assumption as to the natuie of the moleculai force between two particles the 
particles themselves being still legarded as hard smooth, spheies My object was to 
obtain by means of rigorous calculation yet in as simple a foim as possible 
a general notion of the effects due to the moleculai forces My piesent objects are 
(1) to apply this general notion to the formation and interpretation of the virial 
equation (in an approximate foim) and (2) to apply the icsults to the splendid 
researches of Andrews and then recent extension by the tiuly magnificent mcasuie- 
ments of Amagat 

Passing over some papeis of Hun and otheis m which the cailicst attempts 
were made (usually on totally eiioneous giounds) to form the equation of the i&other- 
mals of a gas m which moleculai forces aic piominent we coino to the Thesis of 
Van der Waals* who was the fiist to succeed in representing by a simple foimula 
the main chaiacteristics of Andrews results His process is bised upon the vinal 
equation and his special object seems to have been an attempt to dcteimine the 
value of the moleculai constant usually called Laplaces K Though the whole of 
this essay is extiemely ingenious and remaikably suggestive it contains (even in its 
leading ideas) much that is very doubtful and some things which are ceitainly 
incorrect One of these was specially alluded to by Oleik Maxwelli who in reviewing 
the essay said — Where he has borrowed results fiom Olausius and otheis he has 
applied them in a manner which appears to me to be eiioneous It will conduce 
to clearness if I commence with an examination of the equation which is the main 
feature of Van dei Waals Thesis and the modifications which it undenvent in the 
hands of Clausius 

XIX The Isothermal Equations of Va/n der Waals and Glausias 

64} The virial equation (§ 30 above) is 

(mu ) = ]jpv + IX (Rr ) , 

where to save confusion we employ u to denote the speed of the particle whose 
mass ife m From this Van der Waals derives the following expression — 

{p + !•)(»- /3) = (’"“O > 

* Ove^ de continuiteit van den gas en vlouUoftoebtand Leiden 187^ + Natwe Oct 15 1871 

25—2 
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and he treats the right hand member a constant multiple of the ibsoluto tcmpc 1 1 
ture (This last point is of extreme importance but I shall discuss it fiithci on, 
at present I confine myself to the formation of the equation ) 

It IS certam (§ 30) that when there is no molecular force except olxstic lesili 
ence the term 

32(i2r) 

in the vinal equation takes to a first appioximation at least the foim of x nuracnc xl 
multiple of 

S(mit) 

V ’ 

and thus that %f this tetm he small in compaiison with the othei t&tms in the equation 
we may call it 

Thus the virial equation becomes p (d — /3) = JS (mw ) 

[So fai all seems perfectly legitimate, though as will be seen htei I think it hxs 
led to a good deal of confusion — at all events it has retarded progress by iiitio 
ducing what was taken as a duect lepresentation of the ultimate volume to which 
a substance can be reduced by infinite pressure When this idea wxs once settled 
in mens mmds it seemed natural and reasonable and consequently the left hiiid 
member of the vinal equation is now almost universally wntten p — /3) , xlthough 
even in Van der Waals Thesis it was pointed out that comparison with experiment 
shows that /3 cannot be regarded as a constant But its intioduction is obviously 
indefensible except m the special case of no moleculai force ] 

Van der Waals next step is as follows —Although p in the virial equation hxs 
been stnctly defined as external pressure (that exerted by the walls of the eontxiniug 
vessel) he adds to it in the last wntten form of the equation (deduced on the 
express assumption of the absence of molecular foice) a term ajif^ which is fo 
represent Laplaces K Thus he obtains his fundamental equation 

(p + “) (^ - /3) = iS (mu ) 


or as It IS more usually written (in consequence of the assumption about xbsolute 
temperature already noticed) 


kt a 
v — 13 V 


where A: is an absolute constant dependmg on the quantity of gas and to be detei 
mined by the condition that the gas has unit volume at 0 C and 1 itmosphere 

w \ able fully to comprehend the aiguments by which 

Van der Waals attempts to justify the mode in which he obtains the above equation 
Then nature is somewhat as follows He repeats a good deal of Laplaces capillary 

IS established entirely from a statical point of view He then gives reasons^ (which 



LXXX] ON THE EOUNDATIONS OE THE KINETIC THEORY OE OASES 


197 


seem on the whole satisfactoiy from this point of view) for assuming that the 
magnitude of this force is as the s(][uare of the density of the aggregate of pai tides 
considered But his justification of the introduction of the term ajv into an account 
already closed as it wore escapes me Ee seems to treat the surface skm of the 
group of particles as if it weie an additional hounding surface exerting an additional 
and enormous, piessure on the contents Even weie this justifiable nothing could 
justify the multiplymg of this term by (u-/9) instead of by v alone But the whole 
procedure is erroneous If one begins with the virial equation one must keep stnctly 
to the assumptions made m obtaining it and consequently eoerything connected with 
molecular force whethei of attraction or of elastic resilience must he extracted from 
the term 

It is very strange that Clausius* to whom we owe the virial equation should 
not have protested against this strikmg misuse of it but should have contented 
himself with making modifications (deiived from geneial considerations such as aggie 
gation of particles &c ) which put Van dei Waals equation m the form 

_ a 

t(v + ay‘ 

65 Van der Waals equation gives curves whose general lesemblance to those 
plotted by Andrews for CO is certainly remarkable —and it has the further advantage 
of reproducing for temperature^ below the critical point the form of isothermals 
(with physically unstable and therefore expeiimentallj unrealisable portions) which 
was suggested by James Thomson as an extension of Andrews voik For a leason 
which will piesently appear (§ 67) Van doi Waals cuives cannot be made to coincide 
with those of Andrews 

The modified equation of Clausius however seems to fit Andrews work much 
better —but the comcidence with the true isotheimals is much more apparent than 
leal because Clausius woik is based on the measuiement of piessuios by the iir- 
manometer as they were originally given by Andrews who had not the means of 
reducing them to absolute measure 

But a further remail of Clerk Maxwells (m the leview above cited) is quite as 
applicable to the lesults of Clausius as to those of Van doi Waals viz — ‘ Though 
this agreement would he strong evidence in favour of the accuracy of an empuical 
formula devised to represent the experimental results the equation of M Van der 
Waals professmg as it does to be deduced from the dynamical theory must be 
{subjected to i much more se\eie ciiticism 

66 Before I leave this part of the subject I will for the sake of future 
leference put the equations of Van dei Waals and Clausius in a form which I have 
found to be very convenient, viz — 

* Annalui dor Fhjuk ix 1880 
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and 


/ (v - vY 1 ( kt a \ t -t 

P (u--/3)('y + a) / U i('y + a)/ t 


(B) 


In these equations pvt belong to the critical point determined by the conditions that 
at such a point jp is a minimax in terms of v The special advintage of this mode of 
lepresenting the isothermals depends on the fact that the first part of the value of p 
belongs to the critical isothermal, so that by comparing at any one volume tlie 
pressuies m different isothermals (as given experimentally) we ha\e a compai ativcly 
simple numeiical method of calculating the values of some of the constants in the 
equation 


67 But even if we weie to regard the formula of Vnn dei Waals as a puicly 
empirical one there is a fatal objection to it m the fact that it contains only two 
disposable constants Thus if it were correct the extraoidinary consequence would follow 
that there is a necessary relation among the three quantities pressure volume and 
temperature at the critical point — so that no matter what the substance when two 
of these are given the third can be calculated from them I do not see my giounds 
on which we aie justified m assuming that this can be the case Certimly if it wcic 
established as a physical truth it would give us views of a much strongci 1 ind th in 
any we yet have as to the essential unity of all kinds of matter Vm dei Waxls 
seems to have taken his idea in this matter from one of Andrews papers in which 
there is a hazardous and therefore unfortunate speculation of a somewhxt similu 
character Anyhow it vould seem that at least until experiment proves the contixiy 
we are bound to provide in oui theoretical woik for the mutual independence of xt 
least the thiee following quantities — 

1 The diameteis of the particles 

2 The range of sensible moleculai force 

3 The maximum relative potential energy of two particles 

Besides these there is the question of the law of molecular force which wc xie cortxinly 
not entitled to assume as necessarily the same in all bodies This has most import xnt 
beaiings on the formation of doublets triplets &c at lower temperatures 

The modified formula of Clausius has one additional constant and is therefoic not 
so much exposed to the above objections as is that of Van dei Waals Still I think it 
has at least one too few 


XX Ihe V^nal Equation foi attracting Spherical Particles 

68 What IS required is not an exact equation for this is probably unattainable 
even when we limit ourselves to hard spherical particles To be of practical value the 
equation must (while presenting a fair approximation to the truth) be chaiacterised by 
simplicity And should the experimental data requiie it we must be prepared to give 
the equation of any one isothermal in two or more forms corresponding to various 
ranges of volume It is exceedingly improbable (when we think of the mechanism 
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involved) that any leally simple expression will give a fan igieoment with an isotheimal 
throughout the whole range of volumes which cm be experimentally tieated 

Fiom the geneial lesults of Pait III of this papei we see that the term 

1,2 (mu) 

m the virial equation must when moleculai foiees are taken into account contain a 
term piopoitional to the number of particles which are at any (and therefore at eveiy) 
time within molecular range of one another Hence if when the volume is practically 
infinite we have foi the mean square speed of a particle 


(where n is the whole numbei of particles) we shall have when the volume is not 
too much reduced no woik having been done on the group from vithout 

^t(mu) = E+-^, 
v + y’ 

where 0 and y may be treated as constants the first essentially positive if the 
molecular foice be attractive the second of uncoitam sign Even if the volume be 
very greatly reduced it is easy to see from the following considerations that a sirmla.! 
expression holds The work done on a particle which joins a dense group is on 
account of the short range of the forces completed before it has entered much beyond 
the skin and is proportional cetems paribus to the skin density Hence the whole 
work done on the group by the molecular forces is (roughly) proportional to 

up pi 

the first factor expressing the number of the pii tides the second the work done on 
each But as we are dealing with a definite group of paiticlcs the first factor is 
constant so that the whole work is directly as po oi inversely as (say) v + y because 

Po<p But the work icprcsents the gain m kinetic energy over that in the free state 

so that this mode of reasoning leads us to the same result as the former for the 
average kinetic energy of all the particles 

In so fai as depends on the moleculai atti action the teim 

\l(Rr) 

IS evidently piopoitional per unit volume of the group to the square of the density 

for the particles in consequence of then rapid motions may be treated as occupying 
withm an excessively short time eveiy possible situation with regard to one another 
Thus as regards any one the mass of all the rest may be treated as diffused uniformly 
through the space they occupy In volume v therefore, the amount is as vp But 

in the present case the quantity up is constant so that, again the approximate value 

of the term is directly as p or inversely as v But once more we must allow for 
the bounding film (though not necessanly to the same exact amount as before) so we 
may write this part of the term as 

A 

o + a 
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But there is another part (negative) which depends on resilience This is (§ 30) 
proportional to the average kinetic eneigy and to the number of particles and the 
number of collisions per particle per second The two last of these factors aie piacti 
cally the same as those employed for the molecular attraction Hence the whole of 
the \irial term may be written as 

A 6 \E -h Gl(y 4* y)} 

v 4- a 

Thus if we write again A and G foi 

A , eG A n ^ 

A H and G 4 

a — y a — y 


respectively the complete equation takes the form 

„ G A — sE 

P'V = E+ — ; 

^ t;4"y v + a 

which IS certainly characterised by remarkable simplicity 


69 We must now consider how far it is probable that the quantities in the 
above expression (other than p and v) can be regarded as constant E of course 
can be altered only by direct communication of energy, but the case of the otheis 
lb different Generally it ma'v be stated that there must be a paiticular volume 

(depending pnmarilj upon the diameters of the particles) at and immediately below 

which the mean free path undergoes an almost sudden diminution and therefoie wt 
should expect to find corresponding changes m the constants In particular it must 
be noted that some of them depend directly on the length of the free path and 
that somewhat abrupt changes in then values must occui as soon as the particles 
are so close to one another that the mean free path becomes nearly equal to thou 
average distance from their nearest neighbouis For then the number of impacts pei 
second suffers a sudden and large increase Thus in consequence of the fimte size of 
the pai tides we may be perfectly prepared to find a species of discontinuity in any 
simple approximate form of the viiial equation From this point of view it would 
appear that there is not (stiictly) a critical volume of an assemblage of hxrd 

spheres but rather a sort of short lange of volume throughout which this compaix 

tively sudden change takes place Thus the critical Isothermal may be regarded as 
having (like those of lower temperature) a finite portion which is practically straight 
and parallel to the axis of volume That this conclusion is appaiently borne out by 
experimental facts (so for at least as these are not modified by the residual trace of 
air) will be seen when we make the comparison 

In fact we might speak of a superior and an inferior cntical volume and th( 
portions of the isothermals beyond these limits on both sides may perhaps have 
equations of the same form but with finite changes in some at least of the constants 

Another source of a species of discontmuity in some at least of the constants 
IS a reduction of E to such an extent that grouping of the spheres into doublets 
triplets &c becomes possible Thus we have a hint of the existence of a cntical 
temperature 
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It must be confessed that while we have only an approximate knowledge of the 
length of the mean free path (even among equal non attracting spheres) when it 
amounts only to some two or three diameters we practically know almost nothing 
about its exact value when the volume is so much leduced that no paiticle has a 
path longer than one diameter 

[It might be ohjected to the equation arrived at above, should it be found on 
comparison with experiment that a and <y aie both positive that it will not 
p infinite unless v vanish To this I need only reply that the equation has been 
framed on the supposition that the particles are in motion and therefore free to 
move What may happen when they become jammed together is not a matter of 
much physical interest except perhaps from the point of view of dilatancy If the 
equation represents with tolerable accuracy all the cases which can be submitted to 
experiment it will fully satisfy all lawful curiosity] 


XXI — Relation between Kinetic Energy and Temperature 

70 Before we can put the above vinal equation into the usual foim of a i elation 
among p v and t it is necessary that we should consider how the temperature of 
an assemblage of particles depends upon their average kinetic energy 

Van der Waals and Clausius following the usual custom take the average kinetic 
energy as being proportional to the absolute temperature Clerk Maxwell is more 
guarded but he says — The assumption that the kinetic encrgj is determined bv 
the absolute temperature is true for perfect gases and we have no evidence that 
any other law holds for gases even near their liquefying point 

On this question I differ completely from these gieat authorities and may eri 
absolutely Yet I have many grave reasons on my side one of which is immediitely 

connected with the special question on hand To take this reason first although it 

IS by no means the strongest it appears to me that only if E above (with a constant 
added when required as will presently be shown) is regarded as proportional to the 
absolute temperature can the above equation be in any sense accurately consideied 
as that of an Isothermal If the whole kinetic energy of the particles is treated as 
proportional to the absolute temperature the various stages of the gas as its volume 
changes with E constant coriespond to changes of temperature without direct loss or 
gam of heat and belong rather to a species of Adidbatic than to an Isothermal 
Neither Van der Waals nor Clausius so far as I can see calls attention to the fact 
that when there are molecular forces the mean square speed of the particles necessanly 
increases with diminution of volume even when the mean square speed of a free 
particle is maintained unaltered , and this simply because the time during which each 
particle is free is a smaller fraction of the whole time But when the whole kmetic 

energy is treated as a constant (as it must be in an Isothermal when that energy 

is taken as measuring the absolute temperature) it is clear that isothermal compression 
must reduce the value of E It further follows that the temperature of a gas might 
be enormously raised if its volume weie sufficiently reduced by the process (capable 
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of teing earned out by Clerk Maxwell s Lemons) of advancing at every mbtant those 
infinitesimal portions of the containing walls on which no impact is impending This 
IS certamly not piobable If on the other hand we were to look at the matter fiom 
the point of view of intense inter molecular repulsion (such as foi instance Oluk 
Maxwells well known hypothesis of repulsion inversely as the fifth power of the 
distance which was so enthusiastic illy lauded by Boltzmann) we should be lod to 
the veiy smgular conclusion that such an issemblage of particles might possibly be 
cooled even by ordmaiy compression, ceitamly that the Lemons could immensely cool 
it by diminishing its volume without doing work upon it 

If this mode of reasomng be deemed unsatisfactory we may at once fall back 
on thermodynamic principles, for these show that a gas could not be in equilibiium 
if either external or molecular, potential could establish a difference of temperature 
firom one region of it to another For it must be carefully remembeied (though it 
IS very often forgotten) that temperature differences essentially involve the tiamfetenoe 

of heat on the whole in one direction or the other between bodies in contact 

SO that if there be a cause which can produce these temperature differences it is 
to be regarded as a source of at least restoration of energy Let the contents of 
equal volumes at different parts of a tall column of gas iindei constant gravity be 
compared In each the pressure may be regarded so fai as it is due to the external 
potential as being apphed by bounding walls But the temperature is the same in 
each and the only other quantity which is the same in each is E For as the 
particles are free to travel from point to point throughout the whole extent of tho 
group the average value of E must be the same for all, and therefoio, in regions 
where the density is small it must be that of free particles e absolute temperatiuc 


71 For the isothermal formation of liquid heat must m all cases be taken from 
the group This must have the effect of diminishing the value of E Hcncc in a 

liquid the temperature is no longer measured by B, but by E+c irlicre c is a 
quantity whose rslue mereasea steadily as tho temperature is lowered tom the vita, 
^o at the onuiml pomt Thus smo. of eourse we must talre the physical foot of 
the emslenoe of liquids as a now datum m our calculations and with it the aeglo 
meration into doublets triplets &o (whose shme of the average eneigy ditfarm 
general tom that of their oompments when toe) we see that the state of agj 
gafon whioh we ojl hquid m such that as it m made colder and odder a pmteU, 

whioh cm. e»mpe tom it requires to have mo.e mid more than its average share of 
the non molecular part of the energy ° '’uare oi 

We might be tempted to generalise further and to speculate on the limitme 
conditions between the liquid and the solid states But these and a host of 
cunous and important matteis suggested by the present spe^ltmn prom^ 
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under which ebullition takes place is gradually laised to the cntical value What 
we are called upon bo do now is to justify by compaiison with experiment the 
hypothesis which ^e have adopted as to the proper physical definition of tempeiature 
and the form of the virial equation to which it has led us If we have any measure 
of success in this we may legard the main difficulty of at least the elements of these 
further problems as having been to some extent removed 

What has been said above leads us in the succeeding developments to write (so 
long at least as we are dealmg with vapour or gas) 

E^Et, 

where t is the absolute temperature and E (whose employment is now totally changed) 
IS practically the rate of increase of pressure with temperature at unit volume under 
ordmary conditions 


XXII — The Equation of Isothermals 


of 


72 Assuming the definition of temperature given in last section the viiiil equation 
6S becomes 


pv = E 



t ~f- 


C 


V -f ry 


A 

V a 


For the mmimax which occurs at the cntical point we must have simultaneously 

^.0 ^.0 

dv dv 


But 


dp , A — Ret 

dv'^ (t) + a) 


C 

{v + rf) 


dp 2 _ 2 — Re t 2G 

^ dv^ dv {v + a)* + 7)® 


Denoting by a bar quantities lefernng to the cntical point these equations give 

- _A — Rd C 

(v + a)* + 

Q _ A— Ret C 

{v + a)® {v + 7)® ’ 

A - Rei=^^^±^ 0 = 


whence 


a — 7 


OL — ry 
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But the first equation of this section can be wiitten as 


= r(i 


-y + a v-{‘y 


By the help of the values of ^ — Ret and G just found and the further condition 
that pvt satisfy this general equation we can easily put it in the foim 


p=p[l- 


(v — vy 

v(v-i-a)(v + 7), 


+ -R ( 1 + 


— ) 
v-h a/ 


There are seven constants in this equation — viz p v t a y e and iJ, but there 
are two relations among them one furnished by the usual condition that the gas 
treated has unit volume at 0 C and 1 atm , the other (fiom the conditions of the 
mimmax) being 

o Rt 

3y 4- ct + 7 “ 

P 


73 If we compaie (0) with the conesponding foims of the equations of Van 
der Waals and Clausius ((A) and (B) of § 66 above) we see that all three agiee in 
a remarkable manner as to the form of the equation of the critical isothermal In 
fact the only diffeience is that m (0) the divisor of ( 2 ; — y)® contains three distinct 
factors while in each of (A) and (B) two of the three factoro are equal It is quite 
otherwise with the term which expresses the dififeience of ordinates between the 
critical isotheimal and anv other of the senes — so that even if all three equations 
agreed m giving the coriect form of the critical isothermal no two of them could 
agree foi any other 


XXIII — Comparison with Experiment 

74 We must now compare our formula with experiment And here I have been 
exceptionally foitunate as the kindness of M Amagat has not only provided me with 
a complete set of values of pv in terms of p for COj, between the limits 1 to lOOO 
atm and 0 to 100 C but has further replied to my request for a set of values 
of p at different temperatures for certain special values of v This important table 
I give m full mserting columns of differences It is very much better adapted than 
the former to numerical calculation as the form of the vinal equation requires that 
V should for this purpose be treated as the independent variable 
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Pressure of CO 2 m terms of Volume and Temperature (Amagat) 

At 0 C and 1 atm the volume is unity After the expenments were completed the CO 2 was tested, 
and left 0 0004 of its volume when absorbed by potash 

The interpolated columns are differences (or average differences, if in brackets) of pressure for 

10 at constant volume 


Vol 

02385 

01636 

013 

01 

00768 

00678 

00428 

00316 

0026 

002 00187 

0 

31 

34 4 






34 4 



307 5 


2 

74 

10 

10 

10 

10 

10 

10 



96 5 

10 

33 

418 

44 4 





44 4 



404 


2 

3 3 

67 

119 

12 

12 

12 

12 



116 

20 

35 

45 1 

611 

56 3 

56 4 



56 4 

64 

300 

520 


2 

82 

4 

6 5 

119 

14 8 

14 3 

151 

45 


84 107 

30 

37 

48 3 

55 5 

62 8 

68 3 

70 7 


71 5 

109 

384 

6‘>7 5 

32 

37 4 

49 

56 4 

641 

70 

73 7 

74 6 

77 




35 

38 

49 9 

67 6 

65 8 

72 6 

77 2 

79 5 

84 7 





2 

81 

42 

8 

83 

12 4 

171 

20 6 

46 


86 5 122 5 

40 

39 

514 

59 7 

68 6 

76 6 

831 

87 8 

98 

165 

470 5 750 


1 9 

31 

41 

69 

82 

116 

17 0 

27 3 

46 


89 6 106 0 

60 

40 9 

54 5 

63 8 

74 5 

84 8 

94 7 

104 8 

125 3 

201 

560 

856 5 


19 

31 

40 

57 

80 

115 

171 

28 

49 5 

91 97 

60 

42 8 

57 6 

67 8 

80 2 

92 8 

106 2 

1219 

153 8 

250 5 

651 

9o3 5 


19 

30 

40 

56 

78 

11 3 

17 0 

29 1 

48 


91 

70 

44 7 

60 6 

71 8 

85 8 

100 6 

117 5 

138 9 

183 2 

298 5 

745 



19 

29 

89 

55 

76 

113 

17 4 

28 8 

47 5 

88 5 

80 

46 6 

63 5 

75 7 

91 3 

108 2 

128 8 

156 3 

2115 

346 

832 5 


19 

80 

30 

4 

78 

114 

17 

20 

48 


85 

90 

48 5 

66 5 

79 6 

96 7 

116 

140 2 

173 5 

240 5 

394 5 

918 



2 

80 

40 

5 C 

78 

111 

17 6 

80 

49 


80 

100 

50 5 

69 5 

83 6 

102 3 

123 8 

1513 

1911 

271 

443 d 

998 



[1 73 ] 

[2 8 ] 

[3 7 ] 

[5 1 ] 

[7 2 ] 

[10 f ] 

[10 4 ] 

[ 2 S ] 

[46 8 ] 


137 5 

57 

80 

97 5 

1216 

151 

191 

252 5 

376 

619 




[1 81 ] 

[ 8 ] 

[3 7 ] 

[ 3 ] 

[7 2 ] 

[10 3 ] 

[ 17 1 ] 

[29 4 ] 

m 



198 

68 

97 

120 

153 5 

195 

267 

356 

664 

909 




[ 1 75 ] 

[2 5 ] 

[3 3 ] 

[4 0 ] 

[6 6 ] 

[) 8 ] 

[1 0 ] 





258 

78 6 

112 

140 

181 

234 5 

316 

449 5 






It IS obvious from a glance at the columns of diffeiences that the change of 
pressure at constant volume while the 00 is not liquid is almost exactly proportional 
to the change of tempeiatuie ML Amagat expressly warned me that the three last 
temperatures in the table are only approximate as they were not derived from air- 
theimometers but simply from the boiling points of convenient substances 

They appear to indicate a slow diminution of dpjdt (v constant) as the temperature 
IS raised above 100 C but this is beside om present purpose 

Leaving them out of account we find that in the lange SI to 100 C the 
fluctuations of the changes of piessure per 10 (at constant volume) are veiy small 
and do not seem to follow any law These fluctuations besides are especially when 
the volume of the gas is small well within the inevitable eriors of observation in a 
matter of such difficulty Hence we take a simple avuage in each column and thus 
we have the following table — 
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Average Chcmge of Pressure per 10 of Temperativre at Constamt Volume 


02385 

01636 

013 

01 

00768 

00o78 

00428 

00316 

002d 

002 

00187 

193 

30 

40 

i6 

79 

115 

17 2 

28 5 

47 8 

87 7 

"loT? 

046 

049 

052 

056 

061 

066 

074 

090 

120 

175 

20? 

046 

049 

052 

056 

061 

068 

077 

087 









061 

073 

093 

122 

17o 

20 



The numbers in the fourth row are the values of 


10 


^000371 + 


0000021 \ 
® + OOOlj 


and those in the hfbh row are from 


10 (o 00371 + 


0 000011 \ 
t;- 00012; 


It IS deal that these formulae give fair approximations to the data the first for 
volumes down to 0 005 or so the second foi smaller volumes 


Companng with formula (0) of ^72 we see that the values of R Re and a 
are respectively 

000371 0000021 and 0 001 

for the largei volumes and 

0 00371 0 000011 and -0 0012 

for the smallei The values of y and v can now be determined by the i elation in 
§72 and a few experimental data After a number of trials I ai lived at 

u == 0 0046 

as most consonant with the data for larger volumes, and I have provision illy assumed 
the value 

v = 0 004 


for the lower range of volumes in agreement with what was said in § 69 above is 
to the probable existence of a short horizontal portion of the critical isotheimal Tho 
value of y foi the first portion of the curve is found to be 0 0008, and I hwe 
assumed it to be —0 0008 for the rest thus ignoring the condition for the minimax 
at the commencement of this part of the curve I consider this course to be fully 
jubtified by the arguments given m §69 above Thus takmg from the assumption 
below the value 73 atm for the critical pressure we arrive at the following equitions 
for the parts of the critical isothermal which lie on opposite sides of the short 
approximately straight portion — 


P 


= is(i-- 

\ V 


(v - 0 0046)° 


(v + 0 001) (v + 00008), 


p = 73(l- 


(v — 0 004)’ 


« (v - 0 0012) (i;- 00008), 


and 
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In a careful plotting of the isothermals of CO from the whole of Amagats data 
(including of course those given above) I inserted by means of diffeiences calculated 
from the piecedmg formulae for dp/dt the probable isothermal of 31 C This is only 
0 1 higher than the critical tcmpeiature as given by Andiews which is certainly a 
little too low in consequence of the small admixture of air The experimental data 
in the following table were taken diiectly from the cuive so diawn They aie, of 
course only appioximate — especiallj for the smaller volumes for there the cuives are 
so steep that it is exceedingly difficult to obtain exact values of the ordmates for 
any assigned volume It is also in this region that the effects of the slight trace 
of air are most piomment 


Apprommate Isotlimnal of 31 C 

The third line is calculated from the first of the above formulse, the fourth line from the second 
V 1 024 02 015 0125 01 0075 006 OOo 0045 004 0035 003 0025 002 


i3(exp) 
p (calc ) 


1 12 37 1 424 516 572 634 696 724 729 73 73 73 2 76 8 114 392 
'1 13 37 2 425 614 570 63 3 696 723 7295 73 7316 744 796 964 149 

730 732 791 1176 377 


For volumes do^n to 0 0035 the agieement is piactically peifect The remainder of 
the data even with the second formula aie not veiy well represented The value of 
p for volume 0 003 has given much trouble and constitutes a real difficulty which 
I do not at present see how to meet It is quite possible that in addition to the 
defects mentioned above I may have myself introduced a moie seiious one by assum- 
ing too high a value for the lower critical volume oi by taking too low a temperature 
foi the ciitical isothermal Had I selected the data foi the isothermal of 31 3 or 

so it IS ceitain that (with a slight change m v) the agieement with the formula 

would have been as good as at present for the laigei volumes and it might have 
been much better for the smallei But I have not leisure to undertake such tedious 

tentative work As it is the formulae given above represent Amagats results from 

31° to 100° C for volumes from 1 to 0 0035 with a maximum eiror of considerably 
less than 1 atmosphere even at the smallest of these volume® And even with the 
least of the expeiimental volumes the approximations to the corresponding (veiy large) 
piessares are nowhere in erior by more than some 4 or 5 per cent This is at 
least as much as could be expected even from a purely empiiical formula but I hope 
that the relations given above (though still extremely imperfect) may be found to 
have higher claims to reception 


[Since the above was put in type it has occuried to me that this remarkable 
agreement between the lesults of experiment on a compound gas and those of a 
formula deduced from the bebavioui of haid spherical particles may be traced to 
the fact that the vinal method is applicable not only to the whole group of particles 
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but (at every instant) to the free particles doublets triplets &c in so far as the 

tnternal relations of each are concerned Hence the terms due to vibrations rotations 
and stresses in free particles doublets &c will on the average cancel one another 

in the complete virial equation How fai this statement can be extended to pai tides 
which are not quite free will be discussed in the next instalment :>/6/91 ] 

[Some of the above remarks on Van der Waals tieatment of the viiial equation 

were objected to by Lord Rayleigh and by Pi of Korteweg The coirespondence will be 
found in Nature (Vols XLiv and xlv 1891 — 2) I quote here a few sentences of my 
own which had I been rewriting instead of merely leprinting my papei might hive 

been in part at least incorpoiated in it 

I had not examined with any particular care the opening chapteis to which yom lettoi chiefly 
refers probably having supposed them to contain nothing beyond a statement and pi oof of tie Viiixl 
Theorem (vith which I was already familiai) along with a repioduction of a good dexl of Lxplxces woil 

Of course youi account of this earliei part of the pamphlet (which I have now foi the hist 
time, read with care) is correct But I do not see that any pait of my statements (with pci hips 
the single exception of the now italicized word in the phrase ‘the whole pioceduie is eiioiiooiis ) is 
invalidated by it No doubt the sudden appearance of ajv in the formula ibove quoted is to some 
extent at least, accounted for but is the term correctly introduced ^ 

“I think that the mere fact of Van der Waals s saying (in a passage which is evidontl} applied )lo 
to his own processes though it is applied only to that of Lorentz) die gan/e Rechnung doch iiiir 
bis auf Grossen der ersten Ordnung (wie 5/i?) genau ist throws veiy grave doubt on the whole 
investigation For in the most interesting part of the critical isotheimal of CO the li ictioti hjv 
cannot be looked upon as a small quantity of the first order In fact without laismg the question, 
either of Van der Waals s mode of interpreting the term j2(??xF) oi of the puicity of constants m 
his equation the above consideration would of itself render the results untrustwoithy Van dci W lals 
has most opportunely and effects ely called attention to an exceedingly piomisin^, mode of atticling 
a veiy difficult problem and his methods are both ingenious and suggestive but I do not think 

that his results can be regarded even from the most favour ible point of view is moic thin 

at Truth 

For if we take the experimental test there can be no doubt that (is I hive stitod m § 6; 
of my paper) ‘Van dei Waals s curves cannot be made to coincide with those of Andiews And 
I think I have given reasons for beheiing that the term of Van der Waals s equation which ho 
took to represent Laplaces A is not the statical pressure due to molecular forces but (ippioxiinatcly) 
its excess over the repulsion due to the speed of the pai tides Of couise I mean by this that, 
when Van der Waals, comparing his equation with experiment assigns a numciicil value to Ins 
term ajv^ he is not justified in regarding it as the value of Laplaces A though thit quantity 
was, he tells us the mam object of his inquiiy ’ 

‘I do not agree with Prof Koitewegs statement that Van der Waals s method if it could be 

worked out with absolute rigour would give the same result as the direct method Thoio is but 

one way of dealing with the vinal equation —if we adopt it at starting we must develop its terms 
one by one and independently In this connection I may refer to Lord Raylei^^h’s stitomcnt 
{Nature 26/11/91) ‘It thus appears that contrary to the assertion of Maxwell p is subject to 
correction I cannot admit that p is ‘corrected it is not even changed either in meaning or m 
value It IS introduced as and remains (at the end of any legitimate transformations of the equition) 
the value of the pressure on the containing vessel This of course depends upon what is going on 
in the interior Other terms in the virial equation, which happen to have the same factor may bo 
associated with p for convenience they assist in findmg its value, but they do not change its meaning 
nor do they ‘correct it 1899] 
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(Abstiact) 

oceedings of the Royal Society of Edinhwgli February 15 1892] 

Tbce first instalment of this pait of my papei deals mainly with the theoiy of 
the beha^vioui of micctmes of 00 and N, foi which some lemaikable experimental 
icsults wexe given by Andrews about 1874 His full papei so fai as he had diawn 
it up foi pi ess was published posthumously in the Phi Tracis foi 1886 and is 
leprmtedL in his Scientific Papers No L One special lexson foi the introduction of 
this q-uestxon at the present stage of my woik was the desiie to attempt a cox 
lectioii of Amagats numbers for the (very small) admixture of air with his CO 
The vinal equation for a mixtuie is formed on the same geneial principle as that 
I employed, foi a single gas There aie of course more undetermined constants — 
and unfbrtnnately, the data for their determination are barely adequate The general 
results However agree in character with those described by Andrews — the particular 
phenomenon which is most closely studied bemg the increase of volume at constant 
pressure wlien the gases (originally separated by the liquefaction of one) were allowed 
to dififcLse into one another 

Since DPart IV of this paper was printed M Amagat has published (Comptes Rendus 
October 12, 1891) additional data of a most valuable character bearing on the iso- 
therma-ls of CO — especially the very important isothermal of 32 C , and he has 
given "blie pressure of the satuiated vapoui at 0 10 20 and 30 C I have 

endeavoured to utilise these as far as possible not only for my present main object — 
the examination of the relation between tcmpeiatuie and kinetic energy — ^but also 
incidentally foi the determination of the latent heat of the saturated vapoui at 
various t^naperatuies and the relative densities of the liquid and vapoui when m 
These data have also enabled me to obtain more exact approximations 
T -ti 27 
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to the values of the constants in my formula and thence to improve my dctermin 
ations of the critical temperature pressure and volume 

In § 71 of Part IV I arrived at the conclusion that in a liquid the tempei ituie 

lb no longer measured by E [the part of the kinetic energy which is independent 

of the molecular forces] but by £^4-c where c is a quantity whose value increases 

steadily as the temperature is lowered from the value zero at the ciitical point 

For numerical data to test this conclusion I study a cycle formed from the ciitical 
isothermal and any lowei one and two lines of equal volume corresponding to those 
of the liquid and the satuiated vapour when in equilibrium at that lower tempei atuie 
The change of energy in passing from one of these limits of volume to the othei 
IS found to be less for the ciitical isotheimal thn.n for any lower one Thus the 
mean specific heat at constant volume for the lange of temperature employed is less 
in the vapoui than in the liquid But fiom the equation, which is found to satisfy 
very closely the data for the isothermals of the gas for some 70 degrees above the 

critical point and of the vapour for 30 degrees below that point it appears that 

the specific heat at constant volume is sensiblj constant within these limits [At 

100 C and upwards it appears that ^ falls off, so that ^ is negative and the 

specific heat at constant volume is therefore even in the gas greater for smillei 
volumes But this does not seriously affect the above statement ] Hence xt any 
volume less than the critical volume more heat is required to i use the tempu xtuic 
1 degree when the substance is wholly liquid than when it is gaseous This com 
pletely justifies the statement quoted above provided that we xs&umo the properties 
of the liquid and gas to merge continuously into one another at the ciitical tempei ature, 
but unfortunately the data are not sufficient to give more than very rough cstimxtes 
of the value of the quantity c there spoken of 

I am at present engaged in endeavouring to obtain more exact values of the 
constants in my equation in order to improve my estimates Thus the numbcis which 
follow may have to undergo some modifications but there seems to be no reason foi 
thinkmg that these are likely to be serious 

If V be the respective volumes of the saturated vapour and of the liquid 
at absolute temperature t we know that the latent heat is expressed by the foimula— 

From Amagats data I fiud foi the values of this quantity and foi the ratio 
of the densities of the liquid and vapour — 


Temperature C \ 

0 4 369 9 023 

10 3 788 6 200 

20 2 882 3 823 

30 1 460 1 906 
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Talung the density of CO at 0 C and 1 atm is 0002 it is easy to see that 
the values of \ must be multiplied by 

500 2117 , 

m 1390 -12 2 neatly 

to reduce them to ordinary heat units Thus the latent heat at 0 0 is about 53 
while at 30® 0 it is only 17 8 

In the following table P represents the gam of energy from the liquid state to 
that of saturated vapour at the indicated temperature — ^ e 



p= 

1 

1 

) 

while 

<2= 

f, (‘I-*”)* 


is the 

corresponding gam of energy 

in the ciitical isothermal 

of volume 




Temperatme G 

p 

Q 


0 

3747 

3577 


10 

3 244 

3113 


20 

2 45') 

2 409 


30 

1233 

1203 


The difference P-Q is (when multiplied as above by 12 2) nearly equal to the 
excess of the heat required to raise the temperature of the liquid (at constant volume) 
to the critical point over that required to raise the temper atuie of the vapour from 
saturation through the same range, the volume lemaining unaltered 

It appears that CO2 when passing thiough the range of volume spoken of m 
§ 69 of Part IV of my paper has about half the density of water 

[The paper of which the above is an Abstract was never fully written out for 
press Further papeis of M Amagat soon led to (slight) modifications of the cuives 
which had heen employed in my calculations , so that the numbers given above require 
some change, and we have now the data necessary I find for instance that I had 
long ago noted (as an improved version of the last column of the table opposite) the 
figures 

VjIv 

9d2 
6 45 
4 08 
179 

which are very nearly the same as those given by M Amagat in the Comptes RendVfS 
for March 13th of this year 1899 ] 


27—2 
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LXXXII 

NOTE ON THE EFFECTS OF EXPLOSIVES 

\_Proceed%ngs of the Royal Society 0 / Edinburgh February 21 1887] 


Maxy of the victims of the dynamite explosion a year or two ago m the London 
Underground Railway are said to have lost the drum of one ear only that nearest to 
the source This seems to point to a projectile not an undulatory motion of the an 
And of the gases pioduced by the explosion So long in fact as the disturbance 
travels faster than sound it must necessarily be of this character and would be capable 
of producmg such effects ^ 

Another curious fact appaiently connected with the above is the (considerable) 
fimte diameter of a flash of forked lightnmg Such a flash is always photographed 
as a hne of finite breadth even when the focal length is short and the focal adjust 
ment peifect This cannot be ascnbed to irradiation The an seems in fact to be 
driven outwards fi:om the track of the discharge with such speed as to render the 
immediately surroundmg air instantaneously self lummous by compression 

Such considerations show at once how to explain the difference between the effects 
of dynamite and those of gunpowder The lattei is prepared expressly for the purpose 
of developing its energy gradually Thus while the flash of gunpowder fired m the 
open IS due mainly to combustion of scattered particles —that produced by dynamite 
IS mainly due to impulsive compression of the surroundmg air energy being conveyed 
to it much fastei than it can escape m the form of sound 



LXXXHi ] 


213 


LXXXIII 

ON THE VALUE OF WHEN m AND n AEE VERY 

LARGE 


[JProceedmgs of the Edinbu'igh Mathematical Soaety, Vol v 1887] 

I HAD occasion lately to considei the following question connected with the Kinetic 
Theory of Gases — 

Gx-ven that there are B 10° pirticles m a cubic inch of air and that each has 
on the average 10^° collisions pei second , aftei what period of time is it even 
betting* that any specified particle shall have colhded once at least with each of 
the otlieis^ 

Thie question obviously i educes to this — Find m so that the terms in 

^ 

which contain each of the n quantities once at least as a factor shall be numencallj 
equal to half the whole value of the expression when = = =i»^ = l Thus 

we have 

oi 

It is strange that neither Herschel De Moigan noi Boole while treatmg 
differences of zero has thought fit to state that Laplace had long ago given all that 
is necessary for the solution of such questions The numbers are of such im 

portance that one would naturally expect to find m any treatise which refers to them 
at least a statement that in the ThSorie Analytigue des Probabihtis (Lme II, chap n 
§ 4) ^ closely approximate formula is given for their easy calculation No doubt the 
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process by which this formula is obtained is somewhat difficult as well as troublesome 
but the existence of the foimula itself should be geneiallv known 

When it IS applied to the above pioblem it gives the answei m the somewhat 
startling form of about 40 000 \ears [Ante No LXXVIII p 156 1899 ] 

PS — April 4 1887 — Finding that Laplaces formula ceases to give approximate 
results foi veiy laige values of m and n when these numbers are of the same oidei 
of magmtude I applied to Prof Cayley on the subject He has supplied the requisite 
modification of the formula and his papoi has been to night communicated to the 
Royal Society of Edinhmqh [Gayleys Mathematical Papers Vol XIT No S53 1899] 
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LXXXIV 

NOTE ON MILNER’S LAMP 


[Proceedings of the Edinbmgh Mathematical Society Vol v 1887 ] 


This curious device is figured at p 149 of De Morgans Budget of ParadooDCb 
where it is described as a hollow somi cylindei but not with a ciiaalar curve 
revolving on pivots The form of the cylinder is such thxt whatevei quantity of oil 
it may contain it turns itself till the oil is flush with the wick which is placed 
at the edge 


Refer the curve to polai cooidmates ) and 0, the pole being on the edge 
and the initial Ime of length a bung dravm to the axis Then if 6q coirespond to 
the horizontal radius vector yS to any definite ladius vectoi it is clear that the 
couple due to the weight of the conesponding portion of the oil is proportional to 



a cos 00 - 


cos {9—0o) 


This must be balanced by the couple due to the weight of the lamp and of the oil 
beyond /3 and this in turn may be taken as proportional to 


Thus the equation is 


cos (a -h 6o) 


a cos 00 j r d0 — ^ (cos 0oJ^ r® cos 0d0 + sin 0oJ r® sm 0d0^ = 6® cos (oc + 0o) 

Differentiating twice with lespect to 0o and adding the result to the equation we 
have (with 0 now put for 0o) 

2ar sin 0 — 2ar cos0 + = 0 

d0 d0 
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Rejecting the factor r and integrating we have 

r = 2ar oos6 + G 

This denotes a oirculay cylindei in direct contradiction to De Morgans statement^ 

As it was deal that this result involving only one arhitraiy constant, could not 
be made to satisfy the given diflferential equation for all values of 6 a and y8, I fancied 
that it could not be the complete integral I therefoie applied to Prof Cayley who 
favoured me with the following highly inteiesting paper It commences with the 
question I asked and finishes with an unexpectedly simple solution of Milner s 
problem [Cayleys MathemaUcal Papers Vol xiii No 889 1899] 

It appears clear that De Morgan did not know the solution for the curve he has 
sketched is obviously one of continued curvature — and he makes the guaided state- 
ment that a fnend vouched for Milnei s Lamp 
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AN EXEECISE ON LOGAEITHMIC TABLES 


\_JProceed%ngs of the Edinhuigh Mathematical Society Vol v 1887] 

In reducing some expeiiments I noticed that the logarithm of 237 is about 2 37 
Hence it occurred to me to find in what cases the figures of a number and of its 
common logarithm are identical — le to solve the equation 

logio^ = a?/10’”, 

where m is any positive integer 

It lb easy to see that in all cases there are two solutions, one greater than the 
other less than e This follows at once from the position of the maximum ordinate 
of the curve 

y^(logu,)lu 

The smallei root IS foi m = l, = 1371288 

w = 2 0 ? = 1 0238o5 

For higher values of m it differs but little from 1, and the excess may be calculated 
approximately from 

y-y 12 ={l+y ) loge 10/10’'^ 

Ultimately therefore the value of the smaller root is 

1 00 0230258 

where the number of cvphers following the decimal point is m — 1 
T II 
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AN EXERCISE ON LOGARITHMIC TABLES 


[r vxKV 


The greater loot must have m-\-p places of figuies before the decnnxl point, 
p being unit till m = 9 then and thenceforth 2 till m = 98 3 till m = 997 &c ^ Thus 
for example if m > 8 < 98 we may assume 

it = (m 4- 1) 10’“ 4 y 

so that logic + logiojl + io’“| "" 10’“ 

which IS easily solved by successive approximations 


But it is simpler and foims a capital exeicise to find, say to six places the gieiter 
root by mere inspection of a good Table of Logarithms 

Thus we find for instance 


m 

a. 


17 

162 615 

10" 

18 

192 8£)2 

10" 

96 

979 911 

10« 

97 

989 9o6 

10“ 


[It IS easy to see that the indices of the integral powers of 10 which satisfy the original equation 
are themselves of the foim 10« where q is such that 

Thus with < 7=0 we have 10 itself as tne gi eater root when m = l 1899] 
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LXXXVI 

ON GLORIES 


\P'i oceedings of the Royal Soc%ety of Edinburgh July lbS7] 


When Mi Omond \\ab appointed to the Ben Ncvib Obbcivatoi} I icquebted him 
to take evexy oppoitunity of obseiving what aie called Gloiies — especially noting when 
pobsible their angulai diameteis and the ordei of then colouis so that it might be 
possible to decide upon the exact mode in which they aie pioduced 

Yoxing while attributing to then tiue cause the spuiious (oi supemumeraiy) 
rainbows proceeds to say — The ciicles bometimes seen encompassing the observers 
shadow in a mibt arc peihaps moie neaily lelated to the common colouis of thin 
plates as seen by leflectioii — [Lectures ii p 645 ] 

Now fiom Ml Omond s obseivations it appeals that the mists to which the 
glones are due produce coionae of say 2 oi 3 radius, — from which it follows that 
the diaraefcer of the paiticles ib somewheie of the oidei yijW thence 

bhown 'blia’t were Youngs explanation coriect the ladii of the rings would vaij 
with gieat rapidity in passing fiom one kind of homogeneous light to anothei This 
IS altogetiher iireconcilable with Mr Omond s obseivations 

That; the glories aie not of the nature of spuiious lainbows is shown veiy simply 
bj the fact that they are more intense as then ladii are smallei 

Hence the onlj possible explanation is diffraction depending on the form of the 
veitex of the reflected wave The form of an origmally plane wave once icflected 
in&ide a diop of watei is loughly when the central ra} has just emerged a poition 
of an hjperboloid of revolution doubled back cusp wise round its boidei An 
approximate calculation is given based on this assumption 
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A simple liist appioximation to the theory of glories is given by the bchxvioiii 
of a plane wave incident normally on a screen pierced with a great number of voiy 
small circular apeitures of nearly equal size They are thus to a ceitain extent 
analogous to coronse 


APPENDIX 

On Mr Omond s Observations of Fog-Bows 
{Proceedings of the Royal Society of Edinburgh January 1888 ] 

The author remarked that one of the constituents of the double fog bow desctibod 
in some of Mr Omond s recent observations^, is ob\iously the ordinary piimary rainbow, 
dunimshed in consequence of the very small size of the water drops But the othei, hiMiig 
nearly the same radius but with its colours in the opposite order appears to be due to 
ice crystals m the fog This is quite consistent with the record of tempeiatures Just as 
small drops of water may remain unfrozen in air below 0 C, small ice crystals may leiniin 
unmelted at temperatures above that point 


Proceedings R8L p 314 
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PRELIMINAEY NOTE ON THE DURATION OF IMPACT 


[Proceedings of the Royal Society of Edinburgh Feb 20 1888 ] 


The results already obtained were got by means ot a roughly made apparatus 
designed for the purpose of testing the method used so that only a single instance 
to show their general charactei need now be given When a wooden block of 10 lbs 
mass fell through a height of 18 J inches on a lounded lump of gutta percha the 
time of impact was found to be somewheie about 0 001 sec and the coefficient of 
restitution was 0 26 

As the principle of the method has been found satisfactory m piactice new 
appaiatus is in course of constiuction which will enable me to use a fall amountmg 
to 10 feet at least It is proposed to make a senes of experiments on different 
substances with great varieties of mass and of speed m the impinging body 
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ON IMPACT 


[To anhCbcUons of the Royal Society of Edimhmgh Vol xxxvi Revised Nov 8 1S90] 


The piesent inquiry is closelj connected Tvith some of the phenomena piescnted 
in golf — especially the fact that a hall can be jeiked nearly as fai as it cxn be 
driven For this in itself furnishes a complete proof that the duration of the 
impact IS exceedingly shoit But it does not appeal that anj accurate determination 
of the duiation can be made m this ^aj Measurements even of a lude kind xu 
impiacticable undei the circumstances 

In 1887 I made a numbei of pieliminary expeiiments with the view of devising 
a foim of apparatus which should tiace a peimanent record of the ciicuinstances of 
impact I found that it was necessary that one of the two impinging bodies should 
be fixed — at least if the appaiatus weie to be at once simple and manageable 
This arrangement gives of course a result not directlj comparable with the behavioui 
of a golf ball For pressure is applied to one side only both of ball and of club, 
but when one of two impinging bodies is fixed it is virtually struck simultaneously 
on both sides Even with the altered conditions however the inquiiy seemed to be 
worth pursuing I deteimmed to operate at least at first on cylinders of the elastic 
material, so fixed that considerable speed might be employed while the details of 
several successive lebounds could be recorded It is not at all likely that this will 
be found to be the best form for the distorted bodj , but it was adopted as in 
man} respects convement for preliminaij work For the mam object of the experi 
ments was to gam some mfoi matron about a subject which seems to have been left 
almost entirely unexplored, and it is only by trial that we can hope to discover 
the best arrangement Messrs Herbertson and Turnbull who were at the time Neil 
Amott Scholars and working m my Laboratory rendered me great assistance in these 
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preliminary tiials whose lesult was the construction of a hrst lude apparatus on the 
following plan 

A bnck shaped block of hxid wood was diopped endwise from a meisuied height 
upon i shoit cylmdei of coik vulcanized india rubber gutta percha &c which was 
imbedded to half its length in i mass of lead himly cemented to an asphalt floor 
The block slid fieely between guide rails precisely like the axe of a guillotine In 
front of the block was a massive fly wheel, fitted on one end ot its axle and canning 
a laige boaid (planed tiue) on which was stretched, by means of drawing pins a 
sheet of cartiidge paper The sheet was thus made to i evolve in its own plane A 
pencil pi ejecting from the block was caused by a spring to pi ess lightly upon the 
paper, and it was adjusted so that its plane of motion passed as exactly as possible 
through the axis of the papei disc To prevent breakage of the pencil on the edge 
of the disc it was pushed into its bearings and released by a tugger only aftei it 
had in its fall passed the edge The block having fallen lebounded several times 
to lapidly diminishing heights and ifter a second or two came to lest on the cork 
cylinder The pencil then tiaced a circle and as soon as this was complete the fly 
wheel (previously detached from the gas engine) was at once stopped by the application 
of a veiy poweiful brake The ciicle thus described was the datum line for all the 
subsequent measures, since the tracings which passed beyond it were obviously made 
during the impact while those within it lefened at least mainly to the comparatively 
fiec motion between two successive impacts The duixtion of the impact was at once 
approximately given by the aic of the circle intercepted between the tracings of the 
pencil as it passed out and in combined of course with the measured xngular velocity 
of the fly wheel It is not yet known at what stage during the recovery of form 
the impinging bodies go out of contact with one mother In the present paper we 
aie content to assume that contact commences xnd terminates at the instants of 
passage across the datum ciicle This is certainly not rigorously true as regards the 
commencement but the assumption cmnot intioduce any serious erior, while of the 
termination we have no knowledge It mxy be lemaiked in passing that the erioi 
at commencement will necessarily be greater the laigei the miss of the falling body 
It vmU also be greater for soft than for haid bodies and especially for those of the 
former class which most depart from Hookes Law 

In the winter 1&87-S and in the subsequent summei, some very curious results 
were obtained by Messrs Heibeitson md Turnbull with this rough apparatus beveial 
of these wcie communicated to the Society xt the time when they weie obtamed 
Thus for instance it was found that although the mass of the block was over jibs 
the time of impact on a coik cylindci was of the oidei of O'* 01 only, while with 
vulcanite it was of the oidci 0** 001 Also for one xiid the same body the duration 
was less the more violent the impxct [The golf re&ult mentioned above was now 

at once explained, for as the mass of a golf bill is less than of that of the 

block under equal forces its motions will be fifty times inoie lapid Thus even if it 
were of cork the time of impxct would be of the older of about one five thousxndth 
of a second only , and the shorter the more violent the blow ] Taking the coefficient 
of lestitution as 0 o on the average the time average of the force during impact after 
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a fall of 4 feet was for these classes of bodies respectively of the ordeis 400 lbs 
weight and 4000 lbs weight This lesult is of veiy high mteiest fiom many points 
of view 

The values of the coefficient of restitution for impacts of different intensity weic 
obtamed by drawmg tangents to the fall curve at its intersections with the datum 
circle coi responding to the assumed commencement and end of each impact and 
findmg their mclmation each to the corresponding radius of the circle The co 
efficient of restitution is of course the latio of the tangents of these angles The 
results of these graphical methods could easily be checked by forming the pohi 
equations of the various blanches of the fall curve (ascending and descending) and 
obtaining the above mentioned tangents of angles by direct diffeientiation If wc 
assume the friction (whether of rails oi pencil) to be approximately constant it is 
easy to see that the equation of the part of the tracing made duimg a fill oi 
during a rise can be put in the veiy simple foim 

r = A-\- Bd 

Here the centie of the disc is the pole and the initial line is the particuhi ixdius 
which was vertical when the block was at one of its successive highest positions 
This radius separates the rise horn the fall part of each branch of the cuivc A 
is of course the same for both parts but B (being duectly as the acceleration of 
the block and inversely as the square of the angular velocity of the disc) is laigci 
for the rise than for the fall, because friction aids gravity m the ascent and xcts 
against it m the descent A number of sets of conesponding values of the polxi 
cooidmates were measured on each part of the cuive the angles being taken fiom 
an approximately assumed imtial line Thiee of these sets determined A B and the 
true position of the initial radius, and the otheis were found to satisfy (almost 
exactly) the equation thus formed This shows that the assumption of fiiction nexily 
constant throughout the whole tiace is sufficiently accurate B is always positive in 
the equation but A is negative or positive according as the block does or docs not 
rebound to a height greater than the radius of the datum cncle 

It IS not necessary to tabulate here any of the very numerous results of these 
earher experiments While the work was in progiess many valuable impiovementb of 
the apparatus suggested themselves and I lesolved to lepeat the expeiiments aftei 
these had been mtroduced The whole of these subsequent results aie tabulated 
below The following were found to be the chief defects of the earhei arrangement 

so far at least as thej were not absolutely inherent in the whole plan These hxve 

been since lemedied, and lesults obtained with the improved apparatus have been 
from time to time communicated to the Society 

1 The use of a pencil is objectionable from many points of view Seiious woiiy 
and much loss of time are meurred m consequence of the frequent breaking of the 
lead even when eveiy possible piecaution seems to have been taken Then the 

rapid wearmg down of the point by the cartridge paper causes the later traced poitions 

of each diagram (mcludmg especially the datum cucle which is of vital importance) 
to be drawn in bioad lines whose exact point of intersection can be but roughly 
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guessed at The fiiction also was (mainly on account of the loughness of the paper) 
so laige tha^t the values of B for the ascending and descending paits of any one 

branch of the curve diffeied fiom the mean by a higc fraction of it sometimes as much 

x& 20 per cent This is approximately the ratio which the acceleiation due to fiiction 
bears to thab due to gravity , so that the fiiction was at least occasionally as much 
IS one pouiid weight This of course seiiously interfered with the accuiate measuie 

of the coefficient of restitution Instead of the boaid and caitiidge papei I mtio 

duced a speciilly prcpired disc of plate glass which ran peifectly true It was 
covcicd umfoimly with a thin layer of very fine printeis ink which was employed 
^vet For the pencil was substituted a needlepoint so that this part of the apparatus 
was lendeiecl exceedingly light strong and compact The hues traced could easily 
be made as fine as those of an etching but it was found that a slightly blunted 
point (giving- a line of about 0 005 inch in bieadth) produced piobably less fiiction 
at all events less iiregulaiity than did a veiy sharp one The difference of eithei 
value of B fiom the mexn larcly amounted to moie than 1 5 or 2 per cent of the 
moan When the ink was dry which happened iftei about a day photogiaphic pimts 
were taken Iby using the disc \s i negative [In the latei experiments it was found 
that when pioper precautions weic taken no delay on this account was necessary] 
To tost whether the pipei of the positives had been distoited in di 3 ang xfter fixing 
\ number of ciicles weie described on the glass disc at various places before the ink 
was diy They woio found to remain almost oxictly ciicuhi on the dried photogiaph 
All the subsequent measuiements wore mxde on these photographs In a subsequent 
piper I hope to give the icsults of c ireful miciometiic measures made on the glass 
plitc itself of the form of the trice during impact This may leid to information 
which could not be derived from the photogi iphs themselves with any degree of 
accuiacy Mly fiist object wis to obtain a number of sepaiate experiments so as to 
get the general laws of the phenomena, and foi this puipose the glass plate had to 
be cleaned <and pieparcd foi a new scries of experiments as rapidly as possible The 
micrometric measuics cannot bo effected m i short time 

2 In the eailicr expeiiments the fly wheel continued in connection with the 
gis engine lantil the fall was completed Hence the late of rotation was irregulai 
and the mode adopted for its measmement gave an iveiage value only In the later 
expeiiments -xn electrically controlled tuning folk furnished with a shoit bristle made 
its lecord on the disc, simultaneously with the fall of the block, and the gas engine 
belt was thrown on an idle pulley immediately before the expeiiment commenced 
The angular velocity of the disc was sensibly diffeient in different experiments 
according as the engine was thrown off just before or just after an explosion But 
the fact that its fly wheel is a gigantic one made these diffeiences of small importance 
They were however always taken account of in the reductions The disc when left 
to itself suffered no measurable diminution of angulai velocity during a single turn 
In the earhex expeiiments one rotation of the disc occupied about 0®3, but I wab 
afraid to enaploy so great a speed with the glass plate so its peiiod was made not 
very dififerent from one second I found it easy to obtain on the glass disc the 
lecords of four successive falls each with its series of gradually diminishing rebounds 
T II 29 
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and along with these the corresponding serrated lines for the tuning folk These 
records were kept apart from one another by altermg the position of the fork ^is 
well as that of the needle point on the block immediately after each fall The lattci 
adjustment alters of course nothing but the radius of the datum circle and the 
corresponding values of the quantity A As soon as the four falls had been recoidcd 
the glass disc was dismounted and all the necessary details of the experiment — eg 
date heights of fall substance impinged on mass of block &c — were written (backwards) 
on the printers ink with a shaip point and of course appeared on the photograph 
The changes of mass just alluded to were occasionally introduced by firmly sciewmg 
on the top of the block a thick plate of lead of mass equal to its own 

3 A very troublesome difficulty was now and then met with but chiefly when 
the elastic substance employed was a hard one such as vulcamte or wood ior the 
block was occasionally set in oscillation during the impact and especially at the 
mstant when it was beginning to rebound The trace then had a wriggling or wavy 
outline altogether unlike the usual smooth record Sometimes the wriggle took place 
perpendicularly to the disc, and the trace was then alternately broadened and all but 
evanescent After some trouble I found that the main cause was the slight dent 
(produced by repeated falls on hard bodies) in the striking part of the block whicli 
had ongmally been plane The wriggling always appeared when this dent did not 
fit exactly upon the (slightly convex) upper end of the hard cylinder To give free 
play at the moment of impact the lower part of the guide-iails had been by filing 
set a very little fuither apart than the rest and thus small transverse oscillations 
of the block were possible I hope to avoid this difficulty in future by fixing i 
hard steel plate on the striking part of the block and making all the remaining 
experiments with this Of couise a few of the former experiments must be repextod 
in order to discover whether the circumstances are seriously or only slightly modified 
by the altered nature of the striking surface There can be no doubt that the 
distortion as tabulated, belongs in part to each of the impinging bodies, but it is 
not easy to assign their respective shares 

The general nature of the whole trace of one experiment will be obvious from 
the upper figure m the Plate which is reduced to about 0 3 of the actual size The 
lower figures (drawn full size) show the nature of the trace during impact — the fiist 
senes some of which exhibit the wnggles above desenbed belonging to the pencil 
records of the old apparatus, the second senes containing some of those obtained 
with the improved form just described 

In the earher work with the caitndge paper falls of 8 and even of 12 feet 
were often recorded The results of the later woik have been as yet confined to 
falls of 4 feet at most But I mtend to pursue the experiments much fuither after 
fittmg an automatic catch on the apparatus, such as will prevent the block from 
descending a second time if it should happen to rebound so far that the needle pomt 
leaves the glass disc 

What precedes is of course designed to furnish only a general notion of the 
nature of the apparatus the prmciple on which it works and the results already 
obtained with it Some further remarks, on the physical pnnciples involved will be 
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made after details of dimensions and of numeiical data have been given But it 
must be stated here that with the later foim of the appaiatus it was found necessary 
to have a party of at least thiee engaged in each expeiiment , one to attend to the 
driving geai a second to the falling block and a third to the tuning fork My assist 
ant Mr Lindsay took the first post, I usually took the second myself, and the 
fork was managed by Mr Shand to whom I am besides indebted for the greater part 
of the subsequent measurements and reductions These of course involved an amount 
of work wh-ich though not peihxps more difficult than the rest was incomparably 
longer and moic tiiesome 


Description of the Appai atus 

Two besLins nexrly 12 feet long and 6 inches by inches cross section are ngidly 
fixed vertically ind at a distance of SJ inches fiom each othei to a massive stone 
pillar To them the lails which act as guides for the falling body are screwed the 

distance between them being 62 inches At the base between the rails is a cylinder 

of lead 6 inches by 6 inches fiimly imbedded in a mass of concrete and havmg on 

its upper end a hole 2 deep and !{ inch diameter for holding the lower end 

of the substance cxpeiimented on This consists of cork india lubber vulcanite &c 
as the case may be cut into a cylindei IJ- inch diimoter and inch long with 
the lower end flit and the upper slightly rounded It thus projects about § inch 
after being thiust homo into the hole in the leaden cylinder in which it rests on 
a thin disc of guttipeicha This was found effectually to prevent the cylinders 
being displaced in the lead block Befoic it was introduced the cylindei was occasion 
ally left not m contxet with the bottom of the hole so that the record of the next 
impact was vitiated Sometimes, indeed the cylinder had jumped entirely out of the 
hole before the bloek redescended 

In a plane, piiallel to thit which contains the guides and nearly 2^ inches from 
it a massive Jly wheel 2b j inehes diameter, whoso moment of inertia is 102 6 m lbs 
sq ft IS placed The non fume supportmg it is fixed to the concrete floor by means 
of bolts so that the whole cm be rigidly fixed in position or lifted back at pleasure 
A thick wooden board is fiimly attached to the front of this wheel and on it is 
laid a sheet of felt On the top of the felt an octagonal plate of glass about f 
inch thick the edges of which are bevelled is placed and then firmly pressed to the 
board by means of bevelled metal plates covered with felt and screwed down on 
four alternate edges 

The mstss of the glass is 28 lbs its moment of inertia 2o 21 For the wood 
these are 215 and 24 19 respectively The total mass (including the fly wheel) bemg 
122 6 lbs , fc® IS found to be about 1 24 sq ft 

A rope passing up the outside of one of the beams over two small pulleys and 
down between the rails serves to raise and lower the block next to be described 
or to keep it suspended by a hook at any desired height A cord running parallel 
to the rope is attached to the catch of the hook at the end of the rope so that 
by pulling this cord the hook is tilted and allows the block to fall 
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The block is rectangular and formed of hard wood (plane tree along the gi im) 
m by 7^ by 2^ inches weighing 5^ lbs Down the centre of each of the edges runs 
a deep groove at the ends of which pieces of iron with a polished gioove of U 
section are screwed on It is on these that the guides bear while the block is falling 
The guides and Us being well oiled the friction is reduced to a minimum 

A brass plate 5^ inches by 24- inches is sunk into the face of the block about 
^ inch and through the plate and wood a longitudinal slot 3 inches by ^ inch is 
cut the centre of the slot comcidmg with the centre of the block Another pKto 
of biass 3^ inches by 2^ inches with two parallel slots 2^ inches long xnd \ inch 
bioad half an inch distant fiom and on eithei side of the centie lies on the fixed 
plate and can be clamped to it by means of flat headed screws passing through the 
slots This movable plate has therefore a longitudinal (vertical) play of about 2 inchcb 
when the screws are loose It canies the tracing point and its adjusting mechanism 

The tracmg pomt is at the extremity of a steel rod one mch of whose length 
IS of \ inch diameter the remaining | inch being of rather less than ^ inch diametci 
The thicker part woiks freely but not loosely in a cylindrical ban el the thinnei 
part passing thiough a collar at the fi:ont end The cylinder is fixed at right ingles 
to the movable brass plate and passes through the slot in the block The rod is 
lightly pressed forwards at the thicker end by a piece of watch spring so as to keep 
it when required steadily m contact with the revolving disc In the wall of the 
cylindrical barrel is a long slot which runs backwards for ^ mch paiallel to the ixis 
and then turning at right angles to its foimer direction luns thiough a small fi action 
of the circumference of the barrel In this slot works a stout wire screwed perpen 
dicularly mto the rod which carries the tiacmg point Of course when this wire ib 
m the transverse part of the slot the needle point is retracted , but as soon as it 
IS turned into the axial pait the spring makes the needle point project through the 
collar Before the block falls the wire is m the transverse part of the slot, and the 
needle point is letiacted But when in its fall the point has passed the edge of 
the glass disc a pm fixed at the proper height catches the end of the wire and 
turns it into the axial slot As soon as the tracmg is complete the wire is forced 

back (by means of a system of jointed levers) into the transverse slot and thus the 

tracing point is permanently withdrawn from the disc so that the block can be pulled 
up and adjusted for another fall 

The last part of the apparatus to be described is that for recording the time 

It consists of an electiically controlled tumng fork making 128 vibrations per second 
A circular bar of iron 8 inches long is fixed peipendiculaily to one of the beams 
and in the plane of the beams From this the tuning fork is suspended by means 
of circular bearings It therefoie has a swinging motion perpendicularly to the di&c, 
as well as a tianslatory motion parallel to it By means of a screw it can be fixed 
m any position and to any degiee of stiffness The bar is at such a height that 
the end of the tunmg fork carrving the tracmg pomt is in the same horizontal plane 
with the centre of the revolving glass plate By this means it can be adjusted to 

trace its record anywheie between the edge of the plate and a circle whose radius 

IS 5 or 6 inches, measured from the centre of the glass 
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Theo'ty of the Experiments 

So isbio’ as concerns the motion of the block between two successive impacts the 
investigation is extiemely simple For we assume (in fair accordance with the results 
as shown Sbhove) that the friction is practically constant Thus the motion of the 
block IS rejiresented by 

Mr = Mg ± F 

the positivo '>ign referring to upward motion 

We linve also taking the angular velocity o) of the disc as uniform throughout 
the short jpeiiod of the cxpeiiment 

dd = G)dt 

Thus 3 /® 

so that r = J. + 

if we €tgroo that 6 is to be measured m cxch case from the particular radius which 
IS vertical the moment when the block is at one of its highest positions 

If our assumptions woie ngoiously conect the equations of those branches of the 
curve whicli ate tixcod dunng each successive rise of the block should differ from one 
another solely in the values of the constant A Similaily with those traced dunng 
successive descents The xsccnding and descending br inches of the same free path 
should diffoi solely by the change of value of B accoiding as the friction aids oi 

opposes tlxo action of giiMty Also the two values of B should differ from then 

mean by sl smaller peicentigc the gicitei is the mass of the block This however 
will be xiecessiiily true only it the fiiction be independent of the weight of the block 

As a "fcost of the closcnoss of our approximation to be applied to the experimental 
results below it is cleai that, if wc call the mean of the values of B foi the 
parts of tbo curve clue to any one lebound we have 

2Bo= ^ 

(0 

Bub in. the notation of the Tables is explained in the next section we have 

(k) = 27r/(6A'/128) 

Taking* the value of as S2 2 when a foot is unit of length it is 9814} to 

milhmebres ^ and the two equations above give the following simple relation between 

Bo and 



which IS sufficiently approximate to be used as a test the fraction being in defect 
by abont O 14 per cent only say l/700th 
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Thus m the first experiment of those given belov for date 23/7/90 wo hive 

JV=2125 

which gives as the calculated value 

5o = 12316, 01 with l/700th added =12333 
The actual value as given by the equations for the two parts (A, /3 ) of the fiiHt 

M125 73 + 120 81) = 123 27 

the difference bemg less than 0 05 per cent In this case the accelei atioii due t<» 
- friction beaxs to that of gravity the ratio 

9 1 91 . 


almost exactly 2 pei cent 

From the data (71 7) for the second lebonnd we find the actual value of to be 

^(13131 + 121 4b ) = 126 33 , 

and the peicentage of acceleration due to fiiction rather less than 4 As the whole 
nse in this second rebound was considerably less than an inch thcbc ic suits uk 
highly satisfactory 

It IS a fairei mode of proceeding however, to calculate the value ot N fioni 
that of J5o by means of the above relation The values thus calculated, aie ins(it(d 
m the tables below, in the same column as the measured value of N with tin 
prefixed letters /3 7 &c to show from which rebound the fiist second, &( tlu \ 
have been calculated These agiee m a veiy satisfactory mxnnei with the vUu( ol 
N given by the record of the tumng fork 

From the facts that the time of impact is nearly the same for all snull dis 
tortions and that it dimimshes rapidly as the distortion is gicatei it follows th it 
the equation of motion must be of the form 

Moo — — Goo — X 


duimg the first stage of the impact, and of approximately the same foiin but with 
the square of the coeflScient of restitution as a factor of the light duimg th< hkoiuI 
stage In this equation x (which is confined to positive values) is mcasuicd tioiu 
the datum Ime so that no teim in g comes in explicitly X is a function of a 
which IS small for small values of x but mcreases fastei than docs the first powu 
of X for largei values Hence for small relative speeds the time of compression is 

E /E 

2V a 


and that of rebound 1/e times as much The utmost distortion is 



where V is the speed at the datum Ime The first term is due to the fall, the 
second which is due to the weight of the block does not appear in oui Tables as 
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the measures aie made from the datum Ime Its value however is usually only a 
small fi action of that of the fiist term 


To compare the distortion with the duration of impact in experiments made with 
the same mass fallmg from different heights the following equation was tried — 

2a 


wheie the numerical factors are introduced for convenience This assumes X above, 
to vary as the square of the distortion measuied from the datum cucle and it gives, 
for the time of compression m terms of the greatest distoition a the expression 


T = 


f 


dz 

\ln (1 — 4- a (1 — * 


- _P_ 

-^cLja 

to a sufficient appioximition Hero p is a numerical quantity which is about 1 6 
when aja is small in comparison with % and continuously approaches the value 1 4 
as a gradually increase^ It is easy to give similai cxpiossions foi other assumed 
laws of relation of stress to distortion, but as will be seen later this part of the 
inquiry has not yet led to any result of value 

In testing the results obtained with the cailiei apparatus I assumed the force 
(for the more violent impacts) to be as the square of the distortion simply This gives, 
in the notation of the Tables below 

D^T- ocH^ 

Of couibo any investigations, based on such simple assumptions as those made 
above can bo only very rough ippioximations since they ignore altogether the true 
nature of the distortion of cither of the impinging bodies as well as the internal 
wave distuibance which is constantly passmg to and fro in the mterior of each , 
part of it, no doubt becoming heat, but mother part ultimately contributing to the 
resilience In such ciicumstances the impact may pexhaps sometimes consist of a 
number of successive collisions, certainly the pressure between the two bodies will 
have a fluctuating value 


Measurements of the Tracings, and tlmr Reduction 

From the tracing for each separate expenment the following quantities were 
carefully determmed Their values arc given m the subsequent Tables undei the 
correspondmg letters below 

1 Number of vibrations of the fork coircsponding to one sixth of a complete 
revolution of the disc N 

Three diameteis of the disc were drawn making angles of 60 with one another 
and the number of undulations of the fork tracing intercepted between each pair of 
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radii was counted This piocess was preferred to the simpler one of counting the 
undulations in the entire circumference for two reasons — it tests the uniformity of 
the rotation or a possible shimkmg of the photogiaphic paper, and it makes one 
common piocess of measuiement applicable to complete traces and to others which 
from some imperfection of adjustment presented only paots which were sufficient!} 

distmct When only one measurement is given under this head it means eithei that 

only one was possible or that all six gave the same result When two are given 

the} are chosen as the least and greatest of the six They usually differ by a small 

quantity only and may mdicate distortion of the papei or iriegularity of the foik 
(due to the bustles being clogged with printers ink or to its pressing too stiongl} 
on the plate 2) In these cases the arithmetical mean is to be taken foi any sub 
sequent calculation 

2 The radius of the datum ciicle R 

This and the other measuiements of length are in millimetres 

3 The height of fall or of lebound jj 

For the first fall this was of couise measuied on the rails — foi the subsequent le 
bounds it was measured on the tracing 


4 Chord of the arc of datum circle intercepted by the trace duimg impact 0 
As this arc was on the average considerably less than one tenth of radius the chord 
IS practically equal to it (differing at most by l/1200th only) and it is thus a measuic 
of the diuation of the impact The duration is in fact 

G eif S ON 
27rR 128 400 R 

this approximation bemg much within the mevitable errors of experiment It is 
tabulated under m 


5 Greatest distortion— i e gieatest distance of the trace beyond the datum circle 
(of couise not mcludmg the (small) distoibion due to the weight of the block) This 
datum IS always to a small but uncertain amount inci eased by the distortion of the 
lowei part of the falling block This is probably nearly pioportional to that of the 
elastic cyhnder so that the numbers given are all a little too laige but they arc 
mcreased nearly in a common ratio 


It was found impracticable to estimate with certamty the relative distances of 
this gieatest oidmate from the ends of the mtercepted aic, as the radial motion 
generally remams exceedingly small durmg a sensible fraction of the whole time of 
impact This is true of all the substances examined even when they have properties 
so different as those of vulcamte and vulcanised mdia rubber It seems as if the 

eW subst^ce were tor a moment stunned (if such an expression can be permitted) 
when the sudden distortion is complete ^ ^ 


can easilj assign limits within which the time of compression must he 
the elastic force resists the motion and increases with the distortion its 


For 

time- 
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average dunng the compiession is gi eater than its space average — 

mV mV^ 
i ^ 2J) 


where m is the mass of the block 
of compiession Hence 


V 


V 

< 


its speed at the datum Ime 



and t the time 


If We make the assumption that the force at each stage dunng lestitution is e times 
its vxlue during compiession this gives 

D T 2D 
F^l + l/e^ V’ 

and the values txbuhted satisfy these conditions Thus the somewhat precarious 
assumption as to the ciicumstances of restitution is so far justified 


6 The txngents of the inclination of the trace to the radius of the datum circle 
diawn to the intei section of these cuivcs befoie and after impact Aj A 

Ihcsc values wore determined diicctly by di iwing txngents to the trace, and 
indirectly by calculation fiom the cquxtion of each pait of the tiace The agreement 
of the obseived (o) xnd cileulated (c) values is satisfxctoiy 

Attempts to foim the equation of the pxit of the trace made befoie the first 
impact weie not very successful as the available lango of polai angle was small and 
the ladius veetoi luciexses ixpidly for small changes of that angle Hence the calculated 
value of was obtained simply as the ratio of the tangential and radial speeds of 
the txacing point at the moment of its fiist crossing the datum cncle This was 
taken as 

Ra) R , 

In this numeiical leduction H is taken as 4 feet ^ e 1219 mm , and the full 
value of g is employed, as we do not know the amount by which friction diminishes 
it the contact of the ti icing point with the disc coming about only during an un 
ccitam portion of the lowei lange of the fall, while it is not possible to estimate 
with any accuiacy the effect of the impact on the tiiggci The calculated value of 
the tangent will thciefoie always be too small but (since the square root of the 
acceleiation is involved) raiely by moio than 1 per cent On the other hand the 
graphic method employed foi the direct measurement of this tangent usually exaggerates 
its value 


7 The ratios of these pans of tangents — the values of the coefficient of 
restitution e 

The equation of each distinct part of the trace (alluded to in 6 above) was 
found thus — The minimum (or maximum) radius vector was drawn appioximately for 
T II 30 
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each separate free path and other radu weie drawn two on either side of it, making 
with it convement angles — usually 40 80 — 40 — 80 or such like The notation 

employed below for the measured lengths of these radii vectores is simply square 
brackets enclosmg the value of the angle vector thus — 

[80] [40] [0] [-40] [-80] 

If so be the angular error introduced in the estimated position of the minimum radius 
we determine it as well as the A and JB of the equation of the corresponding half 
of the branch of the curve in question from three equations of the very simple form 

[ 0 ] = + Bx 

[40] = J. + J?(40 + a,) 

[80] = 4-5(80 + a!) 

(which may be made even more simple for calculation by putting y for 40 + so) The 
assumed initial radius was m most cases so near to the mmimum that voiv littlo 
difference was found between [0] and A , so being usually verj small 

We now write the equation of this part of the branch m the form 

r = A + B{d + x) , 

the numencal values ot A B x being mserted after x has been reduced to ladians 
and B modified accoidingly The equations in this final form are pnntod below— 
each with the data from which it was obtained (A fine protractor by Cary London 
reading to one minute over an entire circumference belongs to the Natural Philosophy 
Class collection of Apparatus, so that it was found convenient to deal with degrees 

in all measurements of angle and m the bulk of the subsequent calculations the 

results bemg finally reduced to circular measure) 

In the Tables below after the data (enumerated above) from each experiment 
come the equations of the successive parts of each trace in older In these B 
refer respectively to the rise and fall due to the first lebound, y to the second 
rebound &c 


To test the formulae thus obtained other radii were measured as fai as possible 
from those already employed say for instance [20] [60] [-20] [-60] &c These 
measured values and the coriespondmg values calculated from the equation (before 
reduemg to circular measure) are also given below The agreement is in most cases 
surprisingly close, and shows that the assumption of nearly constant fiiction cannot 


The whole of the above statement presupposes that the adjustments have been 

so exact that the line of fall of the needle pomt passes accurately through the centre 

of the (frsc On a few occasions only it was not so -but the necessary correction 
was easily calculated and apphed by means of the trace preceding the first impact 
even if the trace of the first lebound did not leach to the level of the centie of 

41 ,^ k ^ liave been traced on 

the disc had the adjustment been peifect it is easy to see that we must draw from 
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each point of the tiace a tangent to the cucle described about the centre of the 
disc so as to touch the true line of fall The position of the centre of the disc 
relatively to the point of contact of this tangent is the same as that of the true 
point relatively to the actual point of the trace This applies of course to all parts 
of the tiace, including the datum circle 

In the special trice which has been selected foi photolithography as an illustration 
(see Plate IV) this adjustment is markedly imperfect, much more so than in the worst 
of the others The path of the tracing point passed m fact about 3 mm from the 
centre of the disc, while in the worst of the other cases the distance was not moie 
than half as great But this very imperfection serves to enable the reader to follow 
without any difficulty the various convolutions of the trace The measurements and 
reductions obtained from this specially imperfect figure agree wonderfully with those 
obtained from the best traces It would only have confused the reader had we selected 
one of the latter foi rcpioduction smee each of them contains the record of four 
experiments — %e it contains four times as much detail as does the trace reproduced 


Goncluiions from the Ecrp&nments 

It will be observed horn the following Tables that the assumed initial radius 
vector was never very far from the true position of the minimum, the correction (in 
ciiculai meisuic) being usually of the order 0 01 le about 0 6 and very often much 
less When the minimum wis small the correction was usually larger, but m few 
cases did it amount to 0 0> 3 This correction ought of course to have equal 

values for tho two puts of each free path 

The substances cxpcnmciited on wore fresh specimens not those which had been 
frequently battered by 8 and 12 foot falls in the earlier experiments They were 
limited to four Plane tree Cork Vulcanised India rubber and Vulcanite The first 
material was chosen tho same as that of the falling block in order that (if possible) 
a correction for the compiossioii of the block might be determined and apphed to 
the results of the experiments on other materials I do not as yet see any simple 
mode of obtainmg approximately such a collection — and the data from different 

experiments with tho same materials are scarcely sufficiently consistent with one 
another to warrant the application of rigorous analysis a task which would involve 
immense labour as well as difficulties of a most formidable order Hence there is 

not much to be said for the present at least about the behaviour of a hard body 
such as vulcanite whose distoition is only of tho same order as that of the block 
The time of the impact between it and the woodblock is somewhere about l/500th 
of a second when the speed of the block is about 16 feet per second For lower 
speeds it is longer, while for very low speeds this substance seems to show a 

peculiar it j which is specully marked m cork and will be considered below 

With vulcanised india rubber when the speed is 16 feet per second the time of 
impact IS about l/130th of a second, it becomes longer as the relative speed is less, 
until with very low speeds, it becomes practically constant 


30—2 
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With cork the period of impact for a speed of 16 feet pei second is xbout l/70th 
of a second, it increases as the speed is reduced to about 8 feet per second xnd 
again steadily diminishes as the speed is still further i educed This seems to indicxlc 
that (at least in circumstances of rapid distortion) the elastic foice in cork inciciscs 
in a slowei ratio than does the distortion while both are small but at x highci 
ratio when they are laiger 

In all the cases tested the coeflScient of restitution seems steadily to diminish 
as the speed of impact is mci eased 

In some of the experiments the mass of the block was doubled, and occxsionally 
the doubled mass was allowed to fall from half the pievious height so that its cncigy 
remained unalteied But the number of cases is as yet too small to enable us to 
judge with certainty the consequences of these changes I hope to discuss this point 
in a subsequent papei 


23/7/90 Plane Tbee, I 


N R 

H 

C 

T 

D A; 

1 

A 


e 





0 

C 0 

c 



21 2d 292 5 

12192 

38 

000206 

2 0 0421 

0377 1474 1608 

2SG* 


670 

47 

2d5 

08 1600 

1626 2 651 2 720 

604 

y9 21 24 

221 

48 

260 

05 2798 

2844 419b 


667 

7 215 

91 

50 

271 

03 






42 

58 

314 







21 





0 

0 


|8x [0] 

22o0 




[Id] 

2328 

232 9 


■20' 

239 3 

r = 225 + 120 73(0- 0115) 

'35] 

270 3 

270 2 


;4o; 

2843 




>2] 

2918 

290 0 


[0] 

[-20' 

[-4o; 

225 0 
2408 

286 0 

r = 225 + 120 81(0- 0128) 

[-30] 

[-42] 

259 7 
2930 

259 9 
2917 


7i [0] 

2708 








[10] 

2744 

r = 270 8 + 131 31(0- 0087) 

[24] 

2930 

292 9 


[20] 

286 0 







7 [o; 

2708 








[-10] 

274 7 

r = 270 8 + 121 46 (0 - 0047) 

[-24] 

292 7 

292 6 


[-20] 

286 0 







II 









N R 

H 

C 

T 

D A 

■1 

Aj 


e 

22 9 301 5 




0 

C 0 

c 



1219 2 

30 

0 00170 

16 0388 

036 0924 1028 

42 

/8 22 5 

165 2 

38 

215 

12 1037 

1 039 1 867 1 91 9 

555 

42 7 

40 

225 

6 1982 

1942 3 271 


606 

7 22 7 

16 2 

42 

23’’ 

4 





75 









37 









* Note —It IS clear from tins value of e and from the amount of the first rebound that the cylmder was 
not home m the lead block This fall is therefore not trustworthy m some of its details 



LXXXVIll 1 


ON IMPACT 


237 


y8i [ 0 ] 146 6 

[20] 1623 r- = 146 6 + 140 oO ((? - 0143) 
[40] 212 2 
/3 [ 0 ] 146 6 

[- 20] 164 5 r = 146 6 + 135 91 (d - 0141)“ 
[-40] 215 5 
7, [0] 25bS 

[10] 262 b r = 208 8 + 142 80(0- 0072) 
[20] 275 5 
7 [O’ 2o8 8 

[-10] 262 9 f = 2o8 b + 139 52 (0 - 003) 
[-20] 27 0 5 


0 c 

[30 ] 183 0 183 0 
[60 5] 300 9 299 1 

[-10 ] 1514 1514 

[-50 ] 253 7 2o3o 
[-60 5] 302 2 302 2 

[32] 302 2 302 2 


[- 32] 301 1 301 b 


III Double Mass 

N R H 0 T D Aj A 

0 c 0 c 

2233 3224 609 6 41 000212 1 9 0575 056 1 281 1356 

104 4 5 6 289 10 1 38o 136b 2 71b 2 6b0 

/3 2223 27 o 52 269 5 2592 2634 4 705 

7 22 06 9 7 78 403 o 

40 8 2 424 3 

20 


A [0] 

2183 


■20' 

234 9 

r- = 218 3 + 136 24 (0) 

■40; 

284 7 


/3 [O’ 

218 3 


[- 20' 

235 1 

7 = 218 3 + 133 61(0- 0056) 

[- 4o; 

284 5 


7i [0 ! 

294 5 


[10] 

298 4 

7 =2945 + 132 95(0- 0031) 

[20] 

310 4 


7 [0 ! 

294 5 


[- 10] 

298 b 

r = 294 5 + 132 95 (0 - 0054) 

[-20] 

3112 



0 c 

[30 ] 2o6 1 255 6 

[5OO8] 322 9 322 4 

[-30 ] 255 6 2o5 7 

[-5008] 3216 3217 


[26 04] 3216 3216 


[- 26 04] 322 1 322 6 


e 

449 

o09 

5ol 


IV 


N 

R 

H 

0 

T 

D 

Ax 

A 

e 







0 c 

0 c 


22 8 

3318 

1219 2 

4 5 

0 00231 

24 

0408 04 

1072 IloO 

381 



155 0 

5 3 

272 

13 

1 098 1 133 

2179 2 238 

504 

/3 22 5 


36 7 

56 

287 

8 

2 371 2 397 

4127 

575 

7 22 8 


116 

8 0 

410 

6 






47 

81 

415 

5 





23 

0 c 


[0] 176 6 

[20] 193 3 r = l766 + 137 88(0- 0017) 
[40] 243 6 
^ [0] 176 6 

[-20] 194 5 r = 176 6 + 138 70(0- 0103)“ 

[- 40] 246 2 


[30 ] 2143 214 2 

[60 Oo] 3317 327 6 

[-30 ] 2160 216 0 
[-6005] 332 8 332 0 



238 


ON IMPACT 


[lxxxviii 


Yi [0] 

295 9 

[lo; 

300 2 

[ 20 ; 

313 0 

Ts* [0! 

1 295 9 

[-10] 

300 3 

[- 20 ; 

1 313 0 


? =295 9 + 147 73(0- 0039) 
7 = 295 9 + 136 24 (0 - 0010) 


14/6/90 Cork I 
N E 


217 

218 
/3 21 79 


A 


296 4 


H 

1219 2 
122 8 
22 0 
44 


C 

305 
44 5 
39 8 
37 0 


T D 

0 0167 190 
243 82 

218 33 

202 1 5 


173 5 


I 860 7- = 173 24 + 141 18(0- 

233 8 


O' 

20 ] 

40] 

/9„ [0] 173 5 

20] 191 2 r = 173 29 + 118 18 (0 ■ 
40] 238 0 


II 


N 

22 4 
22 5 

/3 22 2 


E 

3061 


H C 

1219 2 29 6 
131 5 45 2 
237 403 
49 385 


T D 

00162 190 
247 8 9 

220 3 6 

210 16 


[ 0 ] 

[ 20 ] 

[40] 

[O' 

[- 20 ' 

[- 40 ; 


174 8 
189 0 
238 3 

174 8 
193 8 
243 6 


r = l747 + 14444 ( 0 - 
r = 1746 + 124 75 (0- 


ni 


N 

22 75 
22 8 

2247 


E 

3210 


H C 

12192 302 
128 2 47 0 
238 421 
49 392 


T D 

00160 18 8 
249 8 7 

223 3 6 

208 16 


/3x [0] 
20 ' 
■40 

[0 

[- 20 ’ 

[-40] 


192 0 

206 5 

207 0 

192 0 
2110 
2610 


r = 1918 + 147 73 (0- 
r = 191 8 + 128 03 (0- 


0039) 


[29 04] 332 8 

333 0 


0010) 

[- 

29 04] 331 7 

3310 



Ai 


A 


e 

0 


c 

0 

c 


0390 

0373 : 

1 10 1 124 

355 

1250 

1230 2 71 


461 




0 

c 



1 

[17 45] 

1 182 0 

182 9 


• 0428) 


[32 46] 

1 211 3 

2119 




[56 06] 

1 296 9 

296 8 



[- 

12 57] 1810 

1814 


• 0424) 

[- 

28 57] 

207 6 

207 9 



[- 

66 06] 

295 9 

296 45 


A, 


A 


e 

0 


c 

0 

c 


0394 

0373 : 

1 065 1 106 

37 

1204 

1196 : 

2 578 


467 




0 

c 


0244) 

[56 35] 

1 306 5 

306 5 


0408)® 

[- 

06 35] 

1 305 7 

305 0 


Ai 


A. 


e 

0 


c 

0 

c 


0414 

0385 1107 1 167 

374 

1226 

1 249 2 633 


465 




0 

c 


0340)® 


[55 3] 

321 

319 9 


0380) 

[- 

-55 3] 

320 9 

3216 




LXXXVIII ] 


ON IMPACT 


289 



e 

379 

481 


A [ 0 ] 191 6 

'20] 204 8 

>0] 252 1 

yS [0] 1916 

[- 20 ] 210 0 
[- 40] 258 5 


r.I9188 + lS9 86(«-0893) [g25] 229 9 329 7 

r = 1914 + 12311(«- 0894) [; g” 225 2 


28/7/90 Vulcanite I 



R 

H 

C 

T 

216 

29o 9 

1219 2 

35 

0 00190 



300 8 

44 

240 

yS 2142 


85 2 

49 

267 

7 216 


32 0 

50 

272 



15 0 

51 

278 



73 

58 

316 



40 

6 5 

354 


D 

Ax 

A 

e 


0 c 

0 c 


25 

0 394 0388 

0 649 0 745 

607 

21 

0 768 0 780 

1 297 1 404 

692 

095 

1 426 1 435 

2 264 

630 

05 



03 




02 




015 





A [ 0 ] - 0 2 

[40] 52 0 

[80] 237 5 

A [ 0 ] — o 2 

[- 40] 60 0 

[- 80] 241 8 

7i [0] 210 7 

[20] 226 9 

[40] 272 8 

7 [ 0 ] 210 7 
[- 20] 227 0 

[- 40] 273 6 


0 c 

’20 ] 7 76 

r = - 5 02 + 131 31(0- 0370) [60 ] 1280 128 98 

;88 72] 2958 29496 
-20 ] 140 128 

» =-541 + 11949(0- 0417) [-60 ] 130 0 1363 

88 72] 296 6 296 7 

» = 210 7 + 130 (0 - 0007) [46 57] 296 5 296 4 


7 = 210 7 + 124 75(0- 0126) [-46 57] 295 5 295 7 


n 


N 

R 

H 

0 

T 

D 

Ax 

A 

e 

220 






0 c 

0 0 


313 2 

1219 2 

30 

000157 

16 

0396 0 39 

0 714 0 779 

55o 

A 21 91 


292 8 

40 

209 

1 3 

0833 0821 

1 338 1 436 

623 


88 0 

44 

231 

95 

1 458 1 491 

2 264 

644 

7 , 21 83 


35 0 

41 

21 0 

4 





16 0 





0 c 



A [ 0 ] 20 6 

>0] 800 r= 20 35 + 138 53(0- 0420)“ K _ J on?n 

[80] 274 5 [85 53] 313 2 3119 


[-40] 89 2 r= 20 32 + 123 76(0- 0479)“ f“29-o] 

-801 278 5 [-8o53] 313 2 3141 



240 


ON- IMPACT 


[lxxxviii 


7i. 1 

[0] 

2251 

1 

[20' 

240 0 1 = 225 


[40' 

28b S 

7 

[0] 

1 2251 

[- 

20‘ 

1 2420 r- = 225 

[- 

4o; 

1 289 5 


1 + 1S492(0- 0110)=> 
06 + 125 40(5- 018 d) 



0 

c 

[46 92] 

313 2 

313 2 

[- 46 92] 

313 2 

3130 


III Double Mass 


N 

E 

H 

C 

T 

D 

Ax 

A 

e 







0 c 

0 c 


218 

326 7 

609 6 

43 

000214 

21 

0o8o 0 58 

0 971 1 087 

600 



172 2 

47 

233 

1 2 

1 0S6 1 113 

1857 

585 

/3 21 7o 


52 0 

59 

293 

09 






19 9 

oO 

248 

0 45 





92 


A 

'0] 

'20’ 

■4()‘ 

lo51 

170 6 5 = lo5 1 + 131 97 (5 - 0063) 

218 3 

[6o 62] 

0 

326 9 

0 

326 3 

0 1 
[- 
[- 

[0] 

20] 

40] 

1 15ol 

1719 J =15o07 + 126 39(5- 0159) 

1 219 5 

[- 6o 62] 

326 7 

325 5 

IV 






N 

K 

H C T D 

Ax 

A 


221 

/3 22 02 

343 0 1219 2 5 0 000240 3 2 0 425 0 425 0 892 0 9b9 

228 0 49? 2352 142 0 9862 0 992 1 706 2 

46 9 6 0 288 1 0 

224 7 3 360 65 

9 3 10 7 ol3 8 

/3x 

[O' 

'20' 

>0 

114 9 

131 0 r = 114 9 + 133 28 (5 - 0015? 
179 6 ■' 

[60 ] 
[74 62] 

0 

261 

343 

0 

260 6 
3404 


[0 

20 

•40 

114 9 

131 9 r = 114 9 + 131 64 (5 - 0105) 

181 0 ^ 

[-60 ] 
[- 74 62] 

2624 
343 0 

2621 

3418 


476 

577 


24/6/90 Vulcanised India eubber I 


N 

K 

H 

0 

T 

21 95 

3008 

1219 2 

14 6 

0 0079 

220 


386 8 

20 4 

111 

/8 216 


1580 

2j8 

129 

j 2213 


72 3 

2o3 

139 

S 2202 


34 6 

250 

136 



16 5 

25 3 

139 



76 

25 4 

139 



35 

2d 4 

139 



lo 

253 

139 


6 



Ax 

A, 

e 

0 

0 

0 c 


0400 

0 374 

0 607 0 656 

659 

0 737 

0 702 

1 032 0 994 

714 

1117 

1068 

1 508 1 484 

741 

1570 

1570 

2260 

695 


117 
S8 
6 4 
46 
32 
21 
14 
09 
06 



LXXXVIII ] 


ON IMPACT 


241 


A [0] -86 7 
[80] 199 

[90] 272 


A [0] 
[- 80’ 
[- 9o; 


7i 


[ 0 ] 

‘ 20 ’ 

‘40‘ 


-86 7 
145 
206 6 
142 5 
165 8 
204 0 


[0] 142 5 

[- 20] 160 6 
[- 40] 209 0 

Si [ 0 ] 228 6 

[20] 243 7 

[40] 293 4 


Sj, [ 0 ] 228 5 

[- 20] 245 5 

[- 40] 292 6 


0 0 

r = -87^-13'>92(^^ 0541)* [93 6 ] 300 5 299 2 


r = -86 7 + 118 52(0) [-10J2] 300 5 2978 


r = 142 25 + 143 13 (0 - 0414)* 
r = 142 36 + 124 42 (0 - 0338)* 
r = 228 44 + 141 49 (0 - 0206) 


[10 ] 
[30 ] 

[62 97] 


1449 1448 
176 3 176 0 
300 8 302 3 


[-30 ] 

[-50 ‘ 

[- 62 97‘ 


181 0 18] 0 
244 5 244 6 
301 2 302 0 


[10 
[80 
[42 27; 


2318 

2644 

3012 


2317 
264 2 
3012 


r = 228 44 + 123 43 (0 - 0227)* 


2330 233 2 
300 0 3000 


N 

R 

H 

C 

T 

21 7 

310 8 

1219 2 

155 

00080 

216 


389 3 

213 

111 

j8 215 


159 8 

25 3 

131 

7 21 49 


73 0 

26 6 

138 

S, 21 39 


351 

26 5 

138 



17 0 

269 

140 



79 

27 7 

144 



36 

27 5 

143 



15 

27 5 



D 

0 

A 

c 

A 

0 

c 

e 

116 

0 412 

0 38 

0 680 

0 683 

606 

88 

0 742 

0722 

1054 

1058 

704 

63 

45 

32 

22 

16 

09 

05 

1 132 
1689 

1132 

1682 

1600 

2 238 

1 589 

707 

755 


A [0] 
[60] 
[80] 

A. [0] 
[-80] 
[-9o; 

7i. [ 0 ; 
[ 20 ] 
[4o; 

7 . [ 0 ] 
[- 20 ] 
[-40] 




0 

' 20 ' 

'401 


- 78 5 
80 

197 5 
-78 5 
136 
195 5 

151 2 
164 0 
209 7 
151 2 
168 7 
214 8 

238 4 
252 4 
298 7 


Sa [ 0 ] 238 4 
[- 20] 255 0 

[- 40] 300 2 


r = - 78 8 + 132 63 (0 + 0471) 
r = - 78 8 + 119 17 (0 + 0536)* 
r = 151 0 + 134 92 (0 - 0386)* 
r = 151 02 + 117 36 (0 - 0391) 
r = 238 32 + 132 53 (0 - 0231)* 
r = 238 3 + 117 36 (0 - 0281) 


0 c 


[20] 

-615 

-6o9 

[- 

60] 

37 

38 7 

[30 

] 

182 3 

182 7 

[50 

] 

244 6 

2448 

[64 68] 

3112 

3113 

[-10 

] 

166 6 

156 36 

[-60 

1 

248 3 

248 6 

[-64 68] 

310 3 

310 9 

[10 

1 

2414 

2414 

[43 66] 

310 3 

310 3 

[-10 

] 

2431 

2431 

[- 43 o5] 

3111 

3111 


T II 


31 
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ni 


N R 

H 

C T 

D 

A, 


A, 

e 





0 

c 

0 

c 


21 75 323 5 

1219 2 

lo6 0 0078 

11 0 

0419 

0407 

0670 

0 679 

625 

/3 22 0 

392 0 

221 no 

87 

0 765 

0741 

1087 

1091 

703 

7 2173 

162 3 

25 8 129 

64 

1160 

1141 

1616 

1581 

718 

S 2166 

75 0 

27 5 138 

4o 

1698 

1726 

2484 


683 


36 0 

27 5 138 

32 







17 3 

27 8 139 

22 







81 

28 3 142 

16 







38 

30 0 150 

10 







16 

31 0 155 

6 






/37 [0] - 

- 69 4 






0 

c 

[80] 

202 4 

r = — 69 5 4- 144 4& (0 - 

0244)* 


[60] 

87 

816 

[90' 

276 0 







[0] - 

-69 4 








[-80] 

158 2 

r- = -695 + 11983(0- 

0314)* 

[- 

-60] 

56 

541 

[- 100' 

287 0 






7i [0] 160 9 

[20] 173 9 r = 160 7 + 1 35 81 (5 - 0374)’ 
[40] 220 0 


30 ] 1930 1928 

;6467] 3234 322 6 


y [0] 1609 

[- 20] 178 5 7 = 160 8 + 122 28 (6 - 0316)» 

[- 40] 225 


[-10 ] 1660 166 0 
[- 64 67] 323 8 325 2 


Si [0] 2483 

[20] 263 0 r = 248 2 + 137 88 (0 - 0218)» 
[40] 3113 


10 ] 261 5 2614 
438] 3238 324 2 


S [0] 248 3 

[- 20] 264 7 r = 248 2 + 118 ol (9 - 0237) 
[- 40] 310 


■-30 ] 283 7 283 7 
;-438] 522 5 3218 


IV 


N 

R 

H 

C 

T 

D 

A 

A 

2 

e 

21 75 






0 

c 

0 

C 


333 0 

1219 2 

16 0 

0 0078 

115 

0 432 

042 

0 722 

0723 

598 

/3 216 


392 6 

22 6 

no 

89 

0 771 

0 767 

1097 

1088 

703 

y 2192 


1640 

26 5 

129 

63 

1170 

1185 

1659 

1652 

705 

S 2181 


74 2 

281 

137 

44 

1739 

1759 

2 402 


724 



354 

286 

139 

31 







17 3 

29 2 

142 

23 








82 

294 

143 

16 








39 

315 

153 

10 








17 

311 

151 

6 







6 


A [0] -606 

80] 219 , = _ 60 7 + 135 26 (9 - 0419)“ 

;90] 291 

A [O’ — 60 5 

[-80] 1650 ) =-60 6 + 12016(0- 0262)* 

[-100] 2945 
yi [O' 169 9 

‘20] 183 3 7 = 169 7 + 141 16 (9 - 0384)* 

40] 2310 ’ 


0 c 

[60 ] 100 99 7 


[-20] -44 -481 

10 ] 172 3 172 3 
’50 ] 267 5 267 9 
’64 6] 3340 336 6 
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7, [0] 169 9 
[- 20] 187 4 » = 169 S + 121 46 {6 - 0318)“* 

[-40] 234 5 

Si [0] 2596 

'20] 274 5 r = 259 6 + 138 

;40] 323 1 
S [0] 209 6 

[- 20] 276 8 T = 259 5 + 121 

[-40] 323 7 

28/6/90 VuT CANISLD India Rubbee I 


r = 259 6 + 138 21 ((9- 0201) 


r- = 259 5 + 121 79 {6 - 0278) 


0 0 

-10 ] 1749 1749 
■-30 ] 2071 207 2 
;-50 ] 269 7 2691 
_ — 64 o_ 333 3 332 5 

[30 ] 294 6 2946 

[42 97J 333 3 333 2 

[- 30 ] 296 7 296 > 

[-42 77] 333 2 333 2 


N 

R 

H 

C 

T 

D 


A, 


A 

e 







0 

0 

0 

6 


21 7d 

29)4 

1219 2 

13 7 

0 0076 

11 0 

0370 

0 37 

0 601 

0 629 

616 

^ 220 


4181 

18 2 

100 

92 

0 637 

0 621 

0 875 

0 922 

728 

7 22 28 


182 6 

22 5 

124 

67 

0 9d4 

0 942 

1 358 

1326 

702 

S 22 31 


89 5 

24 0 

133 

51 

1 368 

1342 

1836 


745 



45 7 

241 

134 

37 








239 

24 5 

135 

27 








12 5 

2o2 

139 

19 








63 

25 0 

138 

14 








30 

2)3 

139 

09 







A. [01- 
[80 
[ 100 ' 

/3 [01 
[-80] 
[- 90 ; 

71 [ 0 . 
[ 20 ] 
[ 40 ; 

[ 0 ; 
[- 20 
■-40' 

Si [0] 
[ 20 ] 
[40’ 

8 , [ 0 ] 
[- 20 ] 
[-40' 


= -1248 + 130 00(19- 0d24) 


[90] 217 217 8 


= - 1247 + 13329(0- 0332) [-30] -863 -900 


r = 110 55 + 139 12 (0 - 0191) 


= 110 6 + 13213(0- 0141) 


r = 204 6 + 138 2 (0 - 0128)“ 


[50 ] 2123 2120 

[6668] 293 7 292 9 

[-30 ] 1489 148 5 

'-50 ] 2140 214 3 

;- 66 68] 293 1 293 7 

[30 ] 2408 240 6 

[46 do] 293 1 292 9 


= 204 6 + 133 7 7 (0 - 0054) g 293 7 294 0 


N 

R 

H 

C 

1 

D 

21 75 

3020 

12192 

14 4 

0 0077 

119 

/3 216 


423 0 

19 5 

105 

93 

7, 21 96 


183 9 

231 

124 

69 

S 2187 


900 

244 

131 

D 1 



461 

2d 9 2 

139 

37 



244 

2d 4 

136 

27 



130 

251 

135 

19 



68 

26 2 

141 

14 



34 

26 5 

142 

10 


0384 038 0618 0644 

0 652 0 65 0 914 0 952 

0 983 0 989 1 428 1 383 

1 402 1 411 1 9o4 


31—2 
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0 C 


A. [0]- 

■121 





[80] 

146 

r = - 121 2 -p 130 00 (0 - 0377)“ 

[+20] 

-105 - 

■1018 

'90] 

215 




[o;- 

■1210 





[-80' 

1147 

r = - 121 1 + 125 41 (d - 02oiy 

[-106 2] 

302 5 

298 5 

[- 90 ; 

178 6 



7i [0! 

1180 


[30 ] 

1530 

1530 

'20' 

133 0 

r = 118 + 136 24 (6- 0168) 

'50 ' 

217 5 

217 8 

;4o; 

1812 


;67 72 ; 

302 3 

302 9 

78 [o; 
[-20' 
;-4o; 

118 0 
135 0 
183 0 

r = 118 0 + 127 21 {d - 0169)“ 

[-50 ] 

[- 67 72] 

2188 

3016 

218 6 
300 8 

[O' 

'20 

'40' 

212 6 
228 2 
276 2 

r = 212 6 + 132 95 (0 - 0065)“ 

[10 ] 
[47 35] 

216 4 
3016 

216 3 
302 0 

1 II II 1 

1 1 

212 6 
228 9 
276 0 

r = 212 6 + 128 36 (0 - 0074)“ 

[-10 ] 
[-4735] 

216 7 
3021 

216 8 
3018 


in Double Mass 


N 

R 

H 

C 

T 

2245 

325 6 

12192 

16 7 

00086 

/3, 22 5 


350 7 

24 5 

126 

y 22 57 


1472 

310 

159 

8,226 


706 

351 

180 



35 6 

36 6 

188 



184 

372 

191 



97 

39 2 

201 



49 

398 

204 



24 

40 6 

209 



12 




D Ai A e 

0 0 0 c 

13« 0401 04 0712 0744 563 

9 9 0 749 0 736 1 124 1 149 667 

80 1154 1131 1648 1641 700 

6 0 1723 1663 2 356 731 

44 

32 
2 3 
17 

10 


A [0] -2o3 

'60] 147 0 r = - 26 1 + 136 57 (0 - 0787)“ 

;80] 271 0 

/Sa [ 0 ] — 2o 

[- 60] 102 r = - 25 7 + 139 53 {6 - 0879)“ 

[-80] 214 
7i [ 0 ] 178 2 

[20] 194 8 r = 178 2 + 137 88 (6 - 0021)“ 

>0] 245 0 

7a [0] 1782 

[- 20] 195 0 r = 178 2 + 140 34 (0 - 0031) 

[- 40] 246 0 
61 [0] 2563 

'20] 272 3 r = 255 3 + 139 52 (0) 

'40] 3233 

3 [0] 255 3 

[-20] 2722 r = 2o53 + 13706(^- 0021)“ 
[-40] 3225 


0 c 

[50 ] 100 97 5 

[872] 3258 323 8 


[- 96 25] 326 8 327 8 


■50] 283? 282 7 

;69] 326 7 3238 

■-30] 2161 216 2 
-50] 2S45 2842 
;-o9] 326 9 32)9 

[4077] 325 9 32o9 


■-10 ] 259) 269 6 

-4077] 3254 325 0 
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IV 

N R H C T 


21 6 337 5 

1219 2 

17 8 

00085 

A 22 0 

360 9 

25 6 

122 

7 , 2234 

165 0 

32 0 

153 

743 

36 8 

176 


38 0 

38 5 

184 


197 

39 6 

189 


10 6 

40 3 

192 


54 

40 3 

192 


27 

403 

192 


13 

40 3 

192 


D 


A, 

A 

e 


0 

c 

0 0 


13? 

0434 

0 428 

0 774 0 787 

561 

10 2 

0772 

0759 

1 163 1 162 

664 

82 

1180 

1160 

1668 

707 

62 

1741 


2 376 

733 


46 

35 

25 

17 

12 

07 


A [0] -22 5 
'60] 146 5 
;80] 265 0 
/9, [0] -22 5 
[- 60] 101 
[-80] 209 
7, [ 0 ] 182 7 
[20] 199 0 
[40] 248 5 
7 [ 0 ] 182 7 
[- 20] 199 1 
[-40] 2488 


r = - 24 + 127 38 (d - 1094)® 


0 c 
[40 ] 635 

[902 ] 3378 337 


r = - 21 71 + 136 9(0 - 0928) 
^ =182 7 + 136 24(0- 0031) 
r = 182 7 + 136 56 (0 - 0026) 


[-40 ] 30 284 

[-98 6 ] 337 8 340 6 

'30 ] 219 7 219 6 

'50 ] 2S5o 285 7 

;6127] 337 5 337 5 

[-50 ] 2863 2861 

[-6127] 337 9 3381 


24/7/90 Vulcanised India rubbee 1 


N 

R 

H 

0 

T 

216 

302 9 

1219 2 

14 3 

00076 

/3 217 


4^1 4 

19 6 

104 

7 , 22 06 


199 8 

232 

J23 

S 22 42 


97 0 

25 5 

135 



49 0 

26 2 

139 



25 5 

27 0 

143 



153 

28 0 

149 



69 

29 5 

157 



3o 

29 j 

157 



16 




D 


Ax 

A 


e 


0 

c 

0 

c 


12 0 

0387 

0 384 

0 617 

0 628 

628 

96 

0 639 

0 632 

0 917 

0 924 

697 

74 

0960 

0 940 

1297 

1310 

740 

57 

1309 

1320 

1778 


736 


40 

31 

23 

16 

10 


A, [0] -148 
[80] 124 

[100] 271 

[0] -148 
[- 80] 91 

[- 100] 228 

7i, [0] 1037 

[20] 119 

[40] 167 

7 ,[ 0 ] 1037 

[- 20 ] 121 
[-40] 1700 


0 0 

r = -1484 + 12902(0- 0581)® [103 6 ] 303 300 7 


r = - 148 + 127 38 (0 - 0262)® 
» = 103 7 + 135 81 (0 - 0132) 

j" = 103 7 + 130 0(0- 0161) 


[-40 ] -86 -90 5 

[- 109 4 ] 303 304 5 

[30 ] 139 0 1391 

'60 ] 2041 2041 

'60 ] 249 6 249 0 

;69 97] 3031 302 0 
-30 1 1418 1416 

'- 60 ] 206 7 206 4 

'-60 ] 2608 250 7 

'-69 97] 302 3 302 7 
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Si [0] 

206 3 



0 

0 

[20] 

222 5 r 

■ = 206 3 + 139 19 {e - 0077)“ 

[47 93] 

302 3 

3017 

;4o; 

272 6 





02 [0 
[-20' 

206 3 

2240 r 

■ = 206 3 + 13d 42 (0 - 0127)“ 

[- 47 93] 

303 6 

303 9 

[-40; 

2747 





II DorrBLE Mass 





N R 

H 

C T D Ai 

A. 

e 



0 

C 0 

c 


22 1 Sll 8 609 6 

19 5 00103 11 0 0o63 

0 546 0814 

0 863 

692 

22 2 

2410 

26 6 141 9 2 0886 

087o 1242 

1253 

713 


113 0 

321 170 71 1294 

1 285 1 831 

1798 

707 

/8,2211 

56 9 

35 9 190 5 9 1782 

1791 2482 


718 

y 22 03 

29 3 

34 8 184 4 0 




S 2206 

15 6 

34 2 181 2 8 





82 

33 6 178 2 0 





43 

330 175 13 





23 

27 5 146 0 6 





14 









0 

c 

[0] 

70 4 


[10 ] 

743 

741 

'20' 

86 0 

r = 70 4 4- 13d 81 (6- 0100) 

[60 ] 

216 0 

216 5 

'40' 

134 7 


[76 87; 

3120 

3112 

A [O' 

70 4 


[-30 ■ 

1081 

1084 

[-20’^ 

877 

r= 70 4 + 131 31 (6- 0142) 

[-60 ' 

2188 

218 3 

[-4o; 

137 0 


[- 76 87; 

312 2 

3118 

7i [O' 

198 0 





'20' 

213 6 

r =1980 + 135 42(0- 0106) 

[63 18] 

3122 

3120 

;4o; 

262 0 





ys [O' 

198 0 





[-20' 

214 5 

/•=198 + 129 67 (0- 0077) 

[- 53 18] 

3115 

3116 

[-40] 

262 6 





o 

2551 





[10] 

259 0 

r = 255 1 + 132 96 (0 - 0032)“ 

[37 52] 

3115 

3115 

[20] 

2710 





1 — 1 

o 

2551 





[-10] 

259 2 

1 =25ol +132 9 d(0- 0001) 

[-37 52] 

3120 

3120 

[-20] 

2714 





III 






N E 

H 

C T D 

A, 

A 

e 



0 

C 0 

c 


22 25 328 8 1219 2 

162 0 0081 12 2 0 417 

04 0646 

0 704 

647 

221 

394 8 

242 122 104 0 711 

0 710 1052 

1089 

676 

/S 224 

169 6 

306 154 84 1099 

1089 1563 

1510 

707 

y 22 26 

82 7 

345 173 6 6 1530 

lo22 2087 

2 061 

733 

B 22 87 

422 

363 182 49 

2102 

2893 


e 2312 

22 0 

37 3 187 37 

2917 



? 2293 

116 

370 186 25 





61 

389 195 18 





31 

38 9 195 1 3 





15 
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A 


/8. 


7i 


0 

'60 
' 80 ' 
[ 0 ] 
[- 60 ' 
[- 80 ’ 

[ 0 ] 
[ 20 ] 
> 0 ] 

7 ! [o; 
[- 20 ] 
[- 4 ( 0 ; 

Si [O' 
[ 20 ^ 
[4o; 

B [O' 
[- 20 ' 
[- 40 ; 

[ 0 ] 

[ 10 ] 

[ 20 ] 

[ 0 ] 
-10 
- 20 ' 

ri ro] 
10 ] 
20 ] 

r [0] 
[- 10 ] 
[-20] 


-66 9 
86 5 
205 

-66 9 
74 6 
188 

159 0 
1751 

224 0 

159 0 
175 9 

225 6 

246 4 
26S1 
3149 

246 4 
2038 
315 7 

286 2 
290 6 
3040 
286 2 
290 5 
308 6 

306 2 
310 4 
328 5 

306 2 
310 8 
324 0 


»■ = - 66 9 + 138 21 (0 - 0063V 
) = - 67 + 135 91 (6 - 0265)> 
r =159 + 136 24 (^- 0053)“ 

» =159 + 13459(0- 0053)“ 

? =2464+14405(0- 0085) 
t = 246 4 + 141 49 (0 - 0016) 
r= 2862 + 14773(0- 0019)“ 
r = 286 2 + 144 44 (0 - 0020) 

» = 306 2 + 146 08(0- 0049)“ 

/ = 306 2+ 141 16(0- 0061) 



0 

c 

[96 7] 

329 

3238 

[- 99 4] 

3290 

329 6 

[50 ] 
[63 87] 

2613 

3291 

2615 
326 7 

[-50 ] 

[-6387] 

262 9 
328 2 

262 7 
327 8 

[43 72] 

328 2 

328 4 

[- 43 72] 

329 2 

3291 

[31 08] 

329 2 

329 36 

[- 31 08] 

328 2 

3284 

[22 53] 

328 2 

328 2 

[- 22 53] 

328 9 

3287 


21 /S/90 Vui c ANisi I) India eubbek 

(TIuh ih the tra(( luprodticcd in tho plate and the details aie given here to show that fair results 
can bo obtained oven when tho adjustment is very imperfect ) 
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C 

D 
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A 

e 







0 


c 

0 

c 

22 75 3 3S 

1219 2 

15 3 

119 

0 0077 

383 



636 

6d5 602 

y8 225 


456 

215 

96 

0108 

660 

693 

966 1 066 683 

7,22 9 


197 5 

25 0 

76 

0125 

933 

1000 1354 142 689 

B 234 


950 

26 6 

5 5 

0133 

1418 

1 42 1 842 

770 



480 

280 

42 

0140 








245 

300 

30 

0150 








125 

315 

24 

0158 








60 

33 0 

19 

0165 






A [0] 



1J8 






[55] 

16 6 

c 

18 

[80] 

168 2 7 

= — ‘ 

118 + 146 09 (0) 



[70] 

100 

101 

[100] 

3317 






[90] 

2424 

244 

[0] 

— 

118 






[-70] 

85 5 

88 6 

[- 80' 


150 6 7 

= 

117 8+13033(0- 

0368)“ 


[-75] 

116 

118 2 

[- 100' 


3001 






[-90] 

217 5 

219 0 
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7i [0] 131 0 

30] 171 0 

;60] 289 0 

[0] 1315 

[-30] 1710 

[-60] 2900 

Si [ 0 ] 232 6 

20] 251 0 

;40] 305 8 

Sj [0] 2326 

■- 20] 250 8 

■-40] 3054 


r = 131 0 + 143 14 (0 + 0017) 
r = 131 5 + 144 45 (6 - 0007) 
r = 232 6 + 149 37 {6 + 0019)» 
r = 232 6 + 149 37(6) 


0 0 

[15] 141 5 141 5 
[45] 2198 220 2 

-10] 135 9 135 9 
■- 50] 241 8 241 3 
;-65] 317 0 317 2 

10 ] 237 237 2 

'30 ] 274 2738 

;40 5] 327 6 327 3 

[-30 ] 273 5 273 5 

[- 40 75] 327 6 327 8 


DESCRIPTION OP THE PLATE 

The chief figure is as above stated, photo hthographed on the scale of 0 3 from the record 
of a 4 foot fall on Vulcanised India rubber Even m this reduced scale it shows fairly enough 
the relative details of at least eight of the successive rebounds These are numbered m order 
The original showed several more As its hues were not only very fine but in blue, they 
had to be carefully gone over with a photographically inactive colour, so that much of the 
more dehcate detail is unavoidably lost The tumngfork was kept m contact with the disc 
for a httle more than a complete revolution The consequent overlapping of the trace enables 
us to see that the angular velocity had not sensibly changed duimg one revolution of the disc 
The three figures immediately below are (pencil) records of successive impacts on Native 
India rubber (9/1/89) Time of rotation of disc 0 3 

Then follow records of impacts on Pme Tree (7/11/88) from heights of 8, 4, and 2 feet 
These show the “wnggles” spoken of m the text Time 0' 3 

The group of five which follows belongs to the experiment III of 23/7/90 with Plane 
Tree, whose details are given in the Table Some of these show traces of wnggles 

The final group contains details of the first eight successive impacts of IV of 7/6/90 
on Vulcanised India rubber To save space, the first and third, as also the second and sixth, 
which took place at the same portions of the datum circle, have been drawn together 

In each of the two later groups the time of rotation of the disc was a httle more than 
one second 

The disc always had positive rotation, so that the older figures (those in pencil) must 

be read the opposite way to the others which were reversed m pnntmg from the disc 

^ e , the compression part of the impact is to the left on the pencilled figures, to the right 
on the others 
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\T7 a'lisactwns of tlie Royal Society of Rdmbmgh Vol xxxvii Read Januaiy 18 1892 ] 

[Since this second instalment of my papei wis icod to the Society my attention 
has been called to a lemaikablo investigation by Hoitz* , in which the ciicumstances 
of collision of two elastic sphoies aio fully woiked out under the special limitations 
that both are smooth and thit then dcfoimations aie exceedingly small This forms 
a meic episode m the paper which is devoted mainly to the statical foim of the 
problem of dcfoimation, is foi instxnco, the case of the ordinaiy appiiatus foi the 
pioduction of Newtons iings But it contains a definite numeiical result, giving for 
the duiation of impact between two iion sphcics of 50 mm diametoi which encounter 
one another diiectly with a relative «poed of 10 mm per second the \alue 0® 00038 
This seems to bo the eailiost leckoning of the time of collision The experimental 
veiification of Heitz foimula, was undertaken with success by Schnccbeli-) who obtained 
losults in close accordance with them His mode of meisuiing the duration of impact 
was defective though ingenious But the speeds employed by him though for the 
most part consideixbly gieatei than those contemplated m Hertz woik were far infenoi 
to the lowest of which I have availed myself — and thus no compaiison can be 
instituted between my lesults and the theoiotical foimulse, first beeause I have 
necessarily dealt with dcfoimations so loigc as to be directly measurable, secondly 
because the formulae being originally obtained foi the statical problem have left 
aside thermodynamical considerations, and thus assume equal duiation for compiession 
and for restitution which is ceitiinly incoirect, finally because one of my colliding 

* J oumal fui die 9 eine und anqewandte Mathcmatih xcu 1882 XJber die Beruhrimg festei elastisehei Korper 

h A) claves de$ Sciences physiques dso Geneve xv 1886 Eeoheiches expenmentales sur le Ohoo des Corps 
(^lastKiues 

T II 


32 
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bodies was fixed and thus viitually struck on both sides besides being notably 
deformed throughout the greater pait of its substance, while except in the case of 
very hard bodies the surface of contact was nearly equal to the whole section of 
the cylmdei I regret however that I had not een Heitz paper before I made 
my apparatus as a study of it might have led to impiovements in my airangements , 
especially in the choice of the form of the elastic substance to be operated on But 
my results have the advantage of being applicable to many piactical questions (besides 
those of Golf to which they owe their hirth) such as the diiving of a nail by a 
hammer oi of a pile by a lam &c One of Hertz results is specially interesting 
VIZ that the duiation of impact between two balls is infinite if the relative speed 
be indefimtely small This may easily be seen to depend upon the fact that (in 
consequence of then form) the total force between them, at any instant varies as a 
power of the deformation highei than the fiist] 

The expeiiments whose results are tabulated at the end of the papei were (with 
the exception of the first presently to be noticed) made with a new set of specimens 
of various elastic substances considerably larger m all then than those 

previously employed They were as before cyhnders very slightly rounded at then 
upper ends, but their lengths as well as their diameters were 56 mm instead of 
32 mm as formerly As I could not procure a piece of good cork of the lequisitt 
dimensions the cylmder of that substance employed was built up of two semi cylinders 
gently kept together by two india rubber bands The glass cylinder turned out to bo 
somewhat difficult of manufacture and the experiments with it aie altogether defective 
But after the third and most considerable impact to which it was subjected it 
presented a very interesting appearance There was formed inside it a fissure some 
what in the shape of a poition of a bell, meeting the upper surface in a nearly 
circular boundary 12 mm m diametei This fissure showed the colours of thm plates 
in a magnificent manner It gave the impression that the portion of the glass 
contained within it had by the shock been forced downwards relatively to the rest 
Its lower and wider extremity did not come within 4 mm of the sides of the 
cylmder and this was at a depth of about 0 mm below the upper surface 

One result of the new expeiiments is obvious at the first glance The duration 
of impact IS notably longer than befoie m consequence of the increased dimensions 
ot the elastic bodies operated on But the coefficient of restitution is only slightly 
affected 

As the old block had been split duimg some experiments in which it was allowed 
to fall on vulcanite from heights of 3 m and upwards a new one (also of plane tree) 
was obtamed The mass of this new block was 3^0 lbs and (except wheie it is 
otherwise specially noted m the tables of experimental results) had its lower end 
shod with a flat plate of haid steel G mm m thickness and 1 lb mga,. The mfl.in 
object of this was to prevent the wnggles formerly noticed Another plate of the 
same material with a blunted wedge shaped ndge projectmg from its lower surface 
was occasionally substituted for this (as noted) in some of the expenments on vul 
camsed mdra rubber It was tried on coik also but the result was disastrous 
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The object of tins iidge was to test the effect on the coefi&cient of lestitution 
and on the duiation of impact pioduced by applying a given momentum of the 

falling body in i more concentiated foim by lestiictmg the surface legion of its 

\pplicition to the clastic solid The results obtained by this piocess though un 
fortunately limited to one elastic substance are veiy interesting The duration of 
impact IS notxbly mciexsed m spite of the inci eased distoition, but the coefiicient 
of le&titution IS pixcticxlly unalteied 

The fiist set of experiments given below (7/4/91) was made with the old cylmdei 
of Vulcxnised India Rubbei They weie designed to foim a link between the present 

expel iments (xvitli the steel phte) and the former set (in which the impinging surface 

was hud wood) 

Ml Shand has xgam made the measurements of the tiaces and reduced the 
obseivxtions piecisely in the same manner as befoie — and it will be seen from the 

numbeis in the columns headed N that the new senes of results is at least a® 

tiustwoithy as the old one But I was not satisfied with the numbeis in the columns 
Ai A , 1101 of com sc with those in e which aic then respective latios These data 
ue deiived fiom the veiy difficult and unceitam piocess of diawing tangents at the 
CJd'tenuUcs of portions of cui\e& I theiefoio calculated (to two places only) the values 
of the squucioot of the quotient of each pan of successive numbeis m the column 
U If the 1 C were no friction the lesults thus obtained should bo the successive 
values of the coefficient of restitution And even taking friction into account if we 

suppose the acceleration it produces to be m fold that of gravity (m being as shown 

m the hist put of the papei neaily constant and somewhcie about OOS) the values 
in the table so foimed should be those of 

This (though it a hifat glance it might not be suspected) is the result to which we 
should be lod by calcuhting fiom the equations of the various parts of the trace 
the tangents of tho mclmation of the cuive to the ladius vector at the points where 
it meets the datum eiiele lor 

, , _ / d6\ _ R 

, tan ^1 /B {R — A) _ /B H 

tanf V “ V 

TJnfoitunately it is in geneial difficult to get a tiustworthy value of B for the (first) 
incomploto branch of the cuive But by various modes of calculation and measure 
ment I have made sure that the fnction is practically the same whatever be the 
rnn ss of the block, so that its effects are the less sensible the greater is that mass The 
numbers thus obtained fluctuated through very nariow hmits at least for such bodies 

native and vulcanised india rubber, and therefore give for very extensive ranges of 
speed of impact a thorough veiification of Newtons experimental law, viz the con 
stanov of the coefficient of restitution for any given impinging bodies This had 

32—2 
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however been long ago carefully tested by the elaborate experiments of Hodgkmson* 
There was it is true a slight falling off foi the very high speeds and likewise foi 
the very low as will be seen from the table of Approximate Coefficients of Restitution 
which follows the experimental results The first may be due in part to a defect in 
the apparatus, the second will be accounted for below 

The approximate constancy of e for all relative speeds proves meiely that the 
force of lestitution is at every stage proportional to that required for compression 
We must theiefoie look to the values of the total distortion or to those of the duration 
of impact for information as to the relation between the distortion and the force 
producing it The equation of motion duimg the compression is say, 

Mx = Mg — F—f {x) ( 1 ) 

Hence as F may be considered to be nil while the datum circle is being traced wc 
have foi the correction d suppose to be applied to the tabulated values of 2) that 
positive root of 

Mg-/(x) = 0 (2) 

vhich vanishes with M 


Integratmg the equation of motion we have 

Mx /2 = MV^/2 + (Mg - F) X -/(x) ( 3 ) 

where V is the speed at impact and /(x) vanishes with x Thus at the tummg point 

0 = Mr/2 + (Mg -F)(I) + 9) -/(R + 0) 

Now by (2) we see that (Mg-F) is of the order / (9) only so that when F (and 
therefore B) is considerable we may -write this in the approximate form 

0 = Mr 12 -f(L) 

This equation enables us to get an approximate estimate of the form of the function 
/ A graphical representation of B in terms of ME based on the various data of 
the experiments of 22/6/91 below on vulcanised mdia rubber gave three nearly parallel 
but closely comcidmg curves whose common equation (when the different values of 9 
for the different masses were approximately taken account of) was of the form 

MEe^B^, 


foi the subtangents were 2 5 fold the absciss,B 
in the tentative form 


Hence we are entitled to write (3) 


Mx /2 = MV^I2 + (Mg-F)x- Ax^ 

Equation (2) now becomes Mg = ^^5^ , 

whence 9 may be found A bemg determmed from one of the 
(and the correspondmg kinetic energy) by the relation 


(4) 


larger values of B 


MgE = AB^ 


Bntish Association Report 1884 


( 5 ) 
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I hus I tound that the values of D for the experiment of 22/6/91 on vulcamsed 
mdia lubbci must be augmented by 0 75 mm 12 mm and 19 mm lespectively — 
iccording is the mass wis single, double or quadruple These agiee remarkably well 
with the iclitivc positions of tho paiallel curves alieady spoken of and also with 
diioct me 'isui tmeiits of 9 which have been recently made foi me, by a statical piocess 
by Ml bhoncl In whxt follows I shall assume that the values of D have had this 
(positive) collection applied 


By the help of (4) we now have foi the time of compression the expiession 



^ 

-a> -{Mg-F){D-iL)IA 


Except foi the veiy smxll values of 2) we mxy neglect the last teim under the 
ixdicxl xnd the expiession slightly diminished in value, becomes 



M 

2A^|D 



Tho uumeiiexl vilue of tho mtegixl is appioximxtcly 15 Foi any one substance the 
time of compicssion is thoicfore inversely as the fouith root of D, and of course 
(liicctly IS the s(juue loot of M But we may xlso write the expression by means 
of C(juitiou ( >) ibove in x foim which applies to xll substances foi which the elastic 
force IS m the ses([aiphcate latio of the distortion, viz 

This lesult lies ]ust hxlf wxj between the limits DjV and 22)/ F xssigncd (fiom 
gcnciil cousK lent ions) in the fust pait of this papei 


AA^ith Ihe ditx foi tin fust fall of the quadruple mass in tho experiment last 
lefeiicd to, this expiession bocoincs almost exactly 0‘»01 The value of e is about 

0 77 so that the whole time of impact should be 0®023, while 

tho expel imental value of T is O'* 0211 But in consequence of the quantity 9 above 
spoken of all the moxsiuemcnts of arcs from which T is calculated are necessarily 
too smill Add to G as measured, tho product of 9 by the sum of the two tangents 
as given m the table, and diminish 22 by the amount 9, the observed time becomes 
O'* 0224, so that tho foimulx gives a tolerably close approximation 


If wo bexi in mind that the values of 2) ought to be increased by the quantity 
9 we SCO at once the icason aheady referred to for the apparent falling off of the 
values of e at low speeds when they aie calculated from the values of H given in 
the tables 
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Among the practical applications of the results above we see that when a nxil 
IS driven say by a J lb hammer moving at the rate of 10 feet per second the time 
of impact bemg taken as 0®0004 the time average force is some 300 lbs weight If 
the head be one tenth inch square this corresponds to a pressure of moie thin 2000 
atmospheres 

Fmally to iimsh as I began with an application to golf, although from the nituic 
of the case the experimental data are not very directly applicable — we see that as 
the coefiScient of restitution from wood is about 0 66 and the mass of the ball about 
0 1 lb the club must be moving at some 300 feet per second to produce an mitral 
speed of oOO feet per second — and the time average of the foice during collision must 
be reckoned m tons weight The experiments on hammered and on unhammciod 
balls all made at the same time and of the same material show clearly how very 

small IS the gain in coefficient of restitution, and therefore in initial speed which 

is due to the hammering — and thus force us to look m another direction foi an 
explanation of the unquestionable superiority of hammered over unhammeied balls 

[It is veiy curious that the law of force in terms of the distortion (as given 

above) is the same as that which results from Heitz investigations For whxt is 
called jD above is the diminution in length, of the whole cylinder operated on, while 
m Hertz work the quantity which he calls a and to whose 3/2th power the force 
IS proportional is the advance towaids one another (smee the first contact) made hy 
points chosen in the two bodies whose distance from the (infinitesimal) surface of 

contact IS finite yet very small m comparison with the dimensions of the bodies 
themselves In my experiments the vertical shortenmg extends throughout the whole 
of at least the protruding part of the cylinder and in extreme cases the distortion 
is so great that the diameter at the middle becomes more than double that at the 
ends, in Hertz investigations it is assumed to be mainly confined to the immediate 
neighbourhood of the surface of contact 

It IS even more curious to find that the same law holds at least in a closelj 
approximate manner foi the very large and unsymmetneal distortions produced by the 
ridged base as shown bj the data of 7/11/91 

Some additional details connected with this mvestigation including a sketch of 
the apparatus and of the trace of 13/7/92 will be found in an article Sw la Duree 
du Choc which appeared m the Revue des Sciences pures et apphquees 30/11/92] 
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[la the following experiments unless some contrary statement is made the falling 
block tciminated in a hoiizontal plate of steel] 


'7/4/91 Vulcanised Indii Rubber (Old Small 0\ binder ) 
I SiNGLL M\ss 


N 


R 

H 

C 

D 

T 

A, 

A 

e 

21 7 

S37 0 

1219 2 

lo 5 

no 

0075 

4396 

6200 

709 

;S 20S 



sl0 6 

181 

86 

0087 

6903 

8693 

794 

7 216 



2635 

19 3 

67 

0093 

9163 

11165 

821 

S, 216 



163 6 

19 7 

53 

0095 

1187o 

14496 

819 




96 7 

215 

44 

0103 







58 6 

22 2 

36 

0107 







3o 0 

22 9 

28 

0110 







218 

23 5 

23 

0113 







136 

241 

18 

0116 







84 

25 0 

16 

0120 







50 

271 

13 

0130 







31 

271 

10 

0130 







18 

271 

09 

0130 




A i 

[ 0 ] 

1-1740 








[20] 

-15S4 

r = - 

-174 + 120 16(0+ 01133) 




[loo; 

212 5 








/? 1 

" 0 ] 

-174 








L- 

•20‘ 

-1)7 6 

1 =■ 

-174 + 116 22(0 1- 027 s4) 




[- 

loo; 

207 6 








7i> 1 

0 ■ 

)34 






0 

c 


‘ 30’ 

04 5 

} = 

5 3 4 + 137 89(0+ 02266) 

[80 7o] 

337 

3361 

! 

;oo; 

211 3 








7 1 

[ 0 1 

1 534 








[• 

- 10] S5 3 

1 = 

)34h 117 20(0- 

00174) 

[-8915] 

337 

336 s 

[ 

- bU] Ibl 7 








s. 

0 ’ 

1733 









■ 30’ 

209 7 

1 = 

173 3 + 133 29 (0- 

- 0010 >) 

[63 17] 

337 0 

335 0 


>o; 

319 2 









[ 0 ] 

1 1733 








[- 

-30] 

20S3 

) = ' 

173 3 + 12213(0+ 01186) 

[- 65 7 ] 

337 0 

337 2 

[■ 

-60] 

1 310 2 








II Single Mass 








N 


R 

H 

C 

D 

T 


A 

e 

217 

326 7 

1219 2 

IsO 

108 

0074 

4330 

s639 

768 

/3 20 9 



548 0 

17 6 

87 

0087 

6403 

7766 

824 

7 214 



303 0 

19 0 

70 

0094 

8606 

10289 

837 

S 21 5 



177 6 

191 

56 

009 5 

110o4 

13o81 

814 




106 6 

19 9 

4 ) 

0099 







64 0 

210 

37 

0104 







40 4 

22 3 

30 

0110 







2s 1 

22 5 

25 

0116 







ls7 

23 0 

20 

0114 







101 

23 3 

1 5 

Oils 
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iSi [ 0 ] -221 8 0 C 

■30]-lS41 r = - 221 8 + 128 14(0+ 01918) [117] 326 7 322 6 

[100] 177 3 

/3 [ 0 1-2218 

[-30] -188 5 » =-2218 + 1217(0- 0005) [-1211] 326 7 322 0 

[- 110] 226 6 

7i [ 0 ] 23 8 

[40] 97 5 r=237 + 13789(0+ 0336o) [83] 3267 3266 

; 80] 305 5 

7., [0] 238 

[-40] 790 ? =238 + 11294(0+ 00105) [-934 ] 3267 3243 

[-80] 2442 •' 

S: [ 0 ] 148 9 

[30] 1851 5=148 9 + 13132(0+ 00140) [66 4 ] 3267 32 o 7 

[60] 293 3 

S [ 0 ] 1489 

[-30] 1840 5=1489 + 122 78(0+ 01116) [-6815] 326 7 32o 9 

[-60] 286 5 ^ u j 


III Quad Mass 


N 

E 

H 

C 

D 

T 

A, 

A 

e 

213 

320 6 

1219 2 

216 

146 

0107 

4383 

7813 

561 

A 211 


3o9 5 

29 8 

12 7 

0146 

7669 

100d2 

763 

7 21 1 


197 8 

347 

10 9 

0172 

10241 

12305 

832 

8 214 


1215 

383 

91 

0190 

13206 

lo911 

S30 



79 0 

40 6 

78 

0201 






530 

417 

65 

0207 






3d 4 

417 

53 

0207 






241 

o9 7 

41 

0198 






161 

410 

36 

0203 






10 8 

43 2 

31 

0214 





A [ 0 ] 

-38 7 





'60 

;9o; 

78 0 
2411 

5 = -39 6 + 127 38(0- 08o9o) 

[101 7 ] 

320 6 

323 7 

/3,[ 0 ] 

-38 7 





[-60' 

[-90] 

106 0 
273 5 

5 = - 39 0 + 114 o8 (0 + 08194) 

[-965 ] 

320 6 

317 9 

7i [ 0 ] 

1228 





1 II 1 

o o 

U_ll 1 

157 6 
2o9 9 

5 = 122 8 + 123 11 (0+ 00819) 

[71 83] 

320 6 

318 8 

72 [ 0 ; 

122 8 





[-30' 

[-6o; 

1568 
256 6 

5 = 122 8 + 119 83 (0 + 00907) 

[-72 7o] 

320 6 

3187 

8, [ 0 ] 

199 5 





1 — II — 1 

bO 

o o 

2147 

2608 

5”= 199 5 + 126 72 (0- 00279) 

[55 9 ] 

320 6 

319 4 

8 [0] 

199 5 





[-20] 

[-40] 

2142 
259 4 

5 = 199 5 + 125 08 (0- 00610) 

[- 56 95] 

320 6 

3215 
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IV 

Quad 

Mass 









N 

R 

H 

0 

D 

T 

Aa 

A 

e 


2145 

307 0 

1219 2 

20 0 

16 3 

0104 

4142 

70o0 

588 

/S 

212 


394 6 

27 j 

130 

0142 

7076 

9088 

779 

7 

213 


212 8 

340 

113 

0177 

9720 

11813 

823 

S 

21 5 


12S0 

36 9 

96 

0192 

12052 

lo409 

782 




80 3 

40 0 

81 

0209 







54 0 

40 8 

70 

0213 







36 6 

42 0 

56 

0219 







24 7 

42 0 

46 

0219 







16 4 

45 0 

40 

0235 







112 

45 0 

33 

0235 





47 9 2 8 0250 

oO 3 21 0262 

)4 0 17 02S2 

54 4 12 02S4 


j3i 0 — 88 3 



0 

c 

' 80 J 150 0 
>00] 286 8 
/S , [ 0 ] - 88 3 

, =-884 + 126 72(^- 0240) 

[102 33] 

307 

)04 7 

[- SOJ 1 57 0 
[- 100] 290 9 

7i [ 0 ] 9 J 8 

? =-88 5 + 119 17 ((9+ 0389) 

[101 63] 

307 

303 

[30] 127 0 
: GO ] 229 5 

7 [ 0 ] 938 

f =938 + 12607(5- 01046) 

[7)1 ] 

307 

306 9 

[- 30] 127 9 
[-00] 2290 

Sa, [ 0 ] 179 3 

r = 9S 8 + 122 13(5+ 00488) 

[-7515] 

307 0 

30o 4 

'20] 194 9 
; 40 ] 241 0 

S , [ 0 ] 179 3 

1 =1793 + 12)08(5+ 00401) 

[571 ] 

307 

304 5 

[- 20] 194 0 

[- 40] 239 0 

7- = 179 3 + 126 40 (5 - 00802) 

[- 57 93] 

307 

306 5 


12/G/91 Niw NAUvr India Rdubee 
I SiNGLi Mass 


N 

R 

H 

C 

D 

T 

Aa 

A 

e 

22 7 

266 ) 

750 0 

28 4 

213 

018 

4317 

4866 

8872 

e, 22 7 


6012 

29 5 

181 

019 

5441 

6017 

9042 


343 8 

30 6 

159 

0195 

6358 

7167 

8871 



240 7 

31 7 

13 7 

020 

75)0 

8627 

87ol 



165 7 

333 

116 

021 

9004 

10514 

8563 



110 5 

35 4 

100 

023 

11403 

12892 

8845 



74 2 

36 0 

83 

023 






49 ) 

391 

71 

025 






3)2 

40 8 

60 

026 






221 

42 3 

52 

027 






14 7 

45 1 

4 5 

029 






92 

46 0 

37 

029 






o7 

48 6 

30 

031 






34 

51 0 

23 

033 





T n 


33 
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N 


E 

H 

0 

D 

T 

A, 

A 

e 




22 

48 6 

16 

031 







13 

48 6 

11 

031 







10 

48 6 

9 

031 







7 

48 6 

6 

031 




Cl. 

; 0 ] 

99 2 






0 

c 


[30] 

1401 

r = 

99 2 + 148 39 (9 + 0014) 

[40] 

1718 

1718 


[60] 

262 3 








£ 

[ 0 ] 

99 2 








[ 

-30' 

13o2 

) = 

99 2 + 131 98 (9 - 

0014) 

[-40] 

163 

163 3 

[ 

-60] 

243 0 








II Single Mass 








N 


E 

H 

C 

D 

T 

Ax 

A 

e 

218 

274 5 

7o0 0 

29 9 

216 

018 

4681 

0131 

8928 

e 218 



508 0 

318 

18 3 

019 

5860 

6473 

9062 




347 8 

83 0 

lo8 

0195 

6873 

7646 

8989 




244 6 

342 

13 3 

020 

8064 

9163 

8800 




167 3 

36 0 

118 

021 

9833 

11086 

8870 




112 2 

37 9 

101 

023 







7o 3 

39 6 

8 0 

024 







o0 2 

413 

7o 

025 







33o 

431 

64 

026 







221 

45 8 

0 4 

027 







14 5 

481 

46 

029 







90 

49 0 

37 

0295 







d7 

50 9 

29 

030 







37 

o09 

23 

030 







27 

o0 9 

19 

030 







17 

d0 9 

13 

030 







12 

30 9 

9 

030 





«i 1 

■ 0 ] 

108 0 






0 

c 



[30’ 

[60] 

1 145 5 
257 8 

? — 

108 + 136 

24 {9 + 

OOlO) 

[40] 

175 0 

175 

0 

€ 

[0] 

108 0 









[ 

[ 

-30' 

-60] 

143 5 
2462 

1 = 

108 + 122 

46 {9- 

0005) 

[-20] 

123 7 

122 

9 

Double 

Mass 









N 


E 

H 

C 

D 

T 

Ax 

A 



212 

2921 

750 0 

37 6 

261 

020 

4956 

5528 


897 

21 8 



536 8 

40 9 

231 

022 

&715 

6590 


867 




399 3 

410 

20 4 

022 

6590 

7220 


913 




303 8 

42 9 

18 3 

023 

7632 

8337 


916 




232 9 

44 0 

16 3 

024 

8561 

9270 


923 




177 3 

45 0 

14 7 

025 

95o6 

10831 


882 




133 7 

46 6 

13 2 

025 






100 0 

481 

113 

026 








73 7 

oOl 

10 5 

027 








o4 7 

o2 6 

92 

0286 








40 2 

52 6 

80 

0286 







iXNxrx ] 


ON IMPACT 
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N 


R 

H 

0 

D 

T 

A, 

A 

e 




29 3 

52 6 

69 

0286 







22 2 

52 6 

60 

0286 







16 2 

52 6 

52 

0286 







116 

52 6 

44 

0286 







82 

517 

36 

028 







57 

o2 0 

30 

028 







40 

511 

21 

028 







29 

60 2 

1 5 

027 







20 

48 3 

11 

026 







16 

44 7 

06 

024 







1 0 

37 6 

4 

020 







8 

34 2 


018 




1 

■ 0 ] 

o9 5 






0 

c 

1 

l30] 

991 

1 = 

59 6 + 133 95(0+ 0209) 

[744] 

2921 

292 5 

1 

•60] 

2121 








6 1 

[ 0 ] 

d9 5 








[■ 

-30] 

940 

r = 

59 5 + 125 74 (0) 


[- 77 6] 

2921 

2901 

L- 

-60] 

197 5 








Doubil Mass 








N 


R 

H 

0 

D 

I 

A, 

A 

e 

21 b 


313 

750 0 

39 5 

26 4 

021 

5165 

o879 

879 

219 



539 2 

417 

23 3 

022 

6120 

6681 

916 



401 7 

441 

20 8 

023 

6997 

7879 

888 




305 9 

46 2 

18 7 

024 

8012 

879o 

911 




237 9 

47 4 

16 7 

023 

9244 

1000 

924 




180 8 

49 0 

150 

026 

10441 

11504 

908 




137 2 

510 

136 

027 







103 4 

52 7 

120 

028 







77 7 

538 

10 6 

028 







681 

56 0 

95 

029 







43 6 

o8 0 

86 

030 







32 3 

59 5 

7o 

031 







23 9 

613 

65 

032 







17 3 

610 

o8 

032 







130 

610 

48 

032 







95 

610 

39 

032 







69 

618 

35 

032 







49 

62 6 

28 

033 







34 

631 

22 

033 







23 

63 0 

17 

033 







16 

62 9 

12 

033 







12 

60 9 

7 

032 







8 

508 

4 

026 







5 

48 f 

3 

02o 




6i> 1 

0 ] 
‘30' 

1 780 

1 1161 

n = 

78 + 136 59(0+ 0066) 

0 

[75 2] 313 

c 

314 


;6o; 

1 228 5 








®2> 

[■ 

[ 0 ] 
-30] 

1 78 0 

1 1146 

? = 

78 + 127 38(0+ OllSo) 

[-77 

] 313 

312 

[ 

-60' 

1 220 9 
















33—2 
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22/6/91 New Vulcanised India Eubber 




I Single Mass 







N E 

H 

0 

D 

T 

A 

e 

22 0 269 2 

9144 

25 3 

18 4 

0155 

4262 o32o 

800 

8 22 4 

4o9 4 

26 7 

138 

0163 

5844 7150 

817 


2o2 7 

27 0 

10 8 

0165 

7627 9331 

817 


1513 

27 7 

8d 

0170 

9833 1 1918 

825 


90 8 

28 4 

67 

0174 



537 

201 

0 2 

0178 




311 

291 

40 

0178 




ISO 

30 0 

31 

0184 




10 4 

30 9 

25 

0189 




61 

311 

20 

0190 




36 

311 

14 

0190 




20 

311 

10 

0190 



Si [ 0 ] 117 6 





0 

0 

[ 20 ] 133 1 

) = 

117 6 + 141 17 (e- 

0174) 

[60 5 ] 269 2 

269 8 

[ 40 ] 183 0 
8 [ 0 ] 117 6 







[-20] 134 5 

? = 

117 6 + 13263(0+ 00645) 

[- 61 15] 269 2 

270 9 

[- 40] 183 7 





II Single Mass 







N E 

H 

C 

D 

T 

A, A 

e 

21 2 283 2 

914 4 

261 

18 5 

0146 

4434 5438 

815 

8 22 4 

464 5 

27 2 

139 

0152 

0961 7400 

805 


260 3 

28 5 

110 

0160 

7921 9675 

819 


156 3 

29 0 

87 

0163 

1 0082 1 2349 

816 


93 4 

29 9 

69 

0168 



o6 6 

310 

0 0 

0174 




33 2 

315 

42 

0177 




18 9 

321 

34 

0180 




10 7 

33 5 

2 0 

0188 




T 9 

34 4 

20 

0193 




35 

3d 2 

1 0 

0198 




20 

36 8 

11 

0207 



8i [ 0 ] 128 4 





0 

0 

[20] 1461 
[40] 1986 


128 4 + 142 81 (0 + 00296) 

[59 55] 283 2 

2834 

8 [ 0 ] 128 4 







[- 20] 144 1 

7 = 

128 4 + 131 6o (0- 

00401) 

[-62 2 ] 283 2 

2846 

[- 40] 191 9 




III Double Mass 







N E 

H 

0 

D 

T 

Ai A 

e 

22 0 299 7 

9144 

339 

23 6 

0186 

44o5 5704 

781 

8 217 

o05 1 

37 4 

18 8 

0206 

6009 7655 

785 


305 9 

38 8 

15 3 

0212 

7790 9523 

818 


193 7 

39 8 

124 

0219 

9573 1 1875 

806 


1241 

40 7 

101 

0224 



79 8 

42 2 

80 

0232 




oOO 

42 2 

66 

0232 





261 


LXXXIX ] 




ON IMPACT 




N 

R 

H 

c 

D 

T 

A, 

A 

e 



314 

436 

) 0 

0240 






19 D 

44 4 

41 

0244 






12 2 

44 6 

33 

0246 






76 

44 6 

2 ) 

0246 






46 

44 6 

18 

0246 






27 

44 6 

13 

0246 






16 







Si [ 0 

106 4 






0 

0 

[20 

122 0 

) = 

1064 + 132 96 (d- 

- 0064)) 

[70 

] 299 7 

302 7 

[40 

170 0 








S [ 0 

106 4 








[-20 

122 6 

) = 

106 4 + 126 40(0+ 0078)) 

[-704] 299 7 

299 7 

[-40 

109 4 








IV Qu\d Mass 








N 

R 

H 

C 

D 

r 

A, 

A 

e 

22 1 

317 7 

914 4 

40 2 

28 2 

0211 

4621 

6340 

729 

B, 22 3 


486 3 

47 0 

23 7 

0248 

6290 

8021 

784 



203 3 

DlO 

19 5 

0208 

7974 

1003) 

795 



183 4 

541 

16 0 

02So 

1035) 

12)27 

827 



117 0 

5) 5 

129 

0202 

127S3 

lo)87 

820 



75 2 

56 9 

10 5 

0300 






48 7 

57 8 

87 

0304 






31 5 

59 ) 

67 

0313 






10 9 

')9 ) 

62 

0313 






12 3 

00 5 

40 

0318 






74 

610 

30 

0326 






46 

62 0 

22 

0326 






27 

62 0 

15 

0326 






17 

62 0 

11 

0326 




So [ 0 ] 

1 134b 






0 

c 

[20] 

1)11 

j = 

134 8 + 140 51 (d - 

- 00837) 

[66 5 ] 

317 7 

3212 

[40] 

1 201 0 








MO] 

1 134 8 








[-201 

1 1)20 

9 = 

134 8 + 134 60 (0+ 008)4) 

[- 66 25] 

317 7 

317 2 

[-40] 

1 202 0 








16/6/91 COEK 








I Single Mass 








N 

R 

H 

C 

D 

r 

A: 

A 

e 

22 5 272 3 

1219 2 144 

99 

0089 2 

3640 

0732 

541 

/9 22 0 


2500 141 

52 

0087 

7664 

1 3230 

579 



714 141 

30 

0087 






24 5 14 7 

17 

0091 






8 9 15 4 

12 

009) 




/9i [ 0 ] 

230 






0 

c 

[30] 

782 

7 = 

217 + 148 72(0+ 0924) 

[691 ] 

212 B 

272 4 

[60] 

2149 








/5 [ 0 ] 

23 0 








[-30' 

502 

/ == 

228 + 11622 (0- 

03836) 

[- 85 25] 

272 3 

267 0 

[-60' 

1411 
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ON 

IMPACT 



[lxxxix 

II Single Mass 








N 

E 

H 

0 

D 

T 

A, 

A 

e 

2215 ; 

286 5 

1219 2 

16 0 

10 3 

0093 

3959 

7341 

639 

/3 219 


252 9 

lo 6 

54 

0090 

81o6 

14176 

575 



71 D 

lo7 

32 

0091 





251 

16 3 

19 

0094 






94 

16 5 

1 3 

0096 






So 

17 6 

8 

0102 




A [ 0 ] 

34 3 






0 

c 

[30' 

[60‘ 

76 9 
200 7 

7 = 34 3 + 148 06 {6 + 0129) 

[74 4 ] 

286 8 

288 6 

/9 [0] 

34 3 








[-30] 

650 

? =34 3 + 113 59 ((9- 

00384) 

[- 84 83] 

256 5 

282 0 

[-60] 

158 0 







III Double Mass 








N 

R 

H 

0 

D 

T 

Ai 

A 

e 

2115 296 0 

1219 2 

291 

157 

0156 

4032 

9884 

408 

214 


179 8 

27 4 

67 

0147 

9977 

1 9455 

513 



44 5 

261 

36 

0140 





14 0 

2o6 

22 

0137 






49 

28 3 

14 

0151 




A [ 0 ] 

1161 






0 

c 

I |J 1 

o o 

1515 
258 6 

7 =1161 + 130 66 (^- 

• 00732) 

[67 5 ] 

296 0 

296 3 

/3. [ 0 ] 

1161 








[-30] 

[-60] 

148 9 
247 3 

7 = 116 1 + 119 50 { 9 ) 


[- 70 33] 

296 5 

296 2 

IV Quad Mass 








N 

R 

H 

0 

D 

T 

Ai 

A 

e 

347 

2145 

3217 

1219 2 

521 

24 7 

0261 

4245 

12218 

)Q 218 


1351 

64 2 

10 0 

0271 

125O0 

2 7450 

4o7 



26 4 

46 2 

4 4 

0231 




68 

46 9 

25 

023o 




A [ 0 ] 

186 4 






Q 


[20] 

[40] 

202 0 
245 8 

j =186 04+1284(0) 


[58 75] 

3217 

Q 

321 0 

[ 0 ] 

1864 








[-20] 

[-40] 

201 0 
246 0 

7 = 186 4 + 120 65 (0- 

- 00663) 

[- 60 6 ] 

3217 

319 6 

24/6/91 Core. 

I Single Mass 








N 

R 

H 

C 

D 

T 

A, 

A 


22 3 273 1 

2286 0 

241 

20 5 

0148 

2568 

5544 

C? 

439 

7 22 3 


373 6 

19 7 

75 

0121 

6322 

12009 

526 



88 6 

17 2 

37 

0105 




29 7 

16 9 

21 

0104 






114 

17 4 

14 

0107 






46 

17 8 

10 

0109 
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7 i[ 0 ] 18 'i 2 0 c 

[20] 2021 ; =16412 + 142 15 (^+ OOGIO) [451] 2731 273 9 

;40] 2347 

7 , [ 0 ] 164 2 

[-20] 199 4 r =164 2 + 129 02(0 - OOodS) [-30] 218 7 218 8 

[- 40] 246 0 


II SiNCLL Mass 


N 

R 

H 

C 

D 

T 

A, 

A 

e 

22 23 

280 2 

2286 0 

261 

211 

0l3l 

2754 

6200 

444 

7 221 


390 0 

22 3 

80 

0129 

6390 

1 3079 

304 



91 5 

18 8 

38 

0108 






30 3 

ISo 

23 

0107 






11 0 

191 

16 

0110 






47 

20 4 

10 

0116 




7: [ 0 ] 

1961 






0 

c 

[20] 

2148 

) = 198 1 + 138 87 (0 - 

00209)“ 

[46 7] 

269 2 

289 7 


[40] 203 3 
7 [ 0 ] 1961 

[-20] 2142 ; =1981 + 130 66(0+ 00192) [-30] 2340 2343 

[- 40] 262 1 


III Double Mass 


N 

R 

H 0 

D 

1 

Ai 

A 

e 

218 

30() 0 

2266 0 38 6 

292 

0206 

2908 

7403 

390 

7 216 


312 0 410 

12 2 

0222 

7776 

1 6697 

466 



04 3 33 3 

49 

0179 






ISO 318 

27 

0170 






5 9 318 

16 

0170 






18 36 1 ? 

11 

0193? 




7j [ 0 ' 

242 4 





0 

0 

[20' 

257 5 

? =242 4 + 131 65 (0- 

■ 01011) 

[30] 

2771 

2771 

[4o; 

304 7 







7 [ 0 ] 

2424 







[- 20] 

2380 

j =2424+128 04(0) 


[-10] 

246 3 

246 3 

[-40] 

304 7 







IV Quad Mass 







N 

R 

H C 

D 

T 

Ai 

A 

e 

221 

323 8 

2266 0 45 3 

33 9 

0233 

3102 

9163 

3385 

0 220 


232 6 721 

17 8 

0369 

9244 

21263 

4743 



42 0 62 3 

66 

0319 






8 4 571 

30 

0292 




A [ 0 ] 

910 





0 

c 

[30] 

120 5 

r = 910 + 134 93 (0- 

01064) 

[73 5] 

3238 

3216 

[60] 

230 0 







-s [ 0 ] 

910 







[- 30] 

128 0 

7 =91 + 132 30(0+ 0052) 

[-40 ] 

lo6l 

156 4 

[-60] 

237 6 
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26/6/91 Vulcanised India Eubbee 


I Single Mass 


N E 

H 

C 

D 

T 


A 

e 

22 5 310 8 

2438 4 

26 4 

29 8 

0143 

2836 

3578 

793 

II Single Mass 








N E 

H 

0 

D 

T 


A 

e 

21 9 SOO 0 

2438 4 

260 

29 7 

0142 

2733 

3518 

777 

III Double Mass 








N E 

H 

C 

D 

T 

Ai 

A 

e 

22 05 28o7 

2438 4 

26 0 

311 

0151 

2586 

34o7 

748 

IV Quad Mass 








N E 

H 

C 

D 

T 

Aj 

A 

e 

22 05 270 1 

2438 4 

25 6 

35 4 

01o7 

2348 

3275 

717 

3/7/91 Vulcanite 








I Single Mass 








N E 

H 

C 

D 

T 

Ai 

A 

e 

22 35 271 4 

1219 2 

16 

12 

0010 

3620 

7002 

517 

jS 22 3 

259 3 

19 

11 

0012 

7265 

136G3 

532 


72 7 

22 

5 

0014 





812 

26 

5 

0016 





16 8 

29 

3 

0018 





98 

^2 

3 

0020 





59 

28 

2 

0017 





35 

32 

2 

0020 





20 







A [ 0 ] 124 






0 

6 

[30] 598 

9 =1214 148 72(^4 04254) 

[73 4] 

27] 4 

272 6 

[60] 1887 








A [ 0 ] 124 








[-30] 440 

» =124 + 12213(6>- 

01464) 

[- 83 4] 

2714 

265 9 

[-60] 1426 









II Double Mass 

N RHCDTAiAe 

22 4 2791 1219 2 21 23 0013 3561 o250 678 

7 22 5 492 3 2 4 1 6 0014 5372 9424 570 

151 7 2 8 10 0017 

48 2 31 6 0019 

23 0 3 6 4 0022 

115 42 3 0025 

yi[0] 127o 0 0 

‘ 40 ] 19^ 0 = 127 5 + 141 50 (^ - 0075) [o9 7] 279 1 278 9 

7 . [ 0 ] 127 0 

[- 20 144 7 r = 127 5 + 136 24 {6 — 00401) [60 0] 279 1 275 8 
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LXXMX ] 


III Double M\ss 

N R 

23 35 20<)3 

7 232 


7i 

[0] 

127 7 


[30] 

167 5 


[00] 

269 7 

7 

[0] 

127 7 

[- 

-30] 

166 0 

c- 

-60] 

260 6 


n 

C 

D 

1 

A, 

A 

e 

24 38 4 

19 

IS 

0011 

2oS6 

4066 

ol9 

542 8 

21 

14 

0012 

5466 

6601 

638 

172 3 

24 

10 

0014 


57 0 

33 

5 

0019 




25 3 

37 

4 

0022 




114 

40 

3 

0023 




5 = 127 7 + 100 36 ((9- 

009070) 

[61 75] 

0 

299 3 

c 

299 9 


5=127 7 + 14314(19+0136) [-62 4 ] 299 3 3017 


IV Quad Mass 


N 


R 

H 

G 

D 

r 

A, 

A 

e 

22 65 

306 7 

1219 2 

34 

27 

0019 

360) 

7673 

496 

A 22 5 



2910 

33 

11 

0016 

7641 

1 7090 

4)9 




56 0 

52 

9 

0029 







147 

90 

9 

0053 







46 

9 6 

5 

00)3 







1 7 

96 

3 

00)3 




A 

[ 0 ] 

17 6 






0 

c 


[ W] 

[601 

66 0 
1974 

5 = 17 3 + 151 35 ((9+ 0436) 

[77 5] 

306 7 

3123 

^ 1 

[ 0 1 

17 6 








[■ 

- 30 

1 47 3 

5 =174 + 125 41 (6- 

03467) 

[- 88 2] 

308 7 

3012 

[■ 

-60] 

14)7 









V Quad Mass 


N 


R 

H 

0 

D T 

A, 

A 

e 

22 76 

3211 

24361 

23 

1 5 0012 

2867 

6878 

323 

/3 22 5 


2721 

26 

0 6 0014 

6466 

18040 

469 




539 

50 

06 0027 







13 3 

6 ) 

06 004) 







45 

84 

04 004o 





[ 0 : 

49 0 





0 

c 


[30' 

90 3 

5 =49 + 142 81(9+ 0143) 

[78 7] 

3211 

324 


[60° 

2100 







/S 

[ 0 i 

49 0 







1 

[-30] 

63 6 

r = 49 + 132 63 (9 

- 01255) 

[-82 6] 

3211 

319 8 

1 

-60° 

1910 








10/7/91 Lead 
I Single Mass 


N 

R 

H 

C 

D 

T 

Ax 

A e 

22 55 

279 0 

1219 2 

2 5? 

14« 

0015? 

3640 

8230? 442? 


T II 


34 



266 




ON 

IMPACT 



[lxaxix 

n Single Mass 








N 


R 

H 

0 

D 

T 

A. 

A 

e 

2335 


29o0 

1219 2 










120 5 

18 

08 

0011 







211 

20 

04 

0012 




III Double Mass 








N 


E, 

H 

0 

D 

T 

Ai 

A 

e 

22 5d 


3042 

1219 2 

17 

1 3 

0009 

3899 

10355 

3765 




1586 

26 

7 

0014 







17 0 

26 

4 

0014 




TV Quad Mass 








N 


R 

H 

C 

D 

T 

A. 

A 

e 

230 


32d3 

1219 2 

30 

14 

0016 

4263 

17461 

244 




84 7 









94 







V Quad Mass 








N 


R 

H 

0 

D 

T 

A, 

A 

e 

230 


317 8 

2438 4 

45 

20 

0024 

2773 

1 9375 

143 

29/6/91 

Plane Teee 








I Single Mass 








N 


R 

H 

0 

D 

r 

Ai 

A 

e 

211 


269 6 

1219 2 

20 

17 

0012 

3719 

7590 

490 

iS 210 



21d3 

28 

11 

0016 

8783 

16977 

517 




45 0 

26 

6 

0015 






134 

26 

3 

0015 







73 

33 

2 

0019 




A 1 

[0] 

1 54 6 





0 

c 


[30] 

[60' 

89 3 

1 19o6 

r = o46 + 13066 {0 - 

00802) 

[73 9] 

269 6 

269 2 

^ 1 

[ 0 ] 

i 34 6 








[■ 

[■ 

-30] 

-6o; 

1 847 

1 17dd 

r = 04 6 + 110 64 {0- 

00209) 

[-80 ] 

269 6 

269 6 

II Single Mass 








N 


R 

H 

C 

D 

T 

A, 

A 

e 

22 3 


277 6 

1219 2 

11 


0007 

3640 

7618 

478 

/S 21 7 



229 9 

26 

13 

0016 

8273 

1 5340 

439 




54 1 

23 

7 

0014 






170 

30 

4 

0018 







79 

31 

2 

0019 




A 

[0] 

477 









[30‘ 

[60' 

86 3 
196 9 

? = 47 7 + 134 93 (0 + 00436)“ 

[74 23] 

Q 

277 6 

275 8 

/3 

[ 0 ; 

47 7 








[ 

[■ 

-30' 

-60' 

82 0 
1842 

j = 47 7 + 123 77 (0 + 00296) 

[-78 ] 

277 6 

2781 



I VWIK ] 
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III Double Mass 


N 


R 

H 

C 

D 

T 

A, 

A 

e 

22 0 


266 7 

1219 2 

22 

19 

0013 

3679 

8751 

420 

/S 22 ) 



198 6 

29 

12 

0017 

9004 

17251 

522 




48 8 

34 

8 

0020 







152 

51 

6 

0030 







55 

85 

5 

00)0 




A 

■ 0 ] 

90 C 






0 

c 


'30' 

128 0 

9 =90 

6 + 141 

83(5- 1 

90994) 

[684] 

288 7 

289 3 


! 60' 

1 243 2 








i8 

■ 0 ■ 

90 6 








[- 

- 30' 

128 0 

t = 90 

6 + 134 

60 (5 + 

00349) 

[- 69 4] 

288 7 

289 2 

[- 

-60' 

239 3 








lY Single Mass 








Is 


R 

H 

C 

D 

T 

A, 

A 

e 

22 2 


299 9 

2438 4 


10 


28 jO 

6494 

436 

7,211 



408 8 

25 

14 

0014 

6720 

12846 

o23 




90 7 

2] 

9 

0012 







25 0 

29 

0 

0016 







n 1 

35 

3 

0019 







52 

43 

2 

0024 




Vi 

[ 0 : 

210 0 






0 

c 

[20' 

225 2 

5 = 210 0 + 138 21 (0 - 

- 00174) 

[471] 

299 9 

303 0 

1 40' 

2741 








7 

[ 0 ; 

210 0 








L- 

-20‘ 

227 4 

9 =210 + 12837(5+ 1 

00174) 

[-30 ] 

247 9 

245 4 

[• 

-40' 

2761 








V Double : 

Mass 








N 


R 

H 

C 

D 

1 

A, 

Aj 

e 

22 4 


3164 

2438 4 




2943 

9067 

324 

/3 214, 



255 4 

36 

14 

0019 

9131 

17747 

515 




58 0 

40 

10 

0021 







156 

57 

7 

0030 







50 

110 

6 

0058 




A 

[ 0 

] 612 






0 

c 


[30 

] 9)8 

9 = 61 2 + 129 02 (5 - 

00575) 

[80 75] 

316 4 

314 3 


L 60 ] 201 2 








A 

[ 0 ] 612 








[ 

-80] 95 2 

9 =612 + 11983(5+ 00907) 

[-83 ] 

316 4 

315 8 

[ 

-60] 195 0 








VI Quad Mass 








N 


R 

H 

c 

D 

T 

A> 

A 

e 

219 


313 4 

2438 4 

5 2? 3 3? 0027? 

2867 

11263 

255 

/3 224 



1261 

32 

9 

0017 

12364 

3 3122 

374 




17 4 

90 

8 

0047 







32 

95 

4 

OOoO 





34—2 
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ON IMPACT 


[l XXXIX 


A.I 

:o] 

187 0 


[20' 

1 203 8 


'40' 

1 2543 

-8 1 

[0] 

187 0 

[- 

20' 

2038 

[- 

40' 

1 253 3 


T =187 + 138 21 ( 6 ) 


1 =187 + 134 27(0+ 00453) 


0 0 

[54 6] 313 4 312 5 


[-56 2] 3134 312 8 


6/7/91 Steel 
I Single Mass 



N 

R 

H 

0 

D 

T 


22 3 

275 0 

1219 2 

11 

16 

0007 




252 5 

1 0 

10 

0009 




50 4 

20 

5 

0012 




14 5 

27 

3 

0016 

II 

Single Mass 






N 

R 

H 

C 

D 

T 


210 

278 6 

1219 2 

9 

1 5 

0005 




253 9 

16 

9 

0009 




516 

19 

3 

0011 




loO 

22 

1 

0012 

m 

Double Mass 






N 

R 

H 

C 

D 

T 


2175 

284 3 

1219 2 

1 7 

20 

0010 




286 6 

19 

9 

0011 




68 3 

24 

6 

0014 




19 2 

33 

0 

0019 

IV 

Single 

Mass 






N 

R 

H 

0 

D 

T 


21 8 

292 5 

2438 4 

09 

12 

0005 




38o0 


11 




o7 7 

22 

4 

0012 




113 

35 

2 

0019 

V 

Double 

Mass 






N 

R 

H 

C 

D 

T 


21 55 

297 5 

2438 4 

18 

16 

0010 




309 0 

1 5 

8 

0008 




62 5 

25 

4 

0014 




10 2 

4 6 

3 

0025 

VI 

Quad 

Miss 






N 

R 

H 

0 

D 

T 


2225 

303 5 

1219 2 

31 

21 

0017 




118 7 






49 




vn 

Quad 

Mass 






isr 

R 

H 

C 

D 

T 


21e>5 324 7 24384 

83 5 


Ai A e 

3o02 7292 343 

7o90 1 6709 454 


Ai A e 

3939 8012 492 

8079 1 7113 472 


Ai A e 
3620 7028 615 
7346 1 4229 SIO 


Ai A e 
2679 6716 469 
6745 1 6088 419 


Ai A e 
2726 7490 364 
7813 1 6755 466 


Ai Aj e 

3799 1 1145 341 


Aj A2 
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8/7/91 Glass 








I Single M vss 








N K 

H 

0 

D 

T 

A, 

A 

e 

22 5 279 7 

08 0 

20 

5 

0012 

1 4882 

5 0504 

294 


01 







II Single Mass 



III 

Single Mass 



R H 




H 




2S2 S 609 6 




1219 2 




718 




124 6 




11 6 




191 




7/11/91 VuLOANiSEE India Rubber 

(Single Mass) 




I Fiai Base 








N R 

II 

0 

D 

T 

Ai 

A 

e 

21 4 277 

1006 

22 

1^ 3 

0127 

3899 

4791 

814 


024 2 

22 8 

14 3 

0132 

4986 

6168 

808 


1712 

24 

116 

0138 

608I 

8040 

818 


221 1 

23 

91 

0144 





110 5 

23 9 

72 

0149 





77 j 

27 2 

0 8 

0157 





45 3 

281 

44 

0162 





261 

29 0 

35 

0167 





150 

10 0 

29 

0173 





80 

112 

21 

0180 




II I TAP Base 








N R 

II 

C 

D 

T 

A, 

A 

e 

210 3 281 

1000 

22 2 

17 7 

0127 

3939 

4942 

797 



219 

14 7 

0136 

4986 

6358 

784 


1S4 6 

24 7 

12 0 

0141 

6319 

8391 

777 


210 0 

20 3 

94 

0l3l 





130 1 

271 

73 

OI33 





81 5 

28 2 

60 

0161 





4S0 

290 

49 

0166 





27 7 

30 7 

40 

0175 





10 0 

32 0 

30 

0183 





90 

32 3 

21 

0186 




III Ridgld Base 








N R 

H 

0 

D 

1 

A: 

A 

e 

21 8 2S3 

1006 

14 0 

26 2 

0201 

4122 

)196 

793 


5396 

37 9 

212 

0218 

5430 

6681 

813 


118 6 

39 0 

17 3 

0224 

6916 

8481 

815 


207 8 

40 8 

14 3 

0235 





1280 

417 

112 

0240 





78 8 

417 

89 

0240 





48 0 

43 0 

70 

0247 





290 

44 0 

56 

02o3 





17 0 

44 3 

41 

02o5 






270 


ON IMPACT 


[lvaxix 


IV Ridgfd Base 

N R H C 

21 6 296 o 1066 ^5 o 

6045 39 9 

3630 41 0 

221 3 43 8 

135 5 44 9 

81 9 46 7 

50 3 4b 7 

30 1 47 2 

17 2 48 6 


D 

T 

Aa 

A 

e 

27 0 

0193 

4142 

5250 

7S9 

22 2 

0217 

5430 

6S73 

790 

18 0 

0226 

7062 

8770 

805 

14 5 

0238 




119 

0244 




91 

0254 




73 

02o4 




57 

0257 




46 

0264 





13/7/92 "VuLCAMSED India Rubber (Single Mass) 


N 

R 

H 

C 

D 

T 

Aa 


A 


e 







0 

c 

0 

0 


19 783 

333 3 

1000 

27 8 

16 5 

0123 

5206 

5098 

6556 

648S 

794 



o92S 

291 

13 3 

0129 

6728 

6617 

8069 

81 -.8 

834 

(8 20 Oo 


354 6 

30 3 

10 9 

0134 

8oll 

83o6 

10680 

10540 

797 

7 20 54 


213 2 

316 

89 

0140 

1 0756 

10776 

131d1 


818 

8 20 o3 


1291 

32 8 

72 

0145 

14097 


17205 


819 

e 20 78 


74 9 

341 

0 6 

0151 

18040 


2 3314 


774 



42 6 

35 9 

4 3 

0159 

2 4142 


306o6 


788 



23 3 

37 7 

35 

0167 

3 2o40 


4 3373 


750 



12 6 

39 3 

2? 

0174 

4 3433 


61066 


711 



61 

403 

17 

0178 








28 

421 

13 

0186 








13 

42 9 

08 

0190 







/3a [0]-2o97 
'30] -228 0 
'60] -134 7 
/3 [0]-2597 
[- 30]- 230 0 
[- 60] -142 7 

7a [0]- 219 
[60] + 11 3 0 
'90] 277 
7 [0]- 219 
[-60]+ 94 0 
[- 90] 243 9 
Sa [0] 120 5 
[30] 153 0 
[60] 250 0 
S [0] 120 5 
[- 30] 152 0 
[-60] 2461 
ea [0] 203 9 
'20] 219 2 
'40] 263 9 
e [0] 203 9 
[-20] 217 8 
[- 40] 259 7 


2697 + 112^3 («+ 007!) + 

,—259 7 + 106 88(0- 0009) + 

219+11831(0+ 0208). IgO 1008 

+ .-219 + 11181(0- 0288) “I® IBl 

r = 120 0 + 117 62(0+ 0021) [76 9 ] 333 3 333 

+ .1205 + 11233(0+ 0101) ms 1916 

r = 203 9 + 120 64 (0 + 0072) [o8 9 ] 333 3 333 2 

+ .203 9 + 11189(0 - 0087) gOf 


[This was a single expeiiment specially designed for the Nnmberg Exhibition] 
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26/o/91 TInhuimered Golf Bvll (Wood Block Unshod) 

I SlN&T 1 M vss 


N 

R 

H 

0 

D 

T 

A, 

A 

e 

22 7 

240 7 

1219 2 

66 

60 

00465 

3272 

5902 

o5) 



30()0 

86 

40 

00605 

6371 

932) 

683 



106 9 

99 

27 

00697 

10110 

1 )608 

648 



4>0 

101 

1 9 

00711 






1& 3 

101 

14 

00711 






SI 

10 j 

9 

00739 






>6 

116 

8 

00817 






17 







II 









N 

R 

H 

C 

D 

r 

-^1 

A 

e 

210 

2j7 1 

1210 2 

7 3 

6 3 

00464 

3o04 

60)0 

)79 



337 4 

9o 

43 

00603 

6140 

9896 

621 



IISG 

10 S 

2 8 

00686 

11039 

16022 

689 



47 3 

11 1 

19 

0070) 






20 0 

112 

1 3 

00711 






<) ) 

114 

9 

00724 






4 6 

118 

6 

00750 






23 

118 

4 

00750 




III Uounrc Mass 








N 

U 

11 

0 

D 

T 

A. 

A 

e 

219 

271 5 

1210 2 

10 9 

7 6 

006)1 

3669 

7360 

)01 



2720 

14 7 

5 5 

00878 

7536 

12910 

)83 



OSS 

170 

10 

01010 

127)3 

1 9774 

64) 



401 

17 7 

26 

010)8 






179 

17 9 

1 S 

01070 






84 

17 9 

12 

01070 






40 

IS 6 

9 

01111 






20 

18 7 

7 

01117 




IV Quad 

Mvss 








N 

R 

H 

G 

D 

1 

Ax 

A 

e 

21 0 

2S8 7 

1210 2 

15 6 

101 

00SS3 

3819 

S430 

4o3 



2 3 30 

22 6 

77 

01279 

8391 

141)4 

593 



821 

26 s 

5 3 

01500 

1 4200 

2 2198 

640 



32 6 

281 

3 5 

01 )91 






14 3 

2S5 

24 

01613 






64 

28 5 

16 

01613 






28 

29 5 

1 1 

01670 




28/5/0 1 Hammered 

Got I Bail (Block Unshod) 




I SiNc LL Mass 








N 

R 

H 

0 

D 

T 

Ax 

A 

e 

218 

245 3 

1219 2 









1780 

78 

41 

00517 

o902 

9163 

644 



1443 

9 0 

27 

00o97 

93)8 

1 3814 

677 



615 

9 3 

20 

00617 






27 5 

10 5 

1 3 

00696 






12 4 

119 

11 

007S9 






62 

12 4 

9 

00822 






29 









272 


ON 

IMPACT 



[lxxxix 

n 








N R 

H 

c 

D 

T 

Ax 

A 

e 

216 254 3 

1219 2 

63 

57 

00499 

3)81 

o384 

665 


386 3 

82 

40 

00520 

6285 

9490 

662 


149 2 

90 

29 

00571 

9725 

14388 

670 


63 4 

101 

22 

00640 





29 9 

10 2 

15 

00647 





14 2 

110 

12 

00697 





67 

117 

8 

00742 





30 







III Double Mass 








N R 

H 

C 

D 

T 

Ax 

A 

e 

21 6 272 0 

1219 2 

92 

67 

00o44 

3679 

6745 

545 


3213 

12 3 

56 

00728 

6835 

10486 

6o2 


132 6 

133 

39 

00787 

1 0432 

16085 

648 


59 8 

147 

27 

00870 





28 0 

lo6 

21 

00923 





137 

16 3 

16 

00964 





69 

17 5 

12 

0103 0 





35 

18 2 

10 

01077 





16 







IV Quad Mass 








N R 

H 

0 

D 

T 

Ax 

A 

e 

22 6 288 1 

1219 2 

134 

94 

00784 

3640 

7646 

476 


279 9 

17 6 

69 

01030 

7308 

12503 

j84 


1081 

201 

46 

01177 

11771 

19596 

601 


44 0 

22 0 

32 

01288 





18 9 

23 8 

26 

01 -.03 





90 

23 0 

16 

01346 





4 3 








20 







1/3/92 Hammeeed Golf Ball 

(All Single Mas's) 




I (Steel Plate ) 








N R 

H 

0 

D 

T 

Ax 

A 

e 

21 75 263 

1219 2 

o9 

50 

00364 

3410 

5820 

5S6 


297 2 

78 

3o 

0048 

6330 

10176 

622 


IOdO 

90 

2o 

00d6 

10913 

16865 

647 


39 2 

9o 

16 

00o86 





158 

10 9 

12 

00617 





69 

11 1 

09 

0068d 





27 

114 

7 

00703 




II (Steel Plate ) 








N R 

H 

C 

D 

T 

Ax 

A 

e 

23 2 273 0 

1219 2 

69 

592 

00438 

3551 

6009 

591 


354 2 

86 

37 

0054o 

6627 

10247 

647 


1231 

93 

25 

00590 

11132 

16842 

661 


45 9 

96 

17 

00609 





19 0 

10 6 

12 

00672 





84 

111 

9 

00704 





37 
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III (Wood ) 

N R 

H 

C 

21 0 270 5 

1210 2 

58 


3S30 

77 


1319 

83 


49 4 

80 


201 

95 


S6 

98 


40 



IV 

(Wood ) 




N 

R 

H 

U 


22 3 

203 6 

1210 2 

64 




3S4 7 

S2 




1340 

0 5 




50 9 

101 




210 

10 9 




00 

10 9 




41 

10 9 

V 

(Wood) 





N 

R 

PE 

C 


22 0 

3()() 5 

1210 2 

01 




300 7 

84 




JOOO 

10 0 




410 

10 7 




109 

110 




74 

125 




32 

14 4 

VI 

(Shli 

Pi AIE) 




N 

R 

ir 

C 


2] 35 

310 8 

1210 2 

8 0 




3S1S 

10 8 




102 7 

12 ) 




37 0 

12 7 




IjO 

13 7 




00 

14 8 


D 

T 

A, 

A 

e 

43 

00325 

3462 

o774 

600 

35 

00432 

6208 

9691 

641 

21 

00465 

10283 

15911 

646 

16 

00499 




11 

00533 




8 

00549 





D 

T 

A, 

A 

e 

472 

00363 

4040 

7028 

575 

362 

00465 

6644 

10d38 

630 

24 

00539 

11028 

1 6643 

663 

18 

00573 




1 1 

00618 




9 

00618 




) 

0061S 




D 

T 

Ai 

A 

e 

42 

00 >36 

3939 

6656 

593 

30? 

00462 

6758 

12685 

533 

22 

00550 

12647 

19500 

649 

17 

00589 




12 

00638 




9 

00688 




75 

00792 




D 

1 

A, 

A 

e 

55 

0041 

4204 

6681 

629 

40? 

00oo4 

7178 

1 2d72 

571 

25 

00631 

13968 

21742 

642 

17 

006o2 




11 

00703 




9 

007 >9 





10/^32 TJniiammlkid Goxi Ball (All Single Mass) 

(biBEL Plaie) 


N 

R 

H 

C 

22 45 

27)4 

1219 2 

55 



3739 

08 



128 0 

86 



4) 5 

8 6 



17 4 

90 



68 

100 

II 




N 

R 

H 

C 

21 1j 

283 6 

1219 2 

57 



420 2 

73 



144 3 

87 



52 0 

99 



19 4 

103 



7 5 

10 6 


D 

1 

Ai 

A 

e 

47 

0033o 

3081 

6009 

596 

30 

00414 

6334 

10000 

633 

21 

00523 

10724 

1 7217 

623 

1 3 

00523 




09 

00)48 




7 

00608 




D 

1 

A, 

A 

6 

48 

00317 

3819 

o914 

645 

3o 

00400 

6249 

10053 

622 

23 

00484 

10488 

17)32 

598 

1 0 

00)51 




11 

00)73 




8 

00590 





35 


T II 



274 


ON IMPACT 


[lxxxix 


in 


N 

R 

H 

0 

D 

T 

A, 

A 

e 

22 2 

2913 

1219 2 

60 

49? 

00341 

3726 

5716 

652 



433 4 

78 

35 

00444 

6192 

10247 

604 



148 5 

86 

2o 

00489 

10428 

16764 

622 



o39 

96 

18 

00o46 






20 2 

12 2 

14 

00694 






77 

13 b 

10 

00783 




IV 









N 

R 

H 

0 

D 

T 


A 

e 

20 8 

299 0 

1219 2 

66 

47 

00343 

3959 

6108 

648 



438 8 

80 

36 

0041 0 

6£)94 

10649 

619 



lo3 8 

95 

26 

00493 

10637 

1 7603 

604 



65 2 

10 3 

17 

00535 






20 7 

11 6 

14 

00602 






85 

12 9 

9 

00670 




Y (Wood ) 








N 

E 

H 

0 

D 

T 

A, 

A 

e 

21 65 

306 6 

1219 2 

66 

50 

00347 

3919 

6469 

606 



426 2 

82 

33 

00431 

6586 

1 0963 

601 



1447 

99 

25 

00521 

11370 

1 7893 

635 



523 

10 S 

17 

00568 






19 9 

12 0 

13 

00658 






80 

13 3 

9 

00700 




VI 









N 

R 

H 

C 

D 

T 

A. 

A 

e 

21 25 

31o2 

1219 2 

66 

44? 

00332 

4227 

6494 

651 



438 3 

84 

35 

00423 

6937 

11048 

G2S 



153 0 

96 

25 

00483 

11d99 

18£)72 

625 



561 

104 

16 

00523 






21 0 

10 b 

11 

00543 






87 

120 

07 

00604 




VII 









N 

R 

H 

C 

D 

T 

Ax 

A 

e 

216 

324 b 

1219 2 

66? 

43? 

00328 

4327 

7220 

599 



447 3 

88 

38 

00437 

6958 

11048 

630 



168 6 

102 

25 

00506 

1 lo66 

18807 

615 



58 3 

111 

17 

005d1 






22 5 

128 

14 

00635 






93 

136 

10 

00675 




VIII 









N 

R 

H 

C 

D 

T 

Ax 

A 

e 

21 3o 

3312 

1219 2 

67 ? 

40? 

00322 

4418 

7063 

626 



44o 2 

89 

36 

00428 

7225 

10933 

661 



168 0 

100 

26 

00481 

1 1785 

18367 

642 



59 0 

no 

17 

00529 




0/4/92 

Hammeebd Golf Ball on Hammered Golf Ball 



I Single Mass 








N 

R 

H 

c 

D 

T 

Ax 

Aj 

e 

21 37 

2609 

1219 2 

83 

70 

00507 

3620 

5774 

627 



4003 

100 

50 

00611 

6092 

9072 

672 



1504 

109 

33 

00666 

9896 

14550 

681 



57 6 

12 3 

25 

00752 






241 

13 4 

17 

00819 






10 5 

12 2 

9 

00746 






48 

128 

6 

00782 
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II Single Mass 



N 

R 

H 

C 

D 

1 

A, 

A 

e 


22 2 

268 6 

1219 2 

80 

74 

00494 

3310 

5200 

636 




4o82 

97 

0 4 

00o98 

o362 

8332 

644 




173 2 

11 3 

40 

00697 

8894 

13151 

676 




68 0 

121 

29 

00747 







28 8 

136 

20 

00839 







128 

14 3 

14 

00882 







56 

15 4 

10 

009d0 







23 

17 4 

7 

01074 




III 

SiNGiE Mass 









N 

R 

H 

0 

D 

T 

Ai 

A 

e 


221 

277 0 

1219 2 

89 

75 

00o30 

3606 

&o43 

667 




407 S 

10 3 

53 

00613 

o766 

8682 

664 




1780 

12 0 

38 

00714 

93^8 

13900 

673 




71 3 

131 

28 

00780 







30 7 

141 

2 0 

00840 







137 

14 6 

14 

00869 







61 

12 8 

8 

00762 




IV 

Double Mass 









N 

R 

H 

C 

D 

T 

A, 

A 

e 


22 6 

285 2 

1219 2 

118 

92 

00698 

3682 

569o 

646 




37 3 9 

141 

69 

00834 

6273 

8926 

702 




143 3 

17 3 

51 

01023 

10064 

14804 

680 




59 8 

18 2 

34 

01076 







25 9 

19 7 

24 

01165 







11 

20 2 

17 

01196 







5 0 

216 

12 

01277 




V 

Double Mass 









N 

R 

H 

0 

D 

T 

Ai 

A 

e 


2312 

2971 

12192 

121 

99? 

00703 

3705 

5670 

6o3 




408 2 

10 0 

7 3 

00929 

6350 

9026 

704 




161 3 

18 0 

52 

01045 

9896 

14770 

670 




08 0 

19 5 

36 

01132 







29 9 

20 8 

20 

01208 







13 3 

214 

18 

01243 







59 

20 5 

12 

01190 







29 

22 2 

09 

01289 




VI 

Quae 

Mass 









N 

R 

H 

0 

D 

T 

Ai 

A 

e 


21 5 

312 2 

1219 2 

19 D 

12 5 2 

01002 

4215 

7248 

582 




286 6 

26 5 

93 

01362 

8069 

11840 

682 




115 3 

29 0 

66 

01490 

12746 

19170 

665 




47 7 

314 

4 6 

01614 







20 0 

315 

30 

01619 







90 

35 6 

22 

01829 







37 

35 6 

1 0 

01829 
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24 ! ji /92 TJnhammbeed Golf Ball on TJnhammered Golf Ball 
I Single Mass 



N 

E 

H 

0 

D 

T 

A, 

A 

e 

22 35 

262 3 

1219 2 

83 

71 

00528 

3424 

o206 

658 




419 3 

96 

50 

00610 

5774 

8214 

703 




1616 

110 

36 

00699 

8988 

1 35o6 

663 




641 

114 

24 

00725 







26 6 

132 

19 

006 39 







12 2 

13 6 

14 

0086 D 







55 

lol 

11 

00960 




II 

Single Mass 









N 

E 

H 

C 

D 

T 

A, 

A 

e 


2205 

270 3 

1219 2 

81 

70 

00493 

3488 

5392 

647 




4619 

98 

51 

00697 

6693 

8243 

691 




176 5 

112 

36 

00682 

9099 

1 3362 

681 




691 

12 3 

26 

00749 







30 5 

13 0 

19 

00791 







13 5 

13 3 

13 

00810 







61 

136 

09 

00828 




III 

Single Mass 









N 

E 

H 

C 

D 

T 

A, 

A 

e 


214 

2782 

1219 2 

87 

71 

00499 

3819 

0658 

676 




473 2 

10 6 2 

542 

00608 

o758 

8391 

680 




1846 

118 

39 

00677 

9244 

13238 

69S 




736 

12 5 

2 0 

00718 







317 

141 

20 

00809 







143 

13 8 

1 3 

00792 







63 

151 2 

8 ' 

00867 




IV 

Double Mass 









N 

R 

H 

C 

D 

T 

A, 

A 

t 


21 12 

286 5 

1219 2 

12 7 

92 

00C99 

3819 

6342 

602 




3812 

1d8 

68 

00869 

6745 

9667 

698 




lo61 

181 

o 2 

00996 

10o38 

I0OI4 

702 




66 7 

19 0 

36 

01073 








19 7 

24 

01084 







12 6 

210 

17 

01155 







d7 

210 

12 

011o5 




V 

Double Mass 









N 

R 

H 

C 

D 

T 

A, 

A 

e 


220 

2971 

1219 2 

130 

98 

00718 

3809 

5957 

639 




423 9 

16 4 

75 

00906 

6494 

9083 

716 




169 5 

18 9 

54 

01044 

10088 

14578 

692 




710 

201 

37 

01111 







314 

20 9 

25 

01165 







13o 

22 2 

17 

01227 







d9 

233 

13 

01288 







27 

240 

10 

01326 




VI Quad 

Mass 









N 

R 

H 

C 

D 

T 

A, 

A 

e 


219 

313 6 

1219 2 

19 0 

120 

00990 

4156 

7400 

562 




3210 

2t6 

96 

01334 

7983 

11263 

709 




136 3 

288 

71 

OloOl 

11988 

17321 

692 




58 9 

310 

49 

01615 







25 9 

319 

32 

01662 







116 

34 8 

23 

01813 







51 

3o2 

15 

01834 
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2/6/92 Eciipse Ball— S ir el Plate 
T Single Mass 


N 

22 25 


R 

273 S 


[I SiNCiE Mass 


N 

224! 


R 

2S17 


III 


foi 

[M 

[ 12 ] 

e [01 
[- 0 ] 
[-12] 

Dochll Mass 


267 7 
269 0 
2735 
267 7 
2694 
274 0 


N 

22 2 


II 

290 8 


IV 


DouBii Mass 
N 11 

21 ) ) ?00 


H 

C 

D 

T 

Ax 

A 

e 

1219 2 

9o 

73 

00576 

3541 

6^46 

oo8 


112 

46 

00679 

6669 

11^04 

o80 

107 0 

12 2 

30 

00740 




>S1 

140 

20 

008 oO 




139 

140 

13 

00850 




H 

C 

D 

T 

Ax 

A 

e 

1219 2 

98 

73 

00s82 

3696 

66^6 

5d5 

333 S 

11 5 

47 

00682 

7107 

11648 

610 

106 0 

128 

30 

00760 




39 3 

140 

20 

00831 




14 6 

146 

13 

00S66 









0 

c 

) = 

267 7 + 04444 (0 

— d62o) 

[18 48] 

282 

282 

1 

267 7 + 04028 (0 + 517) 

[18 38] 

282 

2821 

H 

C 

D 

T 

Ax 

A 

e 

1219 2 

140 

99 

00798 

3676 

7146 

514 

2919 

17S 

64 

01014 

7590 

13143 

d77 

S7 4 

19 9 

40 

01134 




29 6 

20 6 

2 3 

01174 




10 5 

20 4 

14 

01162 




II 

0 

D 

r 

Ax 

A 

e 

1219 2 

151 

10 2 

00809 

4061 

7391 

o49 

297 0 

19 3 

64 

01035 

8142 

1 3865 

587 

SxSS 

20 9 

40 

01120 




30 4 

22 8 

25 

01222 




10 7 

242 

17 

01297 




35 

260 

10 

01394 





V 


(}UAD 

N 

22 22 


Mass 


VI 


(^UAD 

N 

22 6 


R 

H 

0 

D 

T 

314 5 

1219 2 

19 7 

122 

01039 

2412 

27 4 

80 

0144o 


66 6? 

30 6 

4 0 

01613 


20 5 

34 3 

29 

01808 


62 

36 8 

15 

01940 

Mass 

R 

H 

0 

D 

T 

324 3 

1219 2 

201 

12 5 

0104o 

24o0 

27 0 

78 

01404 


63 6 

32 0 

45 

01664 


19 7 

35o 

28 

01846 


o8 

36 S 2 

13? 

01913 


Ax 

4115 

9179 


A, 

4149 

9163 


A 

8746 

16577 


A 

8889 

1S094 


e 

471 

554 


e 

467 

506 
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APPEOXIMATE COEFFICIENTS OF EESTITUTION 

Successive Yalues of e(l — m) calculated by the First Foimula m the Papei (The 
suffix to the number of the expeiiment indicates the mass and the height of the 
fiist fall IS auoted) 


7/4/91 Old V 

I K 

12/6/91 New N 

I E 

22/6/91 

New 

< 
1— 1 

to 

13/7/92 


1219 



0 

0 



914 4 



1000 

Ii 

III 

III4 

IV4 

Ii 

III ni 

IV 

Ii 

III 

III 

<1 


II 

64 

67 

o4 

57 

82 

82 

84 

80 — 

71 

71 

74- 

- 73 


77 

74 

74 

74 

73 

83 

82 

86 

86 

74 

75 

78 

78 


77 

76 

76 

78 

78- 

84 

80 

87 

87 

77 

77 

79+ 79 


77 

77 

78- 

80 

79 

83 

82 

87 

87 

77 

77 

80 

80 


77 

78 

78 

82 

82 

82 

82 

87 

87 

7o+ 77 

80 

80 


76 

78 

79 

82- 

82+ 

82 

82 

86 

87 

76 

77 

79 

80+ 

75 

78+ 

79 

83 

82 

81 

82 

86 

87 

76 

76- 

- 79 

80 


74 

79 

79 

83 

81 

82 

81 

86 

87+ 

76 

75 

79 

79 


74 

78 

80 

82 

83 

81 

81 

86 

87 + 

77 

75- 

- 79 

78 


70 

77 




81 

81 

85 

86 

76+ 77 

79 

77 


68 

79 




79 

79 

So 

86 

74 

75+ 78 

79 


68 

78- 




79 

80- 

87 

86 



77 

77 







77 

80 + 

85 

85 











80 

80 

84 

87 











74 

79 

84 

85 











88 

83 

84 

85 











82 


84 

84 













84 

83 













84 

82 













89 

84 







16/6/91 

Cork 

24/6/91 

COEK 


3/7/91 

Vui CANITE 


1219 



2286 



1219 2438 ; 

1219 

2438 


III 

III 

IV 4 

Ii 

III 

in 

IV 4 


Ii 

II 

III 

IV, 

V4 

46 

45- 

3S 

33 

40 

41 

32 

31+ 


46 

63 

47 

49 

33 

o3 

53 

49 

44 

49 

49 

45 

42 


53 

o5 

56 

45 

44 

59- 

59 

06 

oO 

58 

58 

o3- 

— 4o 


60 

56 

58 

50 

49 

60 

61 

59 


63 

61 

57+ 


71 

69 

67 

57 

58 


61 



63 

64 

55 



76 

71 

67+ 

59 











78 














78 














76 






29/6/91 Plane 6/7/91 Steel 



1219 



2438 



1219 


2438 

1219 

2438 

Ii 

III 

III 

IVi 

V. 

VI, 

Ii 

III 

III 

IV, V, 

VI, 

VII, 

42 

43 

40 

41 

32 

23 

4o 

4o 

49 

39 36 

31 

19 

46 

49 

49 

47 

48 

37 

42 

4o 

49 

39- 4o 

20 

29 

08 

06 

56- 

52 

ol 

43 

53 

53 

52 

44 40 


69 

69 

60 

66 

06 










68 
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7/11/91 V I R 
1066 

iLAi Base Ridged Base 



III 

nil 

IVi 

76 


72 

74 

77 

— 

78 

77 

77 

77 

78 

78 

77 

77 

7b 

78 

76 

77 

78 

78- 

74 

77 

78 

78 

7d 

70 

78- 

78- 

75 

76 

77 

75 

73 

75 




Golf Ball 

26/5/91 TJnhammeeed 
1219 


Ii 

III 

III 

IV, 

50 

52 

47 

44 

o9 

59 

60 

59 

63 

63 

63 

63 

65 

66 

67 

66 

66 

68 

69- 

66 

68 

70- 

69 

66 

66 

70 

70 



Wood Base 

28/5/91 Ham me-re h 
1219 


Ii 

III 

m 

1— 1 

55 

56 

51 

48 

63 

62 

64 

60- 

65 

65 

67 

64 

67 

69- 

68 

65 

67 

69 

70 

69 

70 

69- 

71 

69 

69 

67 

71 

68 
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XC 

QUATERNION NOTES 


[Proceedings of the Royal Society of Ldinhii'tgli June 4 1888] 

(a) Prof Caileis papei* which was lead at last meeting reminded me of in 
old investigation which I gave only m brief abstract in oui Proceedings foi 1870 [Anti 
No XVIII] Theie is nnfoitunatelj a misprintf in the chief formula of tiinsfoimition 
In fact we have quite geneially as a matter of quaternion analysis 

DffVo- — — (Vii)o. a* + D^o) 

= — VJDff a- = Vi^ScTiV (T 

= (V<r) -fif ViCTiV o-~V(7 S^cr + SfVV, (Ti(J 
The hydiokmetic equation is 

c,„-v(p-£) 

SO that V VD^a- = 0 , 

01 by the above tiansformation 

V D^Vcr=V{V,Sa,V G-) 
which IS the equation tieated by Cayley 

It IS worthy of note that the right hand member may be wnitten as 
F(V<r) — S ViO-iV a*— Wer S^<r [or as FVo- S^a — S V^o-j^V a] 
because Fcri<r = 0 identically 

[Collected PajpeTb Vol xm No 890 Note on the Hydrodynami.c(il Equations'] 
t [Also an omission collected m the Repiint The expiebsion itself ocemred to me while I was making the 
tianslation of v Helmholtz papei on Po7fe^ Motion which appealed m Phil Mag u 1867 The multiform 
transformations of the expiession V^Vo-^a* fuinish a very mteresting and mstructive exeioise m Quatermons 1899 ] 
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If ^^e now introduce the equation of continuity 

S^<T = 0 

wt hxve (as in the abstiact lefened to) 

jDerVer = — 8 ViCTiV <7 = BytrC 

With the furthci lesult 

-V“^P-2j=(Vo-)» + ^Vi 8<Ta-^ 

(b) The second note contains additions of which 

IIJV VVcrrdc: = JJ(rS<rUv-<TSTUv)ds 

nuy be given is i specimen to the papei on Quateinion Integrals punted m abstract 
IS No XXII above [One of the chief special appliciiions foi which these foimulse 
weie devised was the compiiison of integrals taken ovei the same finite closed 
suifice Thus foi instinee even in the simple paiticulai case cited we have some 
umaikxblc equilities on the light from the mere assumption that cr and t satisfy 
(ill uiy of the infinite vaiicty of ways possible) the condition 

V FicTT = scalai 

01 V<rT = Vv 1899 ] 
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OBITUAEY NOTICE OF BALFOUR STEWART 


\PTOceed%ngs of the Royal Society of London 1889 ] 

De Balfour Stewart was bom in Edinburgh on November 1st 1828 and died 
in Ireland on Decembei 18th 1887, having just enteied his sixtieth yeai Ho v, m 
educated foi a mercantile profession and m fact spent some time in Leith and aftci 
wards in Australia as a man of business But the bent of his mmd towards physic il 
science was so strong that he resumed his studies m Edinburgh Univeisity and soon 
became assistant to Professor J D Forbes, of whose class he had been a distinguished 
member This association with one of the ablest experimenters of the day seems to 
have had much influence on his career, for Forbes s lesearches (other than his Glacier 
work) were mainly m the depaitments of Heat Meteorology and Terrestiial Magnetism, 
and it was to these subjects that Stewart devoted the greater part of his life In 
the classes of Professor Kelland Stewart had a brilliant career, and gave evidence 
that he might have become a mathematician had he not confined himself almost 
exclusively to experimental science 

In 18o8 while he was still with Forbes Stewart completed the first set of his 
mvestigations on Badiant Heat and arrived at a remaikable extension of Provost & 
Law of Exchanges His paper (which was pubhshed in the Transactions of the Royal 
Society of Edinburgh) contained the greatest step which had been taken m the subject 
since the early days of Melloni and Forbes The fact that radiation is not a mere 
surface phenomenon but takes place like absorption throughout the interior of bodies 
was seen to be an immediate consequence of the new mode m which Stewart viewed 
the subject Stewarts reasoning is throughout of an extremely simple character and 
is based entirely upon the assumption (taken as an experimentally ascertained fact) that 
m an enclosure impervious to heat and contammg no source of heat not only will 
the contents acquire the same tempeiature but the radiation at all points and m all 
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diiections will ultimately become the same m charactei and in mtensity alike It 
follows that the iidiation is throughout that of a black body at the temperature of 
the enclosure From this by the simplest reasoning it follows that the radiatmg and 
absorbing poweis ot any substance must be exactly propoitional to one another (equal 
111 fact if moasuitd in proper units) not merely for the radiation as a whole but 
loi every definitely specified constituent of it In Stewaits paper (as in those of the 
mxjority of young authors) there was a great deal of ledundant matter mtended to 
show that his now viex\s were compatible with all that had been previously known 
and ill consequence his work has been somewhat lightly spoken of even by some com- 
petent judges These allow that he succeeded m showing that equality of radiation 
xnd absoiption is consistent with all that was known, but they refuse to acknowledge 
thit he had proved it to be necessarily true To such we would recommend a perusal 
of Stew lit s 11 tide in the Plalosophical Magaz%ne (Vol xxxv 1863 p 354) where they 
will find his own views about the meaning of hiis own paper The only well founded 
objection which his been raised to Stewaits proof applies equallj to all proofs which 
h ive since been given viz in none of them is provision made for the peculiar phenomena 
of fiuoiescencc and phosphorescence 

Ihe subject of ladiition and connected piopeities of the luminiferous medium 
oecuiued Stew lit s mind at inter \als to the very end of his life and led to a number 
of obseivitions and expeiimcnts most of which have been hid before the Royal Society 
Such lie the Obbervations with a Rigid Spectroscope and those on the Heating 
of i Disk by iipid Rotition in Vacuo in which the present writer took part Other 
illiod speculations are on the connection between bolii Spots and Planetary Con 
figuiitions and on ‘ Theimal Equilibrium in in Enclosure contammg Matter m Visible 
Motion 

Iiom 1859 to 1870 Stewart occupied, with distinguished success the post of Director 
of the Kew Observxtoiy Thence he was transfer red to Manchester as Professor of 
Physics in the Owens College, in which capacity he remained till his death His mam 
subject for many yens wib Terrestrial Magnetibm, and on it he wrote an excellent 
article for the it cent edition of the JEncyolopcbdia Bntanmca A very complete summary 
of his work on this subject has been given by Schuster in the Manchester Memoirs 
(4th belies Vol T 1888) In the same article will be found a complete list of Stewarts 
pipers 

Among the separate works published by Stewart his Treatise on Heat which has 
alreidy reached its fifth edition must be specially mentioned It is an excellent intro 
duction to the subject though written much more from the experimental than fi:om 
the theoretic il point of view In the discussion of radiation however which is given 
at consider iblo length a great deal of theoretical matter of a highly original character 
IS introduced 

Of another work in which Stewart took a great part The Unseen Universe the 
writer cinnot speik at length It has passed through many editions, and has experienced 
every variety of reception — from heaity welcome and approval in some quarters to the 
extremes of fierce denunciation or of lofty scorn, in others Whatever its merits or 
dements it has undoubtedly been successful in one of its mam objects, viz in showing 

36—2 
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OBITTTAHY NOTICE OF BALFOUR STEWART 
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how baseless is the common statement that Science is incompatible with Religion It 
calls attention to the simple fact ignored by too many professed instructors of the public 
that human science has its limits and that theie are lealities with which it is altogcthci 
mcompetent to deal 

Personally Stewart was one of the most lovable of men modest and unasbuming 
but full of the most weird and grotesque ideas His conversation could not fail to set 
one a-thinkmg and in that respect he was smgulaily like Cleik Maxwell In 1870 ho 
met with a frightful railway accident from the effects of which he nevei fully iccoveicd 
He passed in a few months from the vigoious activity of the piime of life to grey headed 
old age But his characteristic patience was umuffled and his intellect ummpaued 

He became a Fellow of the Royal Society in 1862 and in 1868 ho leceivcd the 
Rumford Medal 

His life was an active and highly useful one, and his woik whether it took the 
form of original mvestigation of accurate and laboiious observation, or of piactical teaching 
was always heartily and conscientiously earned out When a statement such as this cm 
be truthfully made it needs no amplification 
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XCII 

THE RELATION AMONG FOUR VECTORS 

[Proceedings of the Royal Society of Edinburgh March 4 1889 ] 

A SYSPEM of five points is completely deter mmed by the vectors joining one of 
them with the other four If a ^ 7 be three of these the fourth is necessarily 

S = + 2 /^ + 57 

Hence any property characteristic of a gioup of five points will remain when 00 y z 
are eliminated But we hive 

Sah = xSaa + ySa^ + 5^7 
SSh = xSpx + yS^^ + zS^^ 

Sr/S = xSja + ySy^ + zSyy 
SBB ^xSSa +vSBl3 +zSBy 
Hence at once a determinxnt of the 4th order 

If we note that each term, as S/Sy for instance can be wiitten either as 
i(/3 + 7 ®-/S- 7 ) or as - T^Ty cos ^y 

we see that the determinant may be written either in Dr Muirs form or as 
0 = 1 cos cos ay cos aB 

cos 0a 1 cos 0y cos 0B 
cos 7 a cos 7^9 1 cos /B 

cos Ba cos B0 cos 87 1 
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which IS the relation among the sides and the diagonals of a spherical qnadrilateial The 
method above can of course be extended to any number of points One additional 
point mtioduces thee new scalars to be eliminated and sisc new scalar equations foi 
the purpose 

[Addition — ^Read Maich 18 ) 

If we operate as above with any other foui vectors, we have 

Sa-iOL Sui^ Suify SoliB — 0 

Sl3,^ 

^7i7 SyiB 
8S,a ySSi/3 8B,ry 8B,S 

and the tensors aie again factois of lows or columns Thus if ABGD ahody be xny 
two spherical quadiilaterals 

cos Ad cos Ah cos Ao cos Ad = 0 
cos 5a cos 56 cos 5c cos5d 
cos Ga cos Gh cos Oc cos Gd 
cos 5a cos 56 cos 5c cos5d 

This has many curious paiticular forms, one of course being the formei result when 
the two quadrilaterals coincide Anothei is when the quadrilaterals aie ‘polar’’ Let 
a be the pole of AB b of BG &c, then 

cos Ab cos Be cos Gd cos 5a — cos -4o cos Bd cos Ga cos 56 = 0 

And numerous other lelations can be obtamed with equal ease by the same simple 
process 

Cayleys form of the expression connecting the distances two and two among five 
points in space is an immediate consequence of the identity 

ltd (a — d) = Ida — 2SdXda + 6^1,d 

where ai a &c aie n given vectors 6 any vectoi whatever and dj co &c, w undeter 
mmed scalars 

For provided that n is greater than 4 we may always assume 

Id = 0 , Ida = 0 

which are equivalent to four homogeneous hnear relations among the as 

Let then 7i=5 and write the above identity separately for each a, put in place of 0 
Thus we have 

ltd (a — aj) = Ida? 

Id (a-a )2 = Xaa, 

— ttg) =lda 
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T\ko with these 2*c = 0 

ind wo obtain si'? linear equations horn which to eliminate the five values of x The 
icsult IS xt once A B G JD JE bemg the pomts 

AA BA GA BA BA 1 =0 

AB BB^ GB BB^ E& 1 


AE BE^ OE^ BE^ EE 1 
111110 

Afa 2m mxy hive any value this is Cayleys e-^pression* An mteresting variation of it 
IS supplied by taking 2(ta) = 0 instead of 2(a!) = 0 as the sixth equation 

* [ColUctid Papas No 1 Dr Muu s expiession mentioned above is given in P;oc R S E xvi p 86 
1800 ] 
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XCIII 

ON THE EELATION AMONG THE LINE SUEFACE, AND 

VOLUME INTEGEALS 


[Proceedings of the Royal Society of Edinburgh April 1 1889 ] 


The fundamental foim of the Volume and Surface Integral is 

JJJVud<; = fJUvuds 

Apply it to a space consisting of a very thin transveise slice of a cylinder Let 
t be the thickness of the slice A the area of one end and a a unit vectoi peipcndiculai 
to the plane of the end The above equation gives at once 

V (aV) u tA = t jV a Uvudl 

where dl is the length of an element of the boundmg curve of the section and the 
only values of Uv left aie paiallel to the plane of the section and normal to the 
bounding cuive If now we put p as the vector of a point in that curve it is plain 
that 

r 0LUv=Udp dl--Tdp 

and the expression becomes (after division by t) 

V {aV)uA = fudp 

By juxtaposition of an infinite number of these infinitely small directed elements a (now 
to be called TTv) bemg the normal vector of the area A (now to be called ds) we 
have at once 

ffV ( UuV) uds = judp 

which IS the fundamental form of the Surface and Line Integral 

In fact as the first of these expressions can be derived at once fiom the ordinary 
equation of continuity’ so the second is merely the particular case corresponding to 
displacements confined to a given surface 
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XCIV 

QUATERNION NOTE ON A GEOMETRICAL PROBLEM 

[P'nooeed/ings of the Royal Society of Edinburgh June 4 1889] 

The problem referred to is that of inscribing m a spheie a closed n sided polygon 
whose sides shall psi&s respectively through n given points which are not on the suiface 
Hamilton evidently legaided hib solution of this question as a veiy tough piece of mathe 
matics (see his Life Vol ill pp 88 4i26) In preparing the third edition of my Quaternions 
I was led to i modo of treating this question which enables us to dispense with the 
biilliant fexts ol analysis which scorn to be lequired in Hamilton s method 

[A. sketch of his veiy curious analysis is given in § 250 of that work § 250^ 
gives the full tcKt of my own process As I have since found it to be needlessly 
probx, it IS considerably pruned down and concentrated in the present reprint 1899] 

The quaternions which Hamilton employed weie such as change the radius to one 
comer of the polygon into that to the next hy a conical rotation In the piesent Note 
I employ the quaternions which dvnectly turn one side of the polygon to he along the 
next The sides severally aie expiessed as ratios of two of the^e successive quaternions 

Let pi p &c pn be (unit) vectors drawn fiom the centie of the sphere to the 
coineis of the polygon a On the points thiough which the successive sides are 

to pass Then (by Euclid) we have n equations of the foim 

{pm^l “ (pm — = 1 "h SUppOSe 

These equations ensure that if the tensor of any one of the p s be unit those of all 
the others shall also be units Thus we have merely to eliminate p pn, and then 
remark that (for the closure of the polygon) we must have 

P7l+l = Pi 

That this elimination is possible we see from the fact already mentioned which 
shows that the unknowns are virtually mere amt vectors , while each separate equation 
contains coplanar vectors only In other words, when pm 3'D-d Orn given, is 

determinate without ambiguity 
T n 
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The general equation above may obviously be written as 

{pm+i (^n. ™ ^+i)} ipm “* 0^) = 14* CLtn “ j 

or, if we introduce the quaternion 

Jm— 1 “ (^Pm “ ipm—i *“ 0^— i) ipi ~~ ^i), 

Here “■ 

IS one of the vector sides of the polygon whose comers are the assigned points 
And the statement above as to the nature of the quaternions employed is expiessed as 

3m — 1 ” i,Pm 2m— 

Smce we have 

2o =Pi“ 2i = (P “ “ ) (pi“ «i) == -^1 + /5i2o 22 = -^ 22 o -b &c 

it IS clear that the values of q are all hnear functions of pi, of the form 

2m ” "I" ^mPi j 

where 7 ^ and are definite functions of Ki a , ccm only 


Again fi:om 
we have 


Pm ““ *m — 


Pm ~ ■ 


suppose 


2«i— 

4- 2m — 1 pm—^ 

2m — 2 2m— 

This gives at once by the definition of p 

2m — 1 ^Pmr- ^2mr- (pm O^m) 2m — 2 j 

and as an immediate consequence 

Pm— I 0^7nrfi2m — 1 “I" 2m 4* "h (1 "h OCjti®) 2m — 2 

2m— 4" ^mPm— — (Pm Pm — 2 


We now see at once that 

2m — 1 (pm OCiji) (pm— 1 (^ — ^ 2 ) q^ = G (pi — CCi) 

Pmr-i = (”)”^ ^ (pm ■“ (pjji-i — Om— 1 ) (p ” ^ = (— (7 


Thus, finally 

G + 2)pi (7pi — jD 

P»+i = Pi = if « be evej 

G and J) being quaternions to be calculat< 
cases require to be developed separately 


C-Dp^ _ Op,+D 
D + (7pi -Dpi — C 


if n be odd 


(a) 


(as above) from the values of a The two 


Take fiist the odd polygon — then piD + pjCpi = G ~ Dp^ 

Pi (<^ + S) + Pi (C + 7) pi = 0 + 7 — (d + S) yjj 

if we exhibit the scalar and vector paits of the quaternions G and D Cutting out 
the parts which cancel one another and dividmg by 2 this becomes 

dpi 4 - SSpi + piSypi — c=0 
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■which, as pi IS finite, divides itself at once into the two equations 

8ypi + d = 0 SBpi — c = 0 

These planes intersect in a line which, by its intersections (if leal) with the sphere 
gives two possible positions of the first comer of the polygon 


For the oven polygon we have 

PiD - piGpi = 0 + jDpi 01 VpiS - piSypi -7 = 0, 

which may be written V pi (8 — Vypi) = 0 or 8 — Fypi = ospi 
This equation gives = (^ + 7)"^ (8 + 578/^*?), 

where oc is to be found from — 7 =8 yS/x — 8® 

The two values of have opposite signs Hence there are two real values of x, equal 
and with opposite signs giving two real points on the spheie Thus this case of the 
pioblom IS always possible 

[We might have ariived at equations (a) which involve the complete solution of 
the problem by the following direct and simple piocess — 


Let pmr-iy pm be any two successive comers of the polygon, Om^i the point through 
which the coriespondmg side is to pass , we have at once 


This IS general^ so that 


(pwi — 1 ) (piii— 1 1 ) 1 H" Ot -1 

pm — "T 7 

pm—i 


^ pm pin—i "h H" 1) 

Note that in these quaternion fractions, the coefficients of the lineai expressions 
in pwi-i "^bove and below are the saone pairs of quantities, m duect and inverted 
order, viz 

dtn^i 1 _ + 1 “ „ 

and , T 

1 — (ttn—i 1 1 “T I 

Their ostensible signs are, obviously eithei alike above and unlike below, or unlike 
above and alike below, alternately 

n CXjPi + 1 ftjnlo Q.LfiVoV 


Hence as 


we have 


On = - (signs alike above), 

^ pi-oii 

_Cpi±^ 

Pn+i-Pl-^^^zpCf 


where the upper signs belong to the case of n odd, and the lower to n even 1899 ] 
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xcv. 

NOTE APPENDED TO CAPTAIN WEIR’S PAPER “ON A NEW 

AZIMUTH DIAGRAM” 


[Proceed%ngs of the Royal Society q/ Edinburgh July 15 1889 ] 

[As Su: W Thomson was unable personally to communicate Oapt Wens paper to 
the Society he asked me to add to it a Note on the principle of the new method ] 

Oapt Weirs singularly elegant construction not only puts m a new and attiactivc 
light one of the most awkward of the formula, of Spherical Trigonometry but it 
practically gives in a single page diagram the whole contents of thf two vduinL of 
Burdwoods Azimvih Tables Further it supplies a verj mteresting graphical Ino 
construction of a function of three independent variables ^ ^ ^ 

In the usual notation loi spherical triangles if A be thp *i, i 

.a ...a.,, lod, (,.0. . ... Mha 

[j-\j and A the supplement of the azimuth Hence from the formula 

cot a sm 6 = cot A sin 0+oosb cos 0 

we have at once 

tan (azimuth) = 

sm X cos A — tan S cos X 

Capt Weir m his diagram vntually puts 

^ = sin AsecX] 

2/ = cosAtanXj (1) 

so that +o„ ix) 


tan (azimuth) = ? 

y — tan 8 
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% and y being found by the intersection of the confocal conics 

(C 

» ^ 4 = 1 the latitude ellipse 

sec® X taii®X ^ 

^iid — the hour angle hyperbola 

sin ill cos th 

The Amplitude is the value of the azimuth at rising or setting so that the 
coiiesponding hour-angle is to be found fiom 

cos h + tan X tan S = 0 

With this value of h equations (1) become 

= sec X Vl — tan® X tan 8 
i/ = — tan® X tan 8 

Elimination of 8 gives of course, the latitude ellipse as before But elimination of X 
gives instead of the confocal hyperbola the curve 

Oi + [y — J (tan 8 — cot 8)] = | (t in S + cot 8) 

01 a. 4-(2/ + cot2S)®=cosec 28 

whieh IS a circle passing thiough the common foci oi the ellipses and hyperbolas 

The constiuction of the Diagiam by means ol (1) is theoietically a very simple 
matter Ihus, tike OA is unit length on the axis of n, and draw AP paiallel to y 
Mike AOP = \ and yOII^h Draw the circles whoso centre is 0 and radu OP and 
AP respectively Let OU meet them va p q Fiom p and q draw lines parallel to Oy 



0 A. X 

Ox respectively Then point of intei section Q, belongs obiiously to the ellipse X and to 
the hyperboh h A somewhat similai simple, constiuction can easilj be given foi the 
circle 
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XCYI 

ON THE EELATIONS BETWEEN SYSTEMS OF CUEVES WHICH 
TOGETHEE, CUT THEIE PLANE INTO SQUAEES 


{Proceedings of the Edinhmgh Mathematical Society Naoemh&r 9 1889 Vol vtl] 


Ip p be the vector of a corner of a square m one system, o- that in a system 
derived Tvithout mversion we must obviously have 


dcr=u ^cos ^ + k sm^dp (oos^ - k sm , 


= u {(i cos ^ +y sm <f>) dx - (i sm —j cos dy] 
k bemg the umt vector perpendicular to the common plane 
This requires that 

d d 

^ [u {i cos(f) + j sin ^)} = ^ {u {-ism(j> +j cos <j>)}, 


( 1 ) 


which g;ives the two equations 

01 in a simpler form 

Idu __ dip \ 
u dx dy 
\du ^ dej) ^ 
udy dx ^ 


( 2 ) 
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Eliminating <f> and u separately, we have 

d log 'M d logtt _Q 
da? dy ~ 

dx dy 

Thus log w = Oi I 

<j> = C ) 

represent associated senes of equipotential and cuirent, lines in two dimensions 

Assuming any lawful values for the members of (2) we obtain u and (j) and thence 
by integration of (1) <t is given in terms of p 

Thus <r = 

whcie ^ and r] are known functions of x and y Fiom this x ind y can be found in 
terms of 1^, ri Thus if 

= F{x,y)^A ( 4 ) 

be a pair of sets of curves possessing the required property we obtain at once another 
pair by substituting foi % and y their values in terms of ^ y These may now be written 
as y, and the process again applied and so on 

Ihus let the values of the pairs of equal qumtities in (2) bo 1 0 lespcctively 
(which IS obviously lawful) we have 

w=^, <^-y, 

so that (1) becomes 

dcr — d" {(^ cos y + 7 sin y) da. — (^ sin y — y cos y) dy\ 
and o• = e'•(^eosy + ?8iny) 

or I = e® cos y »? = €® sin y 

From these we have 

a = log y = tan-i | , 

or usmg polar coordinates for the doiived senes, 

a. -= log r y = 0 

[This is easily soon to be only a special case of (3) above ] Hence by (4) another 
pair of systems satisfying the condition is 

J\(logr 0) = ^, i?" (logi,^) = ^ 

This of course is only one of the simplest of an infinite number of solutions of the 
equation (1), which may be obtained with the greatest ease fiom (2) 
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If there is inveision all that is necessary is to substitute for p or — 
for dp But the necessity for this may be avoided by substituting for any pair of 
systems which satisfj the condition their electric image which also satisfies it and 
which introduces the required inversion 

The solution of this problem without the help of quaternions is mteiesting Keeping 
as far as possible to the notation above it will be seen that the conditions of the 
pioblem require that 

+ +[f^da! + ^dyj = u(da>^+dy) 

whatevei be the latio dx dy 
This gives at once 



dx dy dx dy 


Fiom these the equations (2) can be deduced by intioducing 0 as an auxiliary angle 
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XCVII 

ON THE IMPOETANCE OF QUATEENIONS IN PHYSICS' 


\Ph%losoph%oal Magazine, January, 1890] 


My subject may usefully be treated under three heads viz — 

1 The importance of mathematics m geneial to the progress of physics 

2 The special characteristics required to qualify a calculus for physical applications 

3 How quatermons meet these requirements 

The question has often been asked, and frequently answered (one way or other) 
in the most decided manner — Whethei is experiment or mathematics the more important 
to the progress of physics? To any one who really knows the subject such a question 
IS simply absurd You might almost as well ask —Whether is oxygen or hydrogen 
the more necessary to the formation of water ^ Alone, eithei expenment or mathematics 
IS comparatively helpless — to their combined or alternate assaults everythmg penetrable 
must some day, give up its secrets 

To take but one instance, stated as concisely as possible — think of the succession 
of chief steps by which Electromagnetism has been developed You had first the funda 
mental expenment of Oersted — next the splendid mathematical work of Ampere 
which led to the building up of a magnet of any assigned descnption by properly 
coiling a conducting wire But expenment was again required to solve the converse 
problem — and it was by one of Faradays most bnlliant discoveries that we learned 
how startmg with a magnet to produce an electnc current Next came Joule and 
V Helmholtz to show (the one by experiment the other by analysis) the source of 

♦ Abstract of an Address to the Physical Society of the University ot Edinburgh November 14 1889 
See the Author s Address to Section A at the British Association 1871 [Ante No XXTII ] 

r ir 
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the energy of the curient thus piodiiced — in the now a days familiar language why 

a powerful engine is lequired to drive a dynamo Passing ovei a mass of important 

contributions mathematical and expeiimental due to Poisson Gieon Gxuss Wcbci 
Thomson &c which tieited fiom our piesent point of view would furnish a nanitive 
of extiaordinary mterest we come to Faradays Lines of Force These were suggested 
to him bv a long and patient senes of experiments but conceived and described by 
him in a foim requiimg only technical expression to become fully mathematical m tho 
most exclusive sense of the word Thi*^ technical expiession was given by Cleik Maxwell 
in one of his eaily papeis which is still in the highest degiee inteicstmg not only 

as the first step to his Theory of the Electromagnetic Field but as giving by an 

exceedingly simple analogv the phjsical interpietation of his equations Next the 
narrative should go back to the establishment of the Wave theory of Light — to the 
mathematics of Young <md Fresnel and the expeiiments of Fi^eaii and Foucault 
Maxwells theory had assigned the speed of electiomagnetic waves in teims of elcctiical 
quantities to be found by experiment The close agreement of the speed so calculated 
with that of light rendeied it certam that light is an electromagnetic phenomenon 
But it was desirable to have special proof that there can be electiomagnetic waves , 
and to measuie the speed of piopagation of such as we can produce Heie expeiimcnt 
was again required and you all know how effectively it has just been c lined out bv 
Hertz It IS paiticulailv to be noticed that the more impoitant expeiimental stops 
weie almost invaiiably suggested by theory— that is by mathematical icasonmg of 
some kind whether techmcally expressed or not Without such guidance oxpeiiment 
can never rise above a mere groping m the dirk 

I have to deal at present solely with the mathematical aspect of physics, but 

I have led up to it bj showing its msepaiable connection with the experiment il side 

and the consequent necessitj that every formula we employ should as openlj as possible 
proclaim its phjsical meanmg In presence of this necessity we must be picpxied to 
forego if requued all lesser consideiations not excluding even such exceedingly desirable 
qualities as compactness and elegance But if we can find a language which secures 
these to an unparalleled extent and at the same time is tianscendently expressive— 

beaimg its full meaning on its face— it is surely foolish at least not to make habitual 

use of it Such a language is that of Quaternions, and it is particularly noteworthy 
that it was mvented bv one of the most bnlhant Analysts the world has yet seen 
a man who had for yeais revelled in floods of symbols rivalling the most foimidable 
combinations of Lagrange Abel or Jacobi For him the most complex trams of formula, 
of the most artificial kind had no secrets —he was one of the very few who could 
afford to dispense with simplifications yet when he had tried quatermons he threw 
over all other methods in their favour devoting almost exclusively to their develop 
ment the last twenty years of an exceedingly active life 

Eveijone has heard the somewhat peculiar and moie than doubtful assertion 

iiummum jus summa znjwm We may without any hesitation, make a parallel but 
moie easily admitted statement -The highest art is the absence (not as Horace would 
have it the concealment) of artifice This commends itself to reason as well as to 
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expciicncc but nowhere more forcibly than in the application of mathematics to physical 
science ihc difficulties of physics are suflScicntly gieat in themselves to tax the highest 
lesourccs of human intellect, to mix them up with ivoidable mathematical difficulties is 
unieason little short of ciime (To be obliged to evaluate a definite integial or to solve 
a diffeicntial equation is a necessity of an unpleasant kind akin to the enforced extraction 
of a cube loot, and heie aitifice is often lequisite in oui piesent state of ignoiance but 
its intioduction for such pui poses is laudable It does for us the same kind of seivice 
which has been volunteered in the patient laboui of the calculators of logarithmic tables 
It ifa not of inevitible but of gratuitous complications that we aie entitled to complain) 
The intensely aitificial system of Caitesian coordinates splendidly useful as it was %n its 
day IS one of the wholly avoidable encumbiances which now retaid the progress of 
mathematical physics Let any of you take up a treatise on the highei blanches of 
hydrokinetics or of sti esses and stiains and then let him examine the twofold notation 
in Max.wcllb Electricity Ho will sec at a glance how much expressiveness as well as 
simplicity IS sccuicd by an adoption of the mere notation as distinguished from the 
processes of quaternions It is not difficult to explain the cause of this But let us 
fiibt take an analogy from oidinaiy life which will be found to illustrate fairly enough 
borne at least of the moie obvious advantages of quaternions 

Thcio arc occasions (happily laie) on which a man is lequiied to specify his name 
m full his age height weight place of biith family history chaiactei &c He may 
be an applicant fox a post of some kind oi foi a Life Policy &c But it would be 
absolutely inlolcrabh even to mention him if wc had invaiiably to describe him by 
iccapitulatmg all these parbicuhis They will be forthcoming when wanted, but we 
must hav( for oidinary use some simple, handy and unambiguous method of denoting 
him When we wish to deal with any of his jiliysical oi moral qualities we can easily 
do so because the shoit specification which we adopt in speaking of him is sufficient 
foi his identification It includes all his cpialitios We all recognize and practise this 
in ordinary life, why should we outiage common senbe by doing bomething very diffeicnt 
when w( aic dc aliiig with scientific matte is especially in a science such as mathematics 
which IS puicly an outcome of logic ^ 

In quaternions a calculus uniquely adapted to Euclidian space this entire fieedom 
from artifice and its inevitable complications is the chief feature The position of a 
point (relative of course to some assumed oiigm) is denoted by a single symbol which 
fully charactoiizcs it and depends upon length and direction alone involving no leference 
whatever to special coordinates* Thus wo use p (say) m place of the Cartesian x y z 
which arc themselves dependent, for their numeiical values upon the particular scaffolding 
which wc choobe to erect xb a (temporary) system of axes of reference The distance 
between two points is 

T{p-P') 

instead of the cumbious Oaitcsian 

{{v-xy + (jj-y) +iz-z)] 

* Note here that though absolute pohition is an idea too absuid even for the majority of metaphysicians 
absolute direction is a perfectly definite physical idea It is one essential part of the fiist law of motion 

38—2 
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But the distance in question is fully symbolized as to direction as well as length by 
the simple form 

p-p' 

If three contermmous edges of a parallelepiped be />, p\ p' its volume is 

-fif pp p" 

Even when advantage is taken of the remarkable condensation secured by the 
intensely aitificial notation for determmants Cartesian methods must content themselves 
with the much moie cumbrous expression 

00 y z 
ocf y' z 
x" y' z 

As we advance to higher matters the Cartesian complexity tells more and more, 
while quatermons preserve their simphcity Thus any central surface of the second 
degree is expressible by 

= or T4>^p=^l, 

while the Cartesian form develops into 

Ao(P + 2Bf'xy + A 2 /^ + 2'Ezx + IByz + = 1 

The homogeneous strain which changes p into p is expressible by a single 
letter — thus 

p =^fp 

Its Cartesian form lequires three equations 

= ax >^by cz 
y =dx-\-ey'\‘fz 
z —gx^-hy-\- %z 

These may be smiplified but only a little by employing the notation for a matrix 
To express m quateimons the conjugate strain, a mere dash is required thus 

while with the artificial scaffolding we must wnte our three equations again, arrangmg 
the coefficients as below — 

a d g 
b e h 
c f % 

If we now ask the question What stram will convert the elhpsoid above mto the 
umt sphere the answer will be some time in coming from the ponderous Cartesian 
formulas The quatermon formula assigns it at once as 
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When Gauss gave his lemarkahle expression foi the number of mterhnkmgs of 
two endless curves in space he had to punt it as 

1 j‘f (a/ —ai){dyd 2 f — dzdy)-\-{y - y) {dz d^o' — dx dsf) + — z){di)o dr/ — dy da!) 

K^'- «)» (/-z) 

What an immense gam m simplicity and intelligibility is seemed when we are enabled 
to wiitc this in the form 


JL ff ^ pi dp dpi 

47r!J 


or IS 


2^ 

4i7r 


fs dp 

J Tp-P,> 


9 


SO that wc instantly lecognize in the latter factor the vector force exerted by umt 
cnrient, circulating in one of the closed curves, upon a umt pole placed an 3 wsrhere on 
the othoi 5 and thus see that the whole integral represents the work required to carry 
the pole once round its cucuit 


Without as yet defining V I shall take as my final example one in which it 
IS involved A vciy simple term which occuis m connection with the stram produced 
by a given disphccmcnt of every pomt of a medium is 

SfaV ViTcr^ 


Its Cartesian expression is with the necessary specification, 


made up of three similar terms of which it is sufficient to wiite one only viz 


{ah —ba') 


,dx dy 



ac 


' \dz dx 


dx dz) ^ 




d^q d^\ 
dz dy) 


Now, suppose this to be given as the x coordinate of a pomt, similar expressions (foiined 
hy cyclical pci mutation) being written for the y and z coordmates How long would it 
take you to intcipret its meaning^ 


Look igain at the quaternion form, and you see at a glance that it may be written 

V{SaV <t){8^7 <r) 

m which its physical morning is more obvious than any mere form of words could 
mxkc it 


Oi you my at once tiansform it to 

(Fa^)VV, V(Ta, 

which shows elcaily why it vanishes when a and /3 aie parallel 

I need not give more complex examples — because though their quaternion form 
may be simple enough (contammg say S or 10 symbols altogether), even this unusually 
large blackboard would not suffice to exhibit moie than a fraction of the equivalent 
Ciriesian form 
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Any mathematical method T\hich is to he applied to physical problems must be 
capable of expressing not only space relations but also the grand chai act eristics (so far 
as we yet know them) of the materials of the physical world I have just briefly shown 
how exactly and uniquely quaternions are adapted to Euclidian space, we must next 
inquire how they meet the other requirements 

The grand characteristics of the physical world are — Conseivation of Matter with 
absolute preservation of its identity and Conservation of Energy in spite of perpetual 
change of a chaiacter such as entirely to prevent the recognition of identity The fiist 
of these is verj simple and needs no pieliminary remaiks But the methods of symbolizing 
change are almost as numerous as are the various kinds of change The more important 
of them employ forms of the letter D — viz d d D A B and V 


From our present pomt of view little need be said of A which is the equivalent 
of — 1) or of — 1) because the changes which it indicates take place by starts 
and not continuously Good examples or problems m which it is required are furnished 
by the successive rebounds of a ball from a plane on which it falls or by the motion 
of a light string loaded at mteivals with pellets 


Various modes of applying the symbol d are exemplified in the equation 



In the terms dx dy dz the symbol d stands foi changes of value (usually small) of 
quantities treated as mdependent In the term dQ it stands for the whole consequent 

change of a quantity which is a function of these mdependents By the factors 

&c we represent the rates of increase of Q per unit of length in the directions in 
which X y z axe respectively measured The contrast between the native simphcity of 
the left hand and the elaborate artificiality of the right hand member of the equation 
shows at once the need for improvement To express the rate of change per unit of 
length m any other direction, we have to adopt the cumbrous expedient of mtroducmg 
three direction cosines and the result is given in the form 


ax 


m 


ay dz 


The above equation may be read as pointing out at any me znstamt how a function 
of position varies from point to pomt To express the change at any one place from one 
instant to the next, we write in the usual notation 


■*«-(§)* 

But if we have to express the changes, from mstant to instant of some property of 
a pomt which is itself subject to an assigned change of position with time we have 
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to combine these expressions and to indicate the relation of position to time Thus we 
build up the complicated expiession 

= (fj * + (f ) S + (I) S « + (S) > 

Here the symbol d is called in, to effect a slight simplification , and we go a little 
further in the same diicction by putting u v w tor 

^ dy dz 
dt dt dt 

which xre obviously the components of velocity of the point for which Q is expressed 
Thus we wiito 

Of course you all know this quite well, and you may ask why I thus enlaige upon it 
It IS to show you how completely artificial and unnatur%l are oui lecognized modes 
of cxpicssion 

Fresnel well said — ier nature ne sest pa^ emhar'iassde des difficuUes d analyse elle 
n a 4vit6 que la complication des moyens Why should wo not attempt at least to imitate 
niturc by seeking simplicity? 


The notation S as commonly used is (like the d in dQ above) quite unobjectionable 
At least wo cannot see how to simplify it fuithei Its effect is to substitute for any 
one point of x figuie oi gioup, a proximate point m space, so that the figuie or group 
of points undergoes slight, xnd gencrxlly continuous, but otherwise wholly aibitrary dis 
placement and distortion It thus xppeais that d and S are entitled to take their places 
in a calculus such as quxternions, wheie simplicity nxturalness and direct intelligibility 
aio the chief qualities sought Wo hxvc now to inquiie how such expressions as 


jdQ 

dx 


-h m 


dQ 

dy 




dQ 

dz 


can be put in a form in which they will boar their meanmg on their face 


It was for this puipose that Hamilton introduced his symbol V ’No doubt it was 
originally defined in the cumbrous xnd unnatural form 


d d T d 


dx 


But that was in the very infancy of the new calculus befoie its inventor had succeeded 
m completely rcmovmg from its formula} the fragments of their Cartesian shell which 
were still persistently clinging about them To be able to speak freely about this 
remarkable opoiator we must have a name attached to it and I shall speak of it 
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as NaUa^ We may define it in many ways all independent of any system of co 
ordinates Thus we may give the definition 

meaning that, whatever unit vectoi a may be the resolved part of V paiall^ to 
that line gives the rate of increase of a function per umt of length along it From 
this we recover at once, Hamilton s original definition thus 

V = — aSaV — ^8l3V — yS^yV = uda + 7^7 

a y being cmy system of mutually rectangular unit vectors 

But preferably we may define Nabla once for all by the equation 

- SdpV = d 

where d has the meanmg already assigned The verj nature of these forms shows 
at once that Nabla is an Invariant and therefore that it ought not to be defined 
with reference to any system of cooidinates whatever 

Either of the above definitions however shows at once that the effect of appl 3 rmg 
V to any scalar function of position is to give its vectoi rate of most rapid change 
per unit of length 

Hence when it is applied to a potential, it gives in direction and magnitude 
the force on umt mass , while from a velocity potential it derives the vector velocity 
From the temperature, or the electric potential in a conducting body we get (employing 
the correspondmg conductivity as a numerical factor) the vector flux of heat or of 
electricity Finally, when applied to the left hand member of the equation of a series 
of surfaces 

u — G 

it gives the leciprocal of the shortest vector di'?tance from any pomt of one of the 
surfaces to the next, what Hamilton called the vector of proximity 

If we form the square of Nabla directly from Hamilton s origmal definition we find 



simply the negative of what has been called Laplaces Operator — that which derives 
from a potential the corresponding distribution of matter, electricity &c 

Thus Laplaces equation for spherical harmomcs &c is merely 

= 0 , 

and as l/r(p — a) is evidently a special mtegral an mdefimte senes of others can 
be formed from it by operating with scalar functions of V which are commutative 

* Hamilton did not so far as I know suggest any name Clerk Maxwell was deterred by tbeir vernacular 
signification usually ludicrous from employmg such otherwise appropriate terms as Slower or Gradei but adopted 
the word Nabla suggested by Robertson Smith fiom the resemblance of v to ancient Assyrian harp of that 


name 
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With V such as SfiV e Syv passing we may remark that if ^ he & umt 

vector il +jm + kn we have 


-S^V = l^ + m^ + n4- 

dx ay dz 


Thifc) IS the \nswei to the question proposed a little ago 


The geometrical applications of Nabla do not belong to my subject and thej 
have been veiy fully given by Hamilton But for its applications to physical problems 
certain fundamental theoiems are lequiied of which I will take only three of the 
more impoitant, — an analytical a kinematical and a physical one 


I The analytical theoiem is very simple but it has most important bearings 
upon change of independent variables and other allied questions in tridimensional 
space Few of you without the aid of quatermons or of immediately previous pie 
paration would promptly tiansform the independent variables m a partial diflfeiential 
equation from x, y z to r 6 <\> — and you would certainly require some time to lecovei 
the expiossions in generalized (orthogonal) cooidinates But Nabla does it at once 
Thus lot 


whole 


^ d d j d 


^ V ^ being any assigned functions oi x y z Fuithei 


let 


dcr = <f>dp 

whole ^ m consequence of the above data is a definite lineai and vector function 
Then fiom the mere definition of Nabla 


which gives at once 


Sd<TV,^^d = SdpV 


IS <pdpV^ = S dpipVtr ^ SdpV 


As dp mxy have absolutely any diiection this is equivalent to 


where <j>^ is the conjugate of 


f Ver = V 


II The fundamental kinematical theorem is easily obtained from the consideration 
of the continuous displacement of the points of a fluid mass (It is implied in the 
woid * continuous that there is neither rupture noi finite sliding ) 


If <r be the displacement of the point ongmally at p that of p-fdp is 

<r -{- d<j = <r — (T, 

and thus the strain in the immediate neighbourhood of the point p is such as to 
conveit dp into 


dp — 8dpV 
'yjrr = r — SrV 


<7 


Thus the strain-function is 
T II 


(7 


39 
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If this correspond to a linear dilatation e and a vector lotation e both being quantities 
whose squares are neghgible we must have 

^frT = (1 + e) T + Ver 

Comparing we have — StV o- = er -h Ver 

from which at once (by taking the sum for any three directions at right angles to 
one another), 

V(7 = -2(0) + 2€, 

so that 8^(7 represents the compression 

and vector rotation 

of the element sunoundmg p 

By the help of these expressions we easily obtam the stress function for a homo 
geneous isotropic solid in terms of the displacement of each point in the form 

(fxo = n (Sco^ cr V Scocr) — {c — ^n) coSV (7 ^ 

where n and c are respectively the rigidity and the resistance to compression, and 
<j>(o is the stress per unit of surface on a plane whose unit normal is co 


III The fundamental physical relation is that expressing conservation of matter 
commonly called the equation of contmuity We have only to express symbolically 
that the increase of mass in a finite simply connected space due to a displacement 
IS the excess of what enters over what leaves the space This gives at once 

lllsVcrd9 = jjsUvads 

where JJv is unit normal dravn outwards from the bounding surface If we put for 
<7 the expression uVv where u and v aie any two scalar functions of position this 
becomes Greenes Theorem 


If the ‘^pace considered be imagmed as bounded by two indefinitely close parallel 
surfaces and by the normals at each point of a closed cuive drawn on one of them 
this IS easily reduced* to the form of the line and suiface integral 



DVV a-ds = 



The simplest forms of these equations are respectively 


and 


JJv(U'vV)uds= jdp 


u 


where u is any scalar function of position But it is clear from the mode in which 
it enters that u may be any quatermon And it is easy to build on these an 

[Arne No XOIIE 1899] 
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indefinite seiios of more complex relations Thus foi instance if a- and t be any two 
vectoi functions of p we ha\e 



T + KVff 


Vt)cZ? ~ 


Uv^rds 


which has many important transformations You will find it laborious but alike 
impressive and instructive to write this simple formula in Cartesian coordinates It 
consists of four separate equations containing among them 189 teims m all' 


In the three relations just given we have the means of applying quaternions to 
vaiious important branches of mathematical physics where Nabla is indispensable But 
I must confine myself to one example so I will take very briefly the equations of 
fluid motion 


Let e be the densitj and <r the vector velocity at the point p in a fluid 
Consider tho late at which the density of a little portion of the fluid at p increases 
as it moves along Wo have at once for the equation of continuity 




which we may write if wc please as 

This IS tho icbult wo should have obtained if we had consideied the change of 
contents of a jixed unit volume in space Next consider the rate at which the 
element gams momentum as it piocoeds Wc write at once smee momentum cannot 
oiiginatc 01 be destioyod by processes inside the clement 

= -eVP + Jj<pV'vds 

wheie P IS the potential energy of unit mass at p and <j>Uv is the stress function 
due to picssurc ind viscosity Wo have already had the form of this function, so 
that the equation tiansloims at once into 

— eVP — Vj? — jVSV<r), 

ot 

which contains the three ordinarily given equations Here n is the coefficient of 
viscosity and the pic&«-uic p enters the equation in the form 

cSVcr 

To obtain v Helmholtz s result as to vortex motion put n = 0 and we deduce 
for the lato of change of vector rotation of an element as it swims along 

I VVa-=V VF o-FVio-i 


39—2 
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If the fluid be incompressible this becomes 


^VVa = -8 Vi<r,V 0- 

From either it is obvious that the rate of change of the vector rotation vanishes 
wheie there is no rotation But time forbids any further discussion of formule 

Hydrotmetics as presented by Lagrange and Cauchy, -was rather a triumph of 
mathematical skill than an invitmg or instructive subject foi the student The highei 
parts of It were wrapped up in equations of great elegance but of almost impene 
taable meamng They were first interpreted, within the memory of some of us by 
Stokes and v Helmholtz after we know not what amount of intellectual toil Ihc 
magnificent artificers of the earlier part of the century were in many cases blinded 
y t e exqumte pioducts of them own art To Fourier and moie especially to Pomsot 
we are mdebted for the practical teaching that a mathematical formula however biief 
and elegant is merely a step towards knoi^ledge and an all but useless one until 
we can thoroughly read its meaning It may in fact be said with tiuth that wc 

are akeady m possession of mathematical methods of the artificial kind fully sufficient 
for all our present and at least our immediately prospective wants What is requiied 

doing TiU »» knnishod artiice we ere not entitled to hope fcr fell sneeose 
m eueh »n nnde«iJnng That Lepaig, „d Canehy mnned the import oi Z’ 

.e”we“Zie r *“ Uter i. merely a erne of 

neque emm lex aequior uUa 
Quam necis artifices arte perire sua ’ 

Lagrange in the preface to that wonderful book the Mdcamque Analytique says — 

Les methodes que jy expose ne demandent ni constructions m raiom 

geometnqne. on m^mnigne. meis eenlement dee opdretione algehnqnel 

une marche reguliere et uniforme ® ^ ® assuj6ties & 

But note how different is Pomsot s view 

Gardens nous de croire quune science soit faite quand on la rdduit,. « 
formules analytiques Rien ne nous dispense ddtudier L InZ n ® 
d. non. bien rendre oompte de. iddes qiir font lobjet de no. .pdcnletil “““ 

Ko one can donbt that in this matter the opinion of the le® &mo„s 
the sound one But Pomsot s remark must be confined to fb. iT f . 
known to him For it is certam that one of the chtf vakes T 
precisely this —that no figure nor even model oan Tna ^ ^ ^ quatermons is 

than a quatermon equation ^ expressive or mtelhgible 
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GLISSETTES OF AN ELLIPSE AND OF A HYPERBOLA 


{Proceedings of the Royal Society of Edinburgh December 16 1889] 


Last summer while engaged with some quaternion investigations connected with 
Dr Plarr s problem (the locus boundary of the points of contact of an ellipsoid with three 
rectangular planes), I was led to construct the glissettes of an ellipse I then showed 
to the Society a series of these curious curves drawn m my laboratory by Mr Shand 
who had constructed for the purpose a very true elliptic disc of sheet brass I did 

not at the time think it necessary to print my paper, but after the close of the 

session I made the curious romxik that precisely the same curves can be drawn each 
as a glissette of its own special hyperbola This double mode of sliding generation of 
the same curve seems to possess interest It is somewhat puzzling at first smee the 
ellipse turns completely round while the hyperbola can only oscillate But a httle 
consideration shows the cause of the coincidence 

Let 0 be the ongin C any position of the centre of the ellipse, GA that of the 

major axis and P the corresponding position of the tracing point This does not require 

a figure 

Then it is easy to see that if <jE> be the inclination of OG to one of the guides, 
6 that of GA to the same we have 

Va cos®0 -h 6® sin®0 = Va® + 6® oo3<f> 

But this gives V cos <^ — 6^ sin®<jE> = ’—b^ cos 9 

which is the corresponding relation for the hyperbola In fact the one equation is 
changed into the other by changmg the sign of 6^ and interchanging the angles 
6 and <f> 
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Let the polai coordinates of the tracing point referred to the centie of the ellipse 
and the major axis be r a 'vse obtain a position of P by the broken line OG CP 
their lengths being Va -1- 6 r and their inclinations to the guide (p 0-fa lespectively 

If we now turn the guides through an angle a and use a hyperbola whose axes 
are to those of the ellipse respectively as r and consider the cuive traced 

by a point Q in its plane whose central polar coordinates are Va® + 6 — a , the position 
of the point Q is given by the broken line 00' G'Q Of these OC' is equal and parallel 
to GP while OQ IS equal and parallel to OG Thus the points Q and P coincide 

In fact the motion of either is the resultant of two circular motions one of which 
IS complete (viz 6 which has all values from 0 to lir) the other recipiocating 
(viz <p which varies between sin”^(6/Va2 + 6^ sirr^^a/^/a^ + b^)) But in the case 
of the ellipse the centre has the reciprocating motion, while m the hypcibola it 
desciibes the complete circulai path 

Mr Shand has constiucted a hyperbolic disc compnsmg a considerable poitiou of 
each of the branches of the curve and it gives very fair glissettes It is very curious 

to watch the proper point of the hyperbola gliding over the curve already tiaced by 

the ellipse But this apparatus is not so easily managed as is the elliptic disc so 
that the figures in Plate V weie drawn by means of the latter and leproduced on 
a diminished scale by photolithography 

To exhibit, by a few forms as completely as possible the general nature of these 
glissettes I selected a senes of tracmg points equidistant from the centre of the ellipse 
and situated within and on the boundaries of the vaiious regions to each of which 
belongs a special form For this purpose I traced the cuive formed by successive positions 
of the instantaneous centre of rotation on the disc The disc with this curve on it 

IS represented in the upper central figure The equation of the curve is 

h^x + o?y ^ — 

It IS easily traced as follows Draw the elhpse whose semiaxes parallel to x and y 
respectively aie 

a— & j a a — b 

- and T 7 - , 

va + 6® 0 Va + 6 

dimmish eveiy radius vectoi in proportion to the cosme of double the angle vector, 
and then dimmish the ordinates in the ratio 6 a so that the ellipse itself becomes 
a circle 

In the disc from which the glissettes weie drawn a (rather more than a foot m 
length) was made double of b 

This equation suggested as a useful distance of the tracing pomt from the centre 
the quantity 

P — b 
2 Va + 6 ’ 
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and accoidmgly the points 0 A B G D E F were taken on the conesponding circle 

The glisbettes of B and D, of course have cuspb — and it is interesting to study the 

changes of form from one to the next of the seven just named Two groups of figures 
give the glissettes of successive points on each of the axes separately viz 0 0 K M 

on the major axis, and J F L N on the mmor Of these K and L have cusps The 

figures Q H J were drawn to show how the glissettes of points near the centre 

approximate to the (theoietical) four cusps \vhich belong to the path of the centre 

itself the finite circulai arc described four times ovei during a complete rotation of 
the ellipse The point P was chosen as close as possible to the intersection of the 
ellipse and the centrode 

The locus of the instantaneous axis m the guide plane is of no special interest It is 
easy to construct it geometric ally from its polar equation which may be written generally as 

r (2 Va.2 + — r) = 4a ¥j{a^ -f ¥) sin 20 

01 in the present special case r (V5a — r) = 4a /5 sin 20 

It lb an ovoid figure, symmetrically situated between the guides with its blunter end 
turned from the origin 

The equation of the glissettes is found by eliminating 0 between the equations 
a = Va^ cos 0 + 6** sm 0 -h ? cos (0 + a) 

2 / = sm 0 + 1) cos 0 + r sin (0 -1- a) 

This seems to lead to a relation of the 12th degree in x and y, but it must contain 
a spuiioub factor as Professor Cayley informs me the final result ought to be of the 
8th degree And m fact we see at once that if the tiacmg point be at a very great 
distance fiom the centre (in comparison with the major axis of the ellipse) the ghssette 
will consist practically of four circles with centres in the four quadrants between the 
guide lines 



312 


[xoix 


XCIX 

NOTE ON A CURIOUS OPERATIONAL THEOREM 

[Proceedings of the Edinburgh Mathematical Society January 10 , 1890] 

The idea m the following note is evidently capable of veiy wide development 
but it can be made clear by a very simple example 

Whatever be the vectors a /3 7 S we have always 

Y Ycl^ 778 — aS ^78 — ^8 ayB 

But vector operators are to be treated in all respects like vectois provided each b( 
always kept before its subject 

Let a ^ i^ jr) Jc^ 

where | 1 ; f are functions of x y, and let 

as usual Also let <t^, be their values when a;, y, aie put for a? y ^ 

Then by the fiist equation attending to the rule for the place of an operator 
V FVo-FVjO-i = V5f <rViO-i-S(Vi<riV)a- 

If we suppose the operations to be completed and thm make a^ = so y, = 7 / Zr = z 
the left hand membei must obviously vanish So therefore must the right 

IS — V;Sf = S (Viff-iV) o- , 

if when the operations are complete we put <ri = <7 = V 

In C^tesian coordinates this is equivalent to three equations of the same tvp< 
I wnte only one viz — •'r' 

i. 

doo 


if after operating we put 00 ^, = as |i = | &c 



V 


= 


d 

L 

d 

d 

d 


dxi 

dyi 

dzi 

dx^ 

dyi 

dzi 



Vi 

?x 


Vi 



dx 

A 

dy 

d 

dz 
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NOTE ON EIPPLES IN A VISCOUS LIQUID 

[Pioceedmgs of the Royal Sonety of Edinburgh Match 3 1S90] 


Tnc following investigation was> made in consequence of certain peculiaiities in the 
cailiei lesults ol some icccnt measuiements of iippks by Piof Michie Smith in my 
Laboiatoiy which will I hope soon be communicited to the Society These seemed 
to suggest that viscosity might have some influence on the lesults as might also the 
him of oxide &c whieh soon gatheis on a tree suifice of meicmy I theiefore took 
account of the density, is well as of possible rigidity of this surface layei in addition 
to the suiface tension which was the object of Prof Smiths woik The latei pait of 
the panel where Cartesian cooidmates ore employed runs somewhat on the Imes of an 
analLus investigation in Bassets Hydtodymnme My original object however was 
different from his as I sought the effects of viscosity on waves steadily maintained 
bv means of a tuning fork used as a euiiont inteiruptoi , not on waves once started 
and then left to themselves Besides obtammg his boundaiy conditions m a singular 
manner I think that in his ^ 521 Mr Basset has made an erroneous maestigation of 
the effects of very great viscosity 

The stress function m a viscous liquid may be obtained {Ante No XCVII pp 306-7) 
from that in an elastic solid, by substituting velocity for displacement in the form 


= {ScaV <T + VSma) - (c - 3 /a) 


( 1 ) 


where m order to mclude the part of the pressure which is not due to motion we 
must wiite p instead of the quantity 

cSVcr 

Here cr is the vectoi velocity of an element at p, and p is the coefficient of visco^ty 
T II 
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Hence supposing the volume of the element to be unity we have for the equation 
of motion 

e^ = -'^(eP) + ff<f>Upds 

= — V (^ + eF) — JU (V cr + -^VSVcr) 

where e is the density of the liquid and P the potential energy of unit mass at p, 
and the double integral is taken ovei the surface of the element This is a perfectly 
general equation so we must proceed to the necessary limitations 


First Let the displacements be so small that then squares may be neglected 
Then we may ^nte d for d 


Second Let the liquid be mcompiessible, then 


With these the equation of motion becomes 


e 


da- __ 

dt 


— V ( p H- eF) — /i W 


( 2 ) 

(3) 


Third Let the motion be paiallel to one plane and we have 
From (2) and (4) we have at once 

cr = '^w } 

where w is a scalar function of Yhp 

Operate on (3) by F V and substitute from (o) and we have 


(4) 

(5) 

( 6 ) 


Fouilh Limit w to disturbances which dimmish rapidly with depth Here the 
problem has so far lost its generality that it is advisable to employ Cartesian co 
ordmates the axis of x (i) being in the direction of wave motion and that of y (y) 
vertically upwards Then it is clear that a particular integral of (6) is 

w = {Ae'y + B^y) £('■*+«« ( 7 ) 

where i denotes V- 1 The only conditions imposed on r s and n are that the real 
parts of r and s in so far as they multiply y must be positive, and by (6) 

M (« -r) = eiu (8) 

The speed of vertical displacement of the suiface is 

n = - (Sja-\ = {S^Vw)o = -rt,{A +B) ( 9 ) 

Fiom this and ^ which will be required below are found by using the factors 
— r and 
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The stress on the fiee suiface (wheie y — 'n ^ quantity of the order is by (1) 

(<fe)o =‘-PoJ-f^ o- + (10) 

wheie m po we must include the effects of the tension T and of the flexural rigidity 
E of the surface him 


But by (3) and (5), we have 

V(^4-eP) = -(e^ + )CtV)Vw k, 

SO that as P = 9y 

we have dp + egdy = em (rtdy — rda.) 

Fiom this by integiating xnd introducmg the suiface conditions 

Tl-p, = egv-T^+I!^, + enAe<^ 


If we now substitute this m (10) and for the boundaiy condition* make 

(omitting turns of the second degree in A and B) we have by means of (9) the 
two cquxtions 

R(A +B)-en A (rA + sB) = 0, 

7 {A + B) + ^ A+sB^O 

whue foi bhoituess R==^egr+ Tr^ + Ei^ (11) 

Thus, finally jR — (- + 4 — 7® (? — 5 ) = 0 (12) 

This must be ticatcd dittcicntly according a« fju ib small oi great 


I Let be sm ill , and let ti be given and real This is the case of the sustained 
wives in Plot Smiths experiments 


The equition obtained by neglecting /m viz 

R — en =0 


gives one and onlj one positive value of r whose value is diminished (^ e 
length IS inci eased) alike by suiface tension and by surface flexural iigidity 
ind let 


r = To + fjLp 


the wave 
Call it To 


then by (12) keeping only teims of the first order in fi 

(^ge H- STto^ + bEvo^) p + ^ = 0 (13) 

Thus p IS a pure imaginary and therefore the viscosity does not affect the length of 
the waves It mikes their amplitude diminish as they leave the souice (Foi the real 


* W Tlioinson Qomib and Dviblvn Moith Jounuil iii 89 (1848) 


40—2 
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part of w belongs in this case if we ti.1 e n as positive to waves travelling in the 
negative diicction along cg and vice versa) The fxctoi foi diminution of amplitude 
per unit distance travelled by the vave is 

This expiesbion gives veiy curioub infoimition xs to the lelativc effects of viscosity on 
the amplitudes of long and shoit waves when we suppose giavity surface tension oi 
surface flexural iigidity alone to be the exuse of the piopagxtion 

If the waves be staited once foi xll and allowed to die out ? is given and n is 
to be found This is the fiist case tieated by Mi Basset If then be found from 

en 

we may put 7i = nQ-{-/jLv 

By (12) we have 1 eeping only the fiist power of pL 

ev=2r L 

which coincides with the lesult given in § 520 of Bassets Tieatise 

II Let jM be large Suppose 7 to be given a leal positive quantity Then by 
(8) we may eliminate n fiom (12) and obtain 

Re 

1-(5 —? ) +4? (s — 7 )4-47 (r — g)=:0 (14) 

fjL ^ ^ 

The first teim is very small and the lest has the factoi s — ? Omit the term which 
contains this factoi twice xnd we have 

¥7 ( 15 ) 

This has leal positive roots if and only if 

[jb r^> Re 

and thus by (8) when this condition is satisfied n is a puic imaginaiy and thcie can 
be no oscillation Of the two loots of (15) we must m consequence of our assumption 
(that (5 - ? ) IS negligible) choose that which is neaily equal to r It might be fancied 
that as this assumption leads to jS = — A very nearly a new limitation would be 
intioduced as regards the magnitude of r) But we have 

77 = — - (A +S) €<' “ jd fl 

n \ 7 +s) 

Qt 

= — -4 — neailv 

jir 

The wave pattern m this case does not travel hut subsides in situ its amphtude 
diminishing accoidmg to the appioximate factor 

g-iK/V’ 

Thus as was to be expected the subsidence is slower as the friction is greater Also 
if gravitation is the sole cause of subsidence the longei waves subside the faster, 
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while if the mini cause be suiface tension oi suilice flexmal iigidity the shortei waves 
subside the fastci 

III If theie be a uniform film of oxide oi dust in separate particles vhich 
adhere to and move with the surface we must add to the expiession for suiface stress 
111 (10) the teim 

d 

— m (cr)o = — ni w)(tL 

= — m {jrn (A + B) + ini (rA + s5)} ei 
wheiL m IS the suiface density of the film 

The equations foi the elimmation of AjB become 

(R + mrn^ - en + 2/i» m) A +(R + mrn + 2/i? sm) B = 0 

Ur + )5 = 0, 

' J \ ^ / 

so thit instead of (12) wo have 

\e — ni (s — 1")} (R + ftvm ) = e n — 4/a} + 4^ ? (s — t) — mn es 

When fi and in aie small this is approximately 

R + 2mrn —en — 4/« ni, 

Theie is no othoi toim in the first power of m independent of so that to 
this degree of approximation (which is probably always sufficient) the dust layer has 
no effect except to increase R When there is no viscosity this increases the ripple 
length (le diminibhes r) for a given period of vibration 

When terms of the first degree in the viscosity ore taken account of the effect on 
/? (for a given value of }") is merely to add to it the pine imaginary 

2/tr t/(e— 

whose value increases alike with m and with r 

Thus the period is not affected but the surface layer aids viscosity in causing 
waves to subside os they advance 

This investigation above may be easily extended to the case in which a thin 
liquid layer is poured on mercury to keep its surface untarnished The only cu y 
IS with respect to the relative tangential motion at the common surface of the liqmds 
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NOTE ON THE ISOTHERMALS OF ETHYL OXIDE 


[Proceedings of the Royal Society of Edinburgh July 6 1891 ] 

The fiist thiee pressure columns of the following little table were constiucted fioin 
the elaborate data given by Dis Ramsay and Young in then impoitant papci ‘ On 
Evaporation and Dissociation Part rv {Ph-d Mag May 18 &r) They give m metics 
of mercury the pressures lequned to confine one giamme of oxide of ethyl to vinous 

specified numbeis of cubic centimeties at temperatuies neai to that of the ciiticil 
point 


V 

193 8 

A 

B 

C 

2 



73 

72 9 

23 

38 6 


38 55 

38 3 

24 

34 

34 3 

34 43 

3416 

25 

312 

313 

31 53 

31 o5 

2 75 

28 

281 

28 24 

2841 

3 


27 7 

27 42 

27 45 

33 


27 2 + 

2719 

27 3 

37 


27 2 

2719 

27 2 

4 


27 2 

27 20 

27 2 

5 

27 

271 

2712 

271 

6 

26 6 

26 7 

26 80 

26 46 

7 

2o9 

25 9 

26 00 

25 6 

10 

22 9 

22 9 

22 89 

22 86 

15 

18 3 

184 

18 26 

180 

20 

loO 

16 0 

14 97 

14 8 

50 

7 

7 

7 01 

7 02 

100 


37 

3 69 

3 75 

300 


127 

128 

132 
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The values m the second column aie taken directly from the papei leferred to 
(Table I ) in which 193 8 C is regarded by the Authois as the critical tempeiature 
Those in column A were calculated foi temperature 194 C from the pressuies gi^en 
m the same table for 195 C and 200 C (occasionally 210 or 220 C) Those in 
column B weie calculated, also for 194 0 from Table II of Dis Bamsay and Young 
which contains their smoothed values of the constants Finally, column C has been 
computed from my own foimula in foims (given below) which are adapted to volumes 
greater md less than the critical volume respectively A glance at column B shows 
that so fai as the smoothed data are concerned the critical point should be sought 
slightly ohoue 194 C For at that temperatuie the piessure has still distmctly a 
maximum and a minimum value both corresponding to volumes between 3 and 5 
Column A calculated ftom the unsmoothed data does not show this peouliaiity Hence 
I have assumed as approximate data foi the critical point 

t = 194 C p = 27 2 ii = 4 

The last of these is I thmk probably a little too laige, but we have the express 
statement of Drs Ramsay and Young that the tiue critical volume is about 406 

Fiom their Table II above referred to I quote the first two lines below giving 


(usually to only 3 

Significant 

figures) 

values of dp/dt at constant volume - 

— 

V 

2 

25 

3 

4 

5 

10 

20 

50 

100 

300 

dp 

dt 

ICO 

092 

622 

414 

319 

133 

056 

019 

009 

0029 

c 


016 

426 

320 

131 

050 

019 

009 

0029 

Calc 

(161 

0 90 

633 

405 








The third and fouith lines aro calculated icspectively from the expressions 




0 85 + 


6 


V + 3J V 


i and 


, 1 05 \ 1 


representing the coefficient of (t — <) in my general formula 


P 




(v — vY 


t-t 


v(v-h 0 L) (v + y) 


1 / \ v + aj V 


Approximate values of the other constants are now easily obtained , and we have for 
the critical isothermal while the volume exceeds the critical value 


p = 272 




(v — 4)® 

«(^'+5)(«-06)j 


In attempting to construct a corresponding formula for volumes lower than the critical 
range I assumed S 5 as on infcnoi critical volume and obtained 


p = 272 



(^ - ^ \ 
y (l) — 1 O)/ 


As will be seen by the numbers in column C above which are calculated from them 
these formulae represent the experimental results very closely — ^but I am not quite 
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satisfied with the first of them because the value (3) which it assigns to a seems 
to be too laige m compaiison with v But on the other hand if we much i educe 
this \alue of a the closeness of representation of dpjdt is much impaired Again the 
value (— 1 5) which is assigned foi a in the second of these formulae is inconsistent 
with the fact that at 0 C and 1 atm the volume of one gramme is 1 4 c c neaily 
But a veiy small change of a will entirely lemovc this objection, and will not pei- 
ceptiblj impaii the agieement of the formula with expeiiment 

The geneial formula is applicable to temperatures consideiably mdei that of the 
critical pomt foi volumes gieatei than 4 In fact Drs Eamsay and Young seem to 
assert that at any constant volume is a lineai function of t But I think even 
their own experiments show that for t;<4 theie is diminution of the value of dpjdt 
as soon as the temperature falls below the ciitical value — le as soon as we begin 
to deal with liquid alone And certamly such is the result which theory would load 
us to expect 


[It IS cuiious to note that if in my geneial foimulse (No LXXX above, p 200) 
we assume 


a = 7, 


we have 

II 

[i+ 

\ v + 7 / + 7 (-y + 7 ) ’ 

and this leads to 

II 

' (v- jj)»\ p /, e \t-t 

r V(v + ry)) ' ' V + y)~r 

with the condition 


Sv + 27 = 


This formula differs bj want of one disposable constant from (C) of the papoi 
referred to but approximates much more closely to it than does either (A) oi (B)] 
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NOTE APPENDED TO De SANG’S PAPEK, ON NICOL’S 
IPOLAEIZING EYEPIECE 


\]?to(eeduigi> of the Royal SocMty of Edinhwrgh, November 2^1 1891] 


Al tho very iiigciit request of the late Dr Sang, who regarded the abo\e paper 
as oru ol hrs chref ooutrrbutrons to scrence I brought before the Councrl of the Socrety 
the questroii of ris publrcatron From the Mrnute Book of the Ordinary Meetmgs I find 
thit It wxs lewl on the 20th February 1837, though rt rs not mentroned m the 
published Riooteding^ of that drtc On 21bt July 1891 the Council finally resolved that 
the paper should be printed m the Pt o(ieed%ngs if otherwise found desirable The 
lexsorifa in favour of printing it seem to outweigh those which may readily enough be 
1 xised against such a course 

The subpet is one with which except of course m its elements I have long ceased 
to be famihir But horn the imperfect examination which I have found leisure to 
make I have come to the following conclusions 

The pxpei eontxins a very important suggestion which (one would have thought) 
should have been forthwith published whatever judgment might be passed on the rest 
of the work —viz the proposal to construct the polanser of two glass prisms separated 
by a thin Ixyer only of Icohiid spar In view of the scarcity of this precious substance 
such ^ suggestion wxb obviously of great value 

I am not sufficiently acquainted with the early history of the Nicol piisna to be 
able to pronounce on the question of Dr Sangs claim to priority in the explanation 
of its action —but he told me that he believed himself to have been the firat to 
demxmtiate that the separation effected was due to the total reflection of the or^ nary 

T II 
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ray* And it is quite certain that long subsequent to 1837 various very singular 
attempts at explanation have been given in print The inventor himself seems to ha\e 
thought that the effect of his instrument was merely to ‘ increase the divergency of 
the two rays 

The numerical error which Dr Sang has pointed out m Malus work seems to 
have been a slip of the pen only as the minutes and seconds of the angle in question 
aie correctly given He supplies no reference to the passage but I find it in the 
list of calculated angles at p 125 of the Throne de la Double Refi action It cannot 
be a mere misprmt because the supplemeut is given along with the angle and is 
affected by the corresponding error But I do not think that Dr Sangs further lemark 
IS justified as Malus not only gives the correct expression for the cosine of the angle 
in question but seems to have employed in his subsequent calculations the inclination 
of the axis to a face not to an edge of the ciystal — and he gives the accurate 
numerical value of this quantity as deduced from Wollastons measuie of the angle 
between two faces 


There is an altogether unnecessarily tedious piece of analysis in Dr Sangs in 
vestigation of the limits withm which the prism works — and it is so even although 
he shortens it by the introduction of the tenibly significant clause after repeated 
simplifications ’ I will give below what I consider to be a natural and obvious mode 
of deahng with the question (one which besides leads to some elegant results) — 
but I have reproduced Dr Sang s manuscript as it was read for the circumstances 
of the present publication seem to require hteral accuracy Dr Knott has kindly 
verified for me the agreement of my final equation with that of Dr Sang 

Dr Sangs problem is equivalent to the following — 

A tangent is drawn to an ellipse from a point of a concentric circle, find when 
it subtends the greatest angle at the common centre 

Let the curves be 

(a;/a) +(3//^)® = !, and 4-yi =7 respectively 

Then if x^a cos ^ 2/ = yd sin ^ 

^1 = 7 cos V 3/1 = 7 sm 1/ 
the condition of tangency is obviously 


cos cob V , sin ^ sin v 

Also since the angle at 0 is to be a maximum 


1 

7 



* [See however a Note by Fox Talbot (P?oc BSE vii 468 15/5/71) which appears to settle this 

important matter of soientifio history by reference to a paper pubhshed by him m 1834 (Bhil Maa iv 
589) 1899 ] 
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Ditierentiating the first equation and eliminating dcf>ldv between the two we get at 
once the lemarkably simple relation 

(tan = — ~ tan v (1) 

But we may put the first into the form 

cos 2/ sinz/^ , 1 . 

1 — tan o = - sec 9 

ct p 7 

(cos v) 1 ,2 cos V sin 1/ . , , /(sin v) 1 \ . , v ^ 

01 ^ 1 --+—^ tan<^4-(^'-^--j(tan<^) =0 (2) 

The elimination of tin (j> between ( 1 ) and (2) is easily effected by multiplying ( 2 ) twice 
over by tin^ using (1) after each opeiation We thus avoid the ladicals which make 
Di Sangs woik so complicated and we have only to elimmate tancf) and (tanc^) among 
three equations of the first degree The resulting equation is of the fourth degree 
in (sm p) but it contains the irrelevant factor 

(cosv) (sinv) 
a /3^ 

(Anothci method of effecting the elimination while quite as simple as that just 
given his the idvantige of not introducing the irrelevant factor Write for shortness 

cos V sm V 

, J 1 

and we h wo p cos <p + g sin 9 = - 

p (sm + 3 (cos <j>y = 0 

From the second of these by the help of the first we at once obtain 

p sm 1^ + 3 cos ~ cos (f> sm (/> 

I g 

COS (f) ~ sm <l> 7 

The following aic immediate consequences — obtamed respectively, by multiplymg to 
gethei the fiist and fourth of these equations and by squaring and addmg the first 
and third — 

pq 2 . 

P sm <f) cos 7 ’ 

^ + g + 4ipq sm cos ~ {1 + (sm cj) cos 

Fiom these the final result may be written by inspection m the foim 



41—2 
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or ^^* + 3 - -^fq =-P2 

which IS obviously of the third degree in (sin v) ) 

[It IS particularly interesting to compare these plane results with those of the 
corresponding space problem as given by the obvious quaternion piocess 1899] 

It IS clear that there aie other parts of Dr Sangs paper which might be greatly- 
simplified by the use of an auxiliarj angle, but it suffices to have shown the value 
of the method in the most complicated part of the investigation 

[PS — Nov 23 1891 — Mr R T Glazebrook has kindly given me a refeience to 
Gomptes Rendus xcix 538 (1884) where M E Bertrand has suggested the employment 
of glass pnsms separated by a thin layer of Iceland spar] 
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Dr MUIRS SOLUTION OF SYLVESTER’S 
ELIMINATION PROBLEM 


\Proceed%ngs of the Royal Society of Edinburgh May 2 1892 ] 


The following method of ti eating the question occurred to me while Dr Muir was 
leading his paper at the last meeting of the Society It seems to throw some new 
and curious light on the intrinsic nature of the problem I have confined myself to 
an exceedingly brief sketch but it is clear that the proposed mode of tieatment 
opens a wide field of interesting work 


Write the equations as 

^-2 2= -t + l-O, &c, 

A jab jab B 

or 1“ — 203^ + = 0, &c 

The two values of f/17, &c, are evidently reciprocals of one another In fact if we 
were to put 

1/9; = tan ^8 j 

the equations might be written 1 — 63 sin 2 ^3=0 &c 


I V ? _i 
V ? 


Since we have 

while the values of the factors on the left are respectively 
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it IS obvious that the fourth equation required for the elimination is 

Put T=titti and this is 

^(r-i) (T-t,y{T-t,)HT-t,y=o 


Expanding and regrouping the expression is easily transformed to 

I6f fi+t,y fi+t,y (i+k\\^i + t, i+t^ ! + <,) 
T*\ \ j \ j \2ts) 2t, 2t, 2t J“ 

16 

or -e^-e 2e,e e^y^O 


The factoi in biackets is the square of the deteimmant 

1 63 Sg 

Cz 1 61 

e €1 1 

and thus Dr Muirs lesult is leproduced when we insert the values of ei in 

terms oi A B C B, G' 


One interesting point of the tiansformation seems to be the breaking up of this 
deteimmant into the foui factors above specified, so that the equation 


1 

(sin 20)“^ 
(sm 2a)“^ 

has for roots as values of tan 9 


(sm 

1 

(sm 2^)--i 


(sm 2a)“^ 
(sm 2/3)-i 
1 



tan a tan 


1 

tan a tan B 


tana 

tan^S 


, tan B 
and - — - 
tana 


But the novelty and value of the process seem to he in the mode in which the 
elimmation is effected by mere general reasonmg 
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NOTE ON THE THERMAL EFFECT OF PRESSURE ON WATER 

oceedhugs of the Royal Society of Edinburgh^ July 18 1892] 


I HAVE ]U8t seen m the Gomptes Bendns (June 27) an account of some expeiiments 
on this subject made by M Galopm in the laboratory of Professor Pictet As the 
effects obtained by him seem to be somewhat greater than my own experiments had 
led me to expect, I was induced to repeat my calculations with the view of trying to 
account foi the difference Unfortunately M Galopm s work is confined to oOO atmo 
spheres, a picssure which lies a little beyond the range of my experiments , so that 
no veiy trustworthy comparison can be made M Galopm s results have one advantage 
over those of the direct cxperimentb of the same kind which I made inasmuch as 
ho was able to use ordinary theimometers, while I employed thermo electiic junctions 
m measuiing the ri&o of temperature by compiession But they have a corresponding 
disadvantage, in the fact that mine 'wcie obtained mstantaneously (by means of a dead 
beat galvanometer) and required no correction, vhile his had to be corrected foi the 
heat equivalent of his apparatus to an amount not easy to estimate with accuracy 

I had assured myself of the general accuracy of my own work bj showing that 
three altogether independent modes of estimating the effect of pressure on the maximum 
density point of water gave closely concordant icsults viz a lowering of that 
point by about 0 for every 50 atmospheres These investigations were described to 
the Society in 1881—4, and appear (in abstract) in our Pi oceedings , moie fully in 
the Challenger Reports [See No LXI above] One mode of deteimination was direct 
(a modification of Hopes experiment), the others were theoretical deductions from the 
compressibility of watoi at different temperatures and from the rise of temperature 
produced by compression respectively M Amagat subsequently obtained a lesult very 
closely agreemg with mine as given above His method differs from any of mine for he 
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seeks two temperatures not very diffeient at which water has the same volume xl the 
same pressure 

So far I had been dealing with pressures of little more than 200 atmosphoies 
Higher piessuies led to the result that the displacement of the maximum density point 
mcreases very much faster than does the pressure For the terms in highei powcis of 
the piessure begm to tell more and more, and another cause comes prominently into 
play depending on the fact that water has a temperature of minimum compiessibility 
(about 60 C at ordmai} piessures) This affects to a very much gieatei extent the 
lowering of the maximum density point by piessure than it affects the amount of heat 
developed by the compression Both of these causes are indicated in my foimulL as 
contributing to such a result but the small numerical factors of the teims which cxpiess 
them are not accurately known , and the calculation of the thermal effect of laigo 
pressuies horn data obtained by measuring compiessibility at different temperatures is x 
very severe test of their accuracy Besides, in giving a formula which exactly repiesentcd 
m} determinations of the change of volume of water under pressures fiom 150 to 
4o0 atmospheies and at temperatuies 0 to 15 C, I expressly said that it must not 
be extended in application much beyond these limits If however wo \ontiuc to 
extend it to 500 atmospheres it leads to the following expression for the hoxting of 
watei by the sudden application of that pressure 

^ + 3 2 

where t is the original temperature (C) of the water operated on In obtaining this 
lesult it is assumed in accordance with Kopps data that the expansibility of water at 
ordinary temperatures and at atmospheric pressure is approximatelj (^-4)/72,000 Othci 
experimenters make it somewhat greater [If the maximum density point were lowciod 
1 for every 50 atmospheres the heating by 500 atmospheres would be about {f + 1)/22 
only Comparmg this with the result above, we see how considerably the causes alluded 
to, affect the calculated amount of heating] 

Now I find that M Qalopins lesults may be represented veiy closely (from 0 to 
10 C which are his tempeiature limits) by the analogous expression 

t + 5 
"25“ 

The diffeience between the denominators of these expressions is not serious and may 
depend upon the uncertainty of the assumed expansibility of water or upon an ovei 
correction of his results by M Galopin [He increases his observed data by 52 per cent 
in consequence of the thermal capacity of his apparatus] But the difference between 
the numeiatois seems to show once more that M Galopin s data have been over corrected 
or that it was scaicely wairantable to extend the application of my formula so fxr 
as 500 atmospheies 
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NOTE ON THE DIVISION OF SPACE INTO INFINITESIMAL 

CUBES 


{Proceedings of the Royal Society of Edinburgh December o 1892 ] 


The pioposition that the only sones of surfaces which together divide space into 
cubes aic planes xnd then electuc images presented itself to me twenty yeais ago 
in the couise of x quitoinion investigation of a class of Orthogonal Isothermal Surfaces 
[No XX V above] I give a second version of my mvestigation in vol ix of our Pro 
ceedings [No XLIV ibove] Pi of Cayley has since referred me to Note vi appended 
by Liouville to his edition of Monges Application de I Analyse d la Gdom4tne (1850) 
m which the proposition occuib probably foi the first time The pi oof which is there 
given IS voiy cncuitous , occupying some eight quarto pages of small type although 
the leader is icfeiied to a Memoir by Lam^ for the justification of some of the steps 
But Liouville concludes by saying — 1 analyse pr6c4dente qui ^tablit ce fait important 
n^est pas indigne ce me scmblo de 1 attention des g^om^tres He had previously 
stated that he had obtained the result en profitant dune soite de hasard As 
Liouville attached bO much importance to the theorem and specially to his proof of 
it, it may not be uninteresting if I give other modes of investigation The first of 
them IS merely an improved form of what I have already given m our Proceedings^ 
the second (which is the leal object of this note) seems to have secured nearly all the 
advantigcs which Quaternions can afford in respect alike of directness cleainesb and 
conciseness It is very curious to notice that much of this gam in brevity is due 
simply to the fact that the Conjugate of a certain quaternion is employed along with 
the quaternion itself in my later work, while I had formerly dealt with the reciprocal 
and had m consequence to introduce from the first the tensor explicitly The in 
vestigation should piesent no dijOBiculties to anyone who has taken the soit of trouble 
T II 42 
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to remember elementary quaternion formulse which every tyro in integration has to take 

vv% /^v^TT 4’V ^ ^oin /vi ^ Of ^ (j(J &C 


to fix m his memory the values of cZ tan a? dlog- 


The only pecuhanties of the question seem to be due to the contrast between the 
(apparently) great geneiality of the initial equation and the extremely restricted charactei 
of the sole solution This will be abundantly evident from the discussions which follov 
smce it would almost appear as if the conditions amved at were too numerous to be 


simultaneously satisfied I find it very convenient to use a symbol 0 ^in the sense of 
to express rate of increase per unit of length Thus 

— d d j d 

may be written V = a0i -f /302 + yds 

where a, ^ y are any rectangular umt system 

The equation dcr = uif~^dpq (1) 

(where w is a scalar and q a versor function of p) ensuies that an element of space 
at <r corresponds to a similar element at p, so that the transformation from p to a 
or vice versd is from one mode of dividing space into infimtesimal cubes to anothei 
[From the purely analytical quaternion point of view the question may be legarded 
as simply that of findmg u and q as functions of p so that the right hand member 
may be a complete differential] We have at once 

Sado- = — SdpV SoLcr = uS dpqaq~‘'^ 
whatever constant unit vector a may be Thus 

— VSa<r = uqoLq^^ (2) 

A part only of the information given by this is contained in 

FV uqaq"^^ = 0 (3) 

or F — = FV qaq[~^ 

= F (^qq‘~^qoLqr^ + qoLq~^Vqq-^) - 2S qoeq-^V^ Vq^q^^ 

= 2qaq~^8 ^qq~^ — gag“^Vi Vq^q-^ 

From the sum of the three equations of this form (each multiplied by its qaq-^) 
it appears at once that 

8 Vgcr^=0 (4), 

SO that as gag“^ may be any umt vector 

V a~ = -28a'7j, q^q-^ 


= 29i2'5'-i 


( 5 ) 
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whence 


5), 


-V ,y(aa, + /S3,) — = — £(7 — 
^ ^ ^ w u ' u 


where the Y ib obvioubly supeifluous, so that 


— Vw d^u Vu 

fy V 1- 03 

U U U U 


( 6 ) 


Theic arc of course three equations of this form and they give by inspection 

l^Vu Vu - Vit 

-V =001 — = /30 — =70 — =-V — 
u u u v? 3 u? 


( 7 ) 


The first and last of these equals give 


V («i) = 0, 


whose general solution is known to be 


-wi == S 


ro- 6 ) 


whoie 7)1 and e xre constants The other memberb of (7) show that one teim only of 
this i IS xdmissible, so that as no origin was fixed 


= 


m 

Yp 


Fiom the three equxtions ( 6 ) we get also 

V (uq) = 0 

so thxt q—TJp a 

a being any constant ver&or Thus we have the complete solution It gives by ^ 1 ) 

dn = m = — m a'^^dp'~^a, 

so that cr is merely — multiplied by a constant and subjected to a definite rotation 


But the following process ib very much simpler For we may get rid of the 
factor lb, xnd greatly shorten the investigation by writing the equation of condition 
in the foim 

da^Kqdpq ( 1 ) 


It gives at once 9 0 i<r = 0 (-^ 2 ^ 2 ) 

Y ry(V2— 703g')g"^==O 


42—2 


or 
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Multiplying by 7 and adding the three equations of this form we have 

= or V grg = 0* 


By the help of this we may write (a) as 


Tq ^ 


\Tq 


dsUq \ 

Uq)' 


SO that 





/30s 


2 -^ -001 


Es=lvEi 

Tq 3 Tq 


( 6 ) 


Thus as the form of the three middle terms shows that their common value must 
be some constant quaternion 


d^ = 'Zck^d!c = dpa 


or 


El 

Tq 


= pa 


for ve need not add a constant vector to p and the form of the first of the five 
equal quantities above shows that no quaternion constant (except of course one of the 
form ea already referred to) can be added to the right hand side 


Thus finally as before d<r = — ap'^^dpp'~‘^Ka 

Though the methods employed in these two investigations aie at least at first 
sight entirely different it will be easily seen that the equations ( 7 ) and ( 6 ) to which 
they respectively lead are identical in meaning ^vith one another term by term Tct 
the former shows two differentiations in every term while the second appears to involve 
one only Thus also two distinct integrations were required in the first solution while 
one sufficed for the second But in the first the tensor and versor of the quaternion 
weie all along separated, in the second the quaternion itself was directly sought 


[Note that 1897] 
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NOTE ON AITEACTION 


[P't oceedings of the Edinburgh Mathematical Society February 10 1893 Vol xi] 

«• 

Ir IS well kuown (see Thomson and Tait, §§ 517 518) that a spherical shell 
whoso surface density is inversely as the cube of the distance from an external point 
as well as a solid spheie whose density is inversely as the fifth power of the distance 
fiom an extern il point are centrobaiic The centre of giavity is in each case the 
'imago of the exteinil point 

To sho'vs that these express the same physical truth we may of course recui to 
the method of electiie images from which they were derived But we may even 
moie easily piovc it by i direct piocess for it is obviously only necessary to show 

thxt X thin shell both of whose surfaces give the same image of an external point, 

has evciywheie its thickness pioportional to the square of the distance fiom that 
point 

Call 0 the object, and I the image, point, and draw any radius vector IPQ, 

meeting the respective surfaces of the shell in P and Q Then ultimately 

OQ^OP = QP cos OPI 

or in the usual notation 

g = Br cos OPI 

whence (introducmg the new factor r) 

T — = gr — 7 * cos OPI^ = 01 cos I OP 

But I OP IS equal to the angle between IP and the normal at P so that the 
thickness of the shell at P is 


8. cos/OP-^ 
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ON THE COMPRESSIBILITY OF LIQUIDS IN CONNECTION WITH 
THEIR MOLECULAR PRESSURE 


[Proceedings of the Royal Society of Ediiibm gh March 6, 189S ] 


That liquids if finitely compressible, must (at any one temperature) bieoine 
steadily less compressible as the pressure is raised seems to be obvious without iny 
attempt at proof Yet the assertion is even now generally made mainly in conseiimneJ 
of an enoneous statement of Orsted which has been supported by some oonii)aia 
tively recent investigations of Cailletet and others, that the compiessibihty of watti 
(at any one tempeiature) is practically the same at all pressures not oxctediiig a few 
hundred atmospheies ® 

But in 1826 {Phil Trans, cvi) Perkins had clearly established the fact thxt 
the compressibihty of water at 10 C dimimshes -rapidly at first afterwards inoio 
and more slowlj —as the pressure is giadually raised Perkins ostimite of his 
pressure umt seems to have been considerably too small so that his numerical data 
are not very trustworthy —but this does not m the least mvalidate the proof he 
gives of the gradual diminution of compressibility, for that depends of course unoii 
lelative not upon absolute values ^ 


In the very earliest determmations which I made some ten or twelve veais 
ago while examining the pressure errors of the Challenger thermometeis, this dimi- 
nution of the compressibihty of water was prominently shown —and in 1888 I gave 

as a fairly c ose approximation to the average compressibility for the fust p atmospheres 
the empirical expression ^ 


A/(B +p) 

in which the constants depend on temperature only 
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This it will be obseived is in complete agreement with the form of the result 
of Perkins I also found that the addition of common salt to the water operated 
on had the effect of increasing the constant B m this formula by a quantity pio 
portional to the amount of salt added, A being practically unchanged so long as 
the temperature was kept constant 

These considerations seemed to point to the quantity B as being at least closely 
connected with the internal Wolecular pressuie (usually named aftei Laplace), and 
speculative as the idea confessedly is it seemed worthy of further development 
Another argument in its favour is furnished by a consequence of the hypothesis 
For it is easy to see that when the average compressibility of a substance can be 
represented by the expiession above the equation of its isothermals must have the 
foim 

+ a) = a, 

appioximately that given by the kinetic theory of a gas when it is regarded as an 
assemblage of hard spherical particles 

Nearly three yeais ago while I was preparing foi pi ess the second edition of 
my textbook Properties of Matter M Amagat kindly gave me several unpublished 
numerical details of his magnificent experiments on the compressibility of water and 
ether The following short table gives in its second column some of these results for 
water at 0 0 — 


Pressure 

Volume 

a 

b 

0 


1 

1 00000 

1 00000 0 

1 00000 0 

1 00000 

0 

601 

97668 

97664+ 4 

97632+16 

97657 + 11 

1001 

9564o 

95662-17 

9o644 + 1 

9o652- 

7 

1501 

9S924 

9392o- 1 

93909 + 15 

93916 + 

8 

2001 

92393 

92405-12 

92393 0 

92399 - 

6 

2601 

91065 

91064+ 1 

910o8+ 7 

91062 + 

3 

3001 

89869 

89870- 1 

89873- 4 

89876 - 

6 


The numbeis in the columns a, b c are volumes calculated respectively fiom the 
following formulae foi the average compressibility for p atmospheres — 

30454 30 3015 

6019 5887 +JP 5933 

The first was calculated from the data for 1 1501 and 3001 atm , the second 
from those for 1 1001 and 2001 atm , the third was obtained from them by inter 
polation After the numbers in each column the difference obseived — calculated is 
given These are all small, and, especially m the case of formula c the coincidence 
seems almost perfect throughout for the differences have legular alternations of sign 
But it IS to be noticed that simultaneous increase or diminution of A and B by 
as much as 2 per cent does not seriously affect the agreement of the formula with 
the results of experiment 
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I have been for some time preparing to undertake an extended senes of experi- 
ments on the compressibility of various aqueous solutions with the view of finding 
(although by an exceedingly indirect and possibly questionable process) how the 
addition of a salt to water affects its internal pressure But the lecent publication 
of the final results of Amagats experiments on the compiession of water by pressuies 
using to 3000 atmospheres (more than six fold the range attained in my own woik) 
has led me to make a new senes of calculations with the view of testing how fxr 
the above speculations suggested by the results of pressures limited to some thiee 
tons weight per square inch, are borne out by the results of pressuies of twenty 
tons The agreement as will be seen seems on the whole highly satisfactoiy , though 
foi a leason already given and presently to be even more forcibly illustrated the 
calculations are necessarily of a somewhat precarious chaiacter 

Thus we obtam from Amagats paper (Gomptes Rendiis January 9 1893) the 
following determinations of the volume of water at 0 0 for additional piessuics of 
400 and 800 atmospheres — 


Pressure 

Table No 1 

Table No 2 

1 

1 00000 

1 00000 

401 

98067 

98071 

801 

96371 

96371 


The pressures in Table 1 extend to 1000 atm only those in Table 2 to 3000 atm 

These give respectively, for the average compressibility of watei per atmospheic 
foi the first p additional atmospheres p ranging from 0 to 800 

0 296 0 3057 

5725 5939+^ 

whence the compressibility at ordinary pressure may be either 

00000517 or 0 00005147 

To enable us to choose between these formulae we have the following compaiison 
with the data for higher pressures m Amagats second table — 

Pressure Amagat First formula Second foimula 

1001 95596 95o9{) 95')96 

2001 92367 92337 92299 

8001 89828 89824 89741 

The first formula therefore represents with remaikable closeness the average 
compiessibility of watei at 0 C for any lange of pressure up to 3000 atmospheres , 
while the second obviously gives consideiably too much compiession at highei pressures 
Yet there is but one numerical difference between the sets of data from which 
these two formulae were derived and that is merely a matter of four units in the 
fifth decimal place of the volume at 401 atmospheres i Thus very small inevitable 
errors in the data may largely affect the values of the constants in the formula 
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The only ccitain method of ovei coming this difficulty would be to work with pres 
suies of the same ordei as B 

The expression which I gave m 1888 for the average compressibility pei atmo 
sphoie at 0 C wxs {Challenge'}! Bepoit Physios and Chemistry Vol ii Pait 4 p 36, 
ante No LXI p 34), 

0 001863 
36 +p 

the unit foi p being 1 ton weight per square inch To atmospheies (lo2 3 per ton 
weight pel squaiL inch) tins is 

0 284 
5483 + p 

giving 00000^18 IS the compressibility at ordinary pressures This agiees closely with 
the tiist and moie aceuixte of the two formulae just given, and yet it was derived 
fiom (htx ixngmg up to 450 atmospheies only I stated at the time that ‘ probably 
both ol the const xnts in this foimula ought to be somewhat laiger This would make 
it still moxe elosel} xgiec with Amagats lesults 

I hive woiled out the values of the quantities A and B for the ten special 
temp(ratuies (fioin 0 to 48 95 C inclusive) m Amagats table No 2, taking for each 
tcmpeixtuie the ditx foi piossuies 1 1501, and 3001 atmospheies The lesulting 
fuimule give lesults xgieeing veiy fairly with the compressions given foi 501 1001 
2001 xnd 2501 xtmosphcies — the agreement bemg in fact almost perfect foi the two 
higher picssuics but the compiession being (as a rule) slightly m defect for the 
lowei picssuits M Ainxgit himself has stated that his results for lower pressuies 
aic given moie aeeuixtcly in the series of experiments wheie the pressure was never 
veiy great thin in those wheie it was pushed to 3000 atm In fact his manometer 
hid to be made consideiibly less sensitive when veiy gieat pressure was employed 
Foi the i( isons just pointed out I cannot wholly trust these calculations and there 
foie I think it unnceessiiy to give them here But they agree (with only one 
exception foi 29 43 0) in a veiy lemarkable mannei lu showing that the values of 
A xnd B steadily inaea^e with use of tempeiature up to about 40 C and thence 
appaiently dimmish That the value of A should at first steadilj increase with rise 
of temper ituic was of couise to be expected as a consequence of the known change 
of moleculai stiuctuu if (in iccordance with the supposed analogy of the kinetic 
gis foimula above (pioted) it represents the utmost fiactional diminution of volume 
which can be pi educed by unlimited pressuie And Cantons old discovery that rise 
of tempcratuie involves diminution of compressibility lequiies that B should at first 
increase moie lapidly than docs A [This is not necessaiily inconsistent with the 
commonly leccived statement that the suiface tension of water is in all cases, 
diminished by use of temperature] The turning point seems to be connected with 
the temperature of minimum compressibility discovered by Pagliani and Vmcentim 

43 


r II 
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The behaviour of water at ordinary temperatures is of such an exceptional 
character that we cannot feel certain that aqueous solutions may not show more than 
mere traces of it In my projected experiments therefoie I intend to employ at 
least three different solutions of each of the salts to be examined one of them 
bemg only a little below saturation strength The comparison of the results for 
solutions of very different strength may enable me to ehmmate the effects of the 
peculiaiities of the solvent 

As a contrast to the behaviour of water above discussed I give some results 
for sulphuric ethei , also founded on data furnished to me three yeai s ago by M 
Amagat These data were given to four decimal places only 


Pressure 

0 0 

Amagat 

Formula 

20 

Amagat 

20 

Formula 

1 

10000 

10000 

10320 

10320 

501 

9468 

9498 

9673 

9722 

1001 

9130 

9156 

9294 

9311 

1501 

8884 

888o 

9018 

9018 

2001 

8684 

8684 

8805 

8797 

2501 

8522 

8524 

8630 

8624 

3001 

8394 

8395 

8484 

8484 


The agreement is not by any means so complete as in the case of watei — 
but it IS probable that slight changes in the values of the constants may greatly 
improve it where defective while otherwise scaicelj interfering with it 


The formulae for average compressibility employed were respectively, 

2863 . . , 3016 . o 

for 0 , aud 20 2 

2350 ’ 2086 


(Note that calculation fiom the data direct gives 031126 as the value of A 
m the second of these but this has to be divided by the volume at one atmosphere ) 
Here according to the previous mode of mterpretation the Laplace pressure is 
diminished and the ultimate volume seems to be incieased by nse of temperature 
as was to be expected 
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PRELIMINARY NOTE ON THE COMPRESSIBILITY OF AQUEOUS 
SOLUTIONS, IN CONNECTION WITH MOLECULAR PRESSURE 


[Pi f^ceedinqi of the Boyal Society of Ediriburgh Jime 5 1893] 


Thl cxpeiimcnts lefcned to m my paper of March 6th (antd No CVII) have 
been completed but the losults are by no means so exact as I hoped to make them 
There was great dithculty m procurmg the small bore tubes for the piezometers and 
thus I had to employ them without previous calibration as the solutions to be expen 
mentod on had rlieidy been prepaied and their densities determmed at defimte 
temperatures Delay might have led to evaporation When I proceeded to the 
calibration after completing a large senes of expeiiments I was gieatly annoyed to 
hnd that the boics ol many of the tubes were by no means uniform This accounts 
for the fact that my experiments though fauly concordant are not sufficiently so to 
afford more than a veiy stiong probability in favour of the general result of the mquiry 
For this reason I have described my paper as a Prehmmary Note 

The idea I sought to develop was of the following nature I had found that the 
average compressibility of water at any one temperature could be well represented by 
the simple foimula 

A 

B + p’ 

where p is the range of pressuie through which the compressibility is measured, A and 
B being functions of tempeiature But I also found that foi aqueous solutions of 
common salt of different strengths and at the same tempeiature as the water the 
formula was altered to 

A 

B + s+p’ 


43—2 
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where A and B were as before and 5 was proportional to the weight of salt dissolved 
in 100 of water In particular that when 1 ton weight per square inch (152 3 atmo 
spheres) is the pressuie unit s is nearly the weight of salt in 100 of watei 

Theoretical speculations (given at some length in my Report on some of the 
Physical Properties of Water ante, No LXI ) led me to look on the B and the JS + s 
of these formulae as being connected with the molecular pressuie in the liquid and 
I developed one application of them relating to the maximum density points of various 
solutions of common salt 

The present senes of experiments was conducted precisely as were the earlici ones 
but unfortunately many of the piezometeis (of which a large number weie lequiied 
in order that several solutions should be operated on at the same time) weie now 
and (as I afterwards found) faulty The selection of the salts was undertaken by 
Dr Crum Brown and the solutions weie made and the density determinations etfcctcd 
in his Laboratory by Mi A F Watson 

I give the^e at once as they have intrinsic value altogether apart fiom my woik 
and my hypothesis 


In the folio-wing table the letters S 

and W stand for the 

masses of salt and of 

water respectively Mr Watson 

remarks 

that the 

error m the 

numbers of the first 

column from which the second was calculated does 

not exceed 1 

in 1000 The onoi 

in the densities does not exceed 

unit in 

the fourth decimal place 

100. ® 100 — 
i + If 

Temp 

C 

Sp Gr 

Temp 

0 

Sp Gr 

Potassium Iodide — 





14 538 17 oil 

0 0 

11197 

13 5 

11179 

9 302 10 2o6 

5 6 

10717 

12 2 

10727 

4 313 4 o07 

5 4 

10329 

12 0 

10323 

Potassium Ferrocjanide — 





14089 16 399 

0 0 

10987 

13 0 

10967 

9411 10389 

6 3 

10620 

12 1 

10610 

4 7{)3 4 990 

6 0 

10328 

11 4 

10322 

Ammomum Sulphate — 





15 938 18 960 

6 8 

10954 

11 2 

1 0944 

9 232 10 171 

6 3 

1 05{)9 

12 7 

10547 

5 301 0 597 

6 7 

10326 

12 1 

10317 

Magnesium Sulphate — 





13 836 16 0o8 

6 8 

11489 

11 2 

1 1479 

9 508 10 o07 

5 8 

llOOo 

13 1 

10990 

869 6 235 

0 7 

10614 

12 1 

10602 



IN CONNECTION WITH MOLECULAR PRESSURE 


341 


CVIII ] 



Temp 

C 

Sp Gi 

Temp 

Q Sp Gr 

Barium Chloride — 




13 798 16 006 

5 8 

11366 

11 2 11354 

9 096 10 006 

5 8 

10869 

13 1 1 0855 

4585 4805 

5 6 

10423 

12 2 1 0416 

To these may he added 

the following, 

due to Di 

Gibson, from my 

Report icferred to 

0 0 

6“ 0 

12° C 

Sodium Chloride — 




17 63 18 

1 138467 

1 136040 

1 133560 

13 3610 

1 101 300 

1 099341 

1 007244 

8 8078 

1 067589 

1 066144 

1 064485 

3 8845 

1 029664 

1 028979 

1 027935 


Challengei 


Although I made at least two observations at each of the piessures 1 2 and 
3 tons, on cxch solution in each of two piezometers I publish in this Abstract nothing 
beyond some me in lesults at one temper iture and foi one pressuie — viz 12 C and 2 tons 
These iie faulj lepiesentative of the whole work The columns of mercury used in 
calibiition coriesponded neaily with the parts of the tubes concerned in the measured 
compicssion it that pressuie, and on such lengths of tube errors of measurement due 
to slight changes of temperatuie of the solution, &c are comparatively insignificant 

Ihc chinge of (unit) volume of water per ton at 12 0 and 2 tons is (by my 
foimer woik) 

=000651 

36 + 2 


If to the 36 in this es:piession be added the product of the quantity s below given 
for any one salt multiplied by the perceutage of the salt we have the numbers in 


the column headed Oalc Those headed 
agreement is on the whole satisfactoiy 
included lu the table though they show 


Sodium Ohloiide — 

17 6 11 

134 
88 
39 

Magnesium Sulphate — 

16 06 10 

10 61 
623 


Obs were obtained as stated above, and the 
The old determinations for common salt are 
rather less concordance than the others 


Obs 

Oalc 

000428 

000431 

472 

470 

524 

519 

594 

585 

4i0 

4d7 

510 

510 

55o 

o69 
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100 1 

1 Obs 

Calc 

Ammonium Sulphate — 



18 96 

0 77 0 00475 

000470 

1017 

542 

540 

5 0 

575 

580 

Potassium Ferrocyamde — 



164 

0 62 512 

d13 

10 4 

554 

556 

50 

605 

602 

Banum Chloride — 



16 0 

0o2 o30 

584 

10 0 

573 

573 

4b 

612 

611 

Potassium Iodide — 



17 01 

0 29 576 

576 

10 25 

602 

603 

4 5 

627 

629 


As Stated m my previous note my formula agrees extremely veil with the recent 
determinations of Amagat of compiession of water up to 3000 atmospheres But tho 
values of A and B which I deduced from them (especially about 12 0) arc somo- 
what larger than mine though they bear to one another nearly the same ratio If 
I had used his value of B the coincidences above would not have been sensibly impaired 
but the values of s would have come out a little greater 
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ON THE COMPRESSIBILITY OF FLUIDS 


\Proceedmgs of tlie Royal Socuty of Edirthurgh January 15 1894] 

The recent public xlion oi the full results of Am-igats magnificent experiments has 
led me to make fuithor oompinsons with the empirical formula (origmally suggested 
by the giaphs of my Challenger work) which I have on seveial occasions bi ought 
before the Society — vua 

Vo — V _ _e_ 

pvo “n+p 

I find that Amagits icsults, for a numbei of common liquids from 1 to 3000 atm 
may be favrly reprcbcnted by substitutmg the following values of e and 11 in the 
above formula — 



0° 

10 

20“ 

30“ 

40“ C 

Ethci 

0 201 

296 

302 

310 

319 

2420 

2240 

2100 

1980 

1860 

Ethylic Alcohol 

0274 

280 

281 

287 

288 

1230 

3130 

2970 

2865 

2700 

Methylic , 

0 283 

290 

295 

302 


3240 

3180 

2990 

2870 


Propylic , 

0 26o 

271 


277 

274 

3510 

3390 


3200 

2880 

Bisulphide of Carbon 

0280 

286 

291 

294 

299 

3970 

3720 

3560 

3370 

3190 


Iodide of Ethyl 


0 288 
3570 


291 

2920 
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0 

10 

20 

30 

40° C 


Chloride of Phosphorus 

0 278 

3490 


293 

2990 


Acetone 

0 284 
3180 



298 

2d70 



For the curiously exceptional case of water we have 





0 C 2 1 4 85 

6 8o 10 1 

14 25 

20 4 

29 43 

40 45 

48 85 

0 303 303 307 

311 313 

314 

314 

313 

327 

323 

5940 6030 6220 

6390 6560 

6680 

6830 

6940 

7520 

7440 

whence compressibility for low pressures 






00000511 503 493 

486 478 

470 

459 

449 

434 

434 

The agreement with the 

expel imental 

data would 

be 

somewhat 

closer 

if n f 


any one temperature were (m accordance with theory) legarded as a quantity which 
inci eases with the compiession produced 


For the present as no definite theoretical basis has been assigned foi it the foimula 
must be regarded meiely as an exceedingly convenient mode of summarizing the ex 
peiimental results , justified by the closeness of its general agieement with them 

On these numbeis remark 


F%rst that e is nearly the same for all the liquids m the table — its lowest value 
bemg for propyhc alcohol and its highest for water But the diffeienccs of these 
extremes from the mean of all are less than 7 per cent Hence it seems that ordinaiy 
liquids as a rule would be reduced by infinite pressure to about 70 per cent of then 
usual volume — provided of course, that the formula remains applicable foi pressures 
immensely exceedmg even the enormous ones apphed by Amagat 

Second e increases as a rule with rise of temperature [But it does not appeal 
to increase in any case so much as to make the ultimate volume diminish when 
temperature rises] 

Th%rd Except m the case of water 11 falls off rapidly with nse of temperature 
This was of course to be expected from the mcrease of volume , and it is the chief 
cause of the increase of compressibility as given by the formula But the value of 11 
does not seem to vary mveisely as the square of the volume 

Fourth In the exceptional case of water 11 mcreases steadily with rise of tempera 
ture at least up to 40 C This is the immediate cause of the diminution of com 
pressibihty given by the formula as the temperature is raised But so far as the present 
rough calculations go Amagat s data would seem to make the temperature of minimum 
compressibility considerably lower than that assigned bj Pagliam and Vincentini [This 
may be due to the great range of pressure or to the fact that the formula treats 11 
as a constant instead of taking account of its increase with compression ] 

It is mteresting to compare with these some (necessarily \eiy rough) results fo 
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1 substance which requires considerable external pressure to keep it in the liquid state 
It IS shown that if the empirical formula, above be true generally for any substance 
it holds from cmy initial value of Vo* provided that wo give e and 11 proper cone 
spending changes of value The new IT is greater than the old by the pressure at 
the new Vo The new e must be employed with the new initial volume to give the 
ultimate volume The followmg data were calculated from Amagats Tables 13 and 19 
(Ann de Ohimie XXIX 1893) The first of the three volumes given for each tempeiature 
IS that of the substance when just wholly liquefied bj pressure This comparison is 
by no moans a fair one for the range of volumes is very different alike m extent 
and m situation for the different temperatures And from the extremelj great com 
piossibility of the liquid when just formed we should expect to find the assumption 
of constant 11 very far from the truth 


Carbonic Acid 
10 20 


Temp 0° 0 

344 002\45 

dOO 1781 

1000 1C56 


444 002338 
oOO 1826 
1000 168o 


56 4 002609 
500 1876 
1000 1716 


30 

707 003282 

500 1926 

1000 1748 


From these we obtain the following sets of values of e and 11 — 

0 335 0 373 0 424 0 527 

420 276 170 48 

The value of 11 calculxted fiom the altered foimulx has in each case been dimmished 
by the coiiesponding initial value of p We see that e mcreases with great rapiditj 
as the temporatuie uses — but the indicated ultimate volumes of carbonic acid under 
infinite pressure arc not much affected theieby bemg respectively 

000143 147 150 155 


where the unit is the volume of the gas at 0 C and 1 atm 

The \alucs of 11 ore of course small, and they diminish lapidly with rise of 
temperature [The cntical point is about 31 35 0 which is but little above the 
highest temperature in the table] 

A fairer test than the above from one point of view at least, might have been 
based upon Amagat s important Table 17, h id it given data for (say) vol = 0022 1 
at each temperature in addition to those at 0025 and 0020 I have done the best 
I could by taking the nearest data diiectly given in Table 13 Here aie a few of 
the results obtained 


[Thus from 
ve hare at once 


if we write 


and 

oj n+p ^+Pi 

Oj 17l\II+p II+Pi/ 

n(p-yi) P-Pi 

(n+i-c.pi)ii+p *ni + (p-Pi) 

and ni=n+Pi 1899] 

n + 1 — CjPi 
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Carbonic Acid 


20 

C 

30 

40 

50 

P 

V 




64 4 

002 3 

109 0025 

loo 0025 

201 002 0 

150 

002173 

200 0022 

22o 00228 

300 0022o5 

300 

002 

384 002 

470 5 002 

560 002 

e 2833 

2936 

3186 

3312 

n 35 6 


22 7 

24 5 

34 6 

Tilt Vol 001792 

001766 

001716 

001672 


Other deductions from Amagats data are given in considerable numbers — from legions 
of the CO diagram in which 11 is lespectively - or even zero the latter be 
longing of course to the conditions under which it behaves as a true gas Thus taking 
the data for volumes 

0 01636 0 013 and 0 01 

we obtain the values of II given in the first line of the table below Here the 
substance was, throughout at density less than the ciitical The second line gives 
the corresponding lesults for a range of volumes which includes the critical volume — viz 

OOOors 0 00428, 0 00316 

The application of the formula to this series (where the pait of the isothermal which 
IS treated contams a pomt of contrary flexure) is obviously a matter rathei of curiosity 
than of science 

Finally the third Ime gives data foi volumes all well under the critical volume — 

VIZ 

0 00316 0 00250 and 0 002 


Values of n for CO (in Atmospheres) 


Temp 30 G 36 

40 

oO 

60 

70 

80= 

90 100° 198° 

(o8 o) 

34 3 

14 2 

49 

24 

0 5 

- 12 - 21 - 8 

-73 5 

-75o 

-77 

-78 6 - 

80 5 

-80 

- 81 1 - 80 3 - 80 5 

[35 6] 

-38 6 

-43 

-42 - 

46 5 

-47 

— 46 £> — 46 5 

The single number 

in ( 

) lefers 

to vapour 

■ that 

m [ 

] to liquid, all the others 


to gas The results foi volumes greater than the ciitical volume are very inteiestmg 

The rest of the papei deals with (unsuccessful) attempts to apply to Amagat s data 
the equation of Van der Waals — viz 

The arguments in consequence of which the constituent Ajv was ongmally mtroduced 
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\nd as I have elsewheie* endeavoured to show incorrectly introduced T\eie specially 
based upon the properties of liquids rather than of fluids in general, and it is 
thorefoie to be expected that the formula if valid should be specially apphcahle to 
liquids 

The most valuable characteristic of the equation above in addition to its special 
merit of giving in ceitain cases three real values of v and theiefoie in a sense 
lepiesenting the results of Andrews and the conclusions of J Thomson is its simplicity 
But this simplicity depends essentially upon the understanding that A 0 and R are 
genuine constants, or at least may be treated as such through moderate ranges of 
volume — as for instance in the compression of an ordinary hquid by 3000 atmo 
spheres The equation loses its value (from this pomt of view) entiiely if as has been 
suggested is a soit of adjustable constant' For if it be so it ought to be 
oxpiessed as a function of v or of v and t and then the simplicity of the whole 
IS gone 

Selecting as hefoie a set of thieo corresponding pairs of values of p and v foi 
any one tempeiatuie we form three equations which lead to a quadiatic m A when 
ind E aic eliminated This involves heavy numeiical work and the lesults are so 
much modified by veiy slight changes m the data (quite within the limits of experi 
mental orroi) that I was fain to tiy the simpler process of asburmng tentative values 
toi A and dotei mining the othei constants fiom them — the equations being then 
linear But I found that very wide langes of tentative values of A seemed to suit 
the conditions to the same (extiemely lOugh) approximation I could get nothing 
satisfactoiy The loason is easily found by making a case in which the laboui of 
calculation shall be to a considerable extent, avoided It is cleai from the numbers 
in tho eaily part of this paper that we may lawfully assume the existence of a liquid 
which for some special (ordinary) temperatuie, shall give 

n = 2700 atm e = 0 3 

With these numbeis the calculation is very much simplihed For such a liquid, if 
its volume were 1 at atmosphenc pressure would be reduced to 25/28 by 1500 atm 
and to 16/19 by 3000 atm The quadratic to which Van dei Waals formula leads 
IS found to have imaginary roots ' 

The main cause of this totally unexpected result seems to be the factor 1/v m 
the term coriesponding to K Its effect is to make K increase at a rate quite in 
consistent with the experimental data at least if tho rest of the equation is to retam 
its present form This is easily seen by taking the following roughly appioximate values 


of ^ for 
at 

ether, at constant volume, 

which I 

obtained by 

a graphic process from 

Amagat s 

Table 29 






V 

1 

95 

9 

85 



10 

12 

14 5 

17 


\au/ 

^ at 0 C 

1 

460 

12oO 

2570 

* £iam 

BSE XXXVI n (1891) 

Ante 

No LXXX 

See also Correspondence with Lord Eayleigh and 

. 1 -1 orvA 1 


Prof Korteweg {Natwie xliv and sxv) [Part of this has been given on p 208 above 
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Since Van der Waals equation gives foi constant volume 

we easily find the approximate values 

/3 = 063 jR = 38, 

and the complete formula is somethmg like 

(p + ^) («-0 63) = 1037 + 3 8t, 
where t is temperature centigrade 

This cannot he very far wrong so far at least as /5 and R are concerned foi 

it gives the following calculated values of ^ (at the four selected volumes above) which 

are compaied with the observed 'values — 

Obs 10 12 14 0 17 

Calc 10 27 119 141 17 3 

But when we calculate the corresponding pressures and compare them with those 
observed we have 

Obs 1 460 1250 2 d70 

Calc 1 134 379 833 


The differences between the numbers in each pair are due to the veiy lapid increase 
of the K term m the formula for moderate dimmutions of volume The following 
comparison is instructive The first numbers are calculated on the hypothesis that K 
is inversely as v Those in the second line are the corresponding values of K re 
quired to make an appioximate agreement between Amagats data, and the (numerical) 
formula above — 

2804 3107 3462 3881 

2803 2781 2591 2144 

Thus the requisite 'values of K diminish lapidly mstead of increasing, as the 
compiesbion proceeds In fact it would seem as if Van der Waals equation gi\es 
impossible roots m precisely that limited region where experiment shows that real 
ones are to be found I intend soon to exaimne the cause of this strange result from 
a purely mathematical point of view 
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SO that one at least of P Q i2 is essentially negative if p q r he all positive The 
condition that the values of A shall be real is 

[t {P {ah - 6c + ca)}]^ + 42 {PQ (a - 6) c } > 0 

But it IS an obvious theorem of ordinary algebra that whatever be the quantities 
involved the two expressions 

{loo -{-my + nz) + [coy {l — m) + yz {m - nj- + zx {n - 1 ) } 

and {x y z) {I x-{‘my-\-nz) 

are absolutely identical except in form 

Hence the condition for real values of A is simply that 

(P 4- Q + P) {P {ah - 6c + ca)^ + Q ((x6 4- 6c - ca) 4- P (- a6 4- 6c 4- ca) } 

shall be positive — ^ e that its factors shall have the same sign 

To compaie with experiment let us take r = latm c^l, and find the relation 
between the values of p and q the piessures when the volume is reduced to a = 0 9 
and 6 = 0 9d respectively 

The factois of the above quantity are 

OOo . 01 005 

^(0 9o) ■'■^(0 9) (0 96)“ (0 9) 

j 0 05(0 805) , 01(0 905) 0 05(0 99o) 

(0 95) (0 9) (095) (0 9) 

or quite appioximately enough for our purpose 

— p4- 2 228g — 1234 

and — p 4- 2 816g — 1 886 

In the latter foim each has been divided by the (essentially positive) multiplier of p , 
and as p and q Bie each of the order 1000 atm the last terms may usually be 
disregaided Thus it appears that the values of A cannot be real if pjq lie between 
the approximate limits 2 23 and 2 82 But from Amagat s data we easily calculate 
the following sufficiently accuiate values — 


Ratio of Pressures at 0 G for Volumes 0 9 and 0 95 


^ , Bisulphide Methylic Ethylic Chloride Propylio 

Water of Caibon Alcohol Alcohol of Ethyl Alcohol 

2 51 2 61 2 65 2 65 2 69 2 71 


Ether 

2 73 


[The values of q lange from 4o8 atm in the case of ether to 1166 atm in that of 
water] All of these ratios lie well within the hmits of the region in which the 
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constants of Van der Waals equation are non real , though they are as a rule nearer 
to the upper than to the lower limit 

But it IS well to inquiie what values A assumes at the limits of this region 
when it has just become real A lough calculation shows that when j3/g = 2 23 we 
have A= — 18lq (a tension ) , and for pjq = 2 b2 A = 20q Outside these limits A has 
of course two values 

It thus appears that Van der Waals equation becomes altogether meaningless except 
for liquids in ■which the compressibility alters very much with increase of piessure — 
^ e for substances which have just assumed the liquid form under considerable pressuie 
For of couise undei the lower limit we are dealing with substances naturally in a state 
of tension As I said in my previous paper this state of things is due mainly to 
the factor l/v with which A (if taken as coiiesponding to my 11) is affected There 
IS little doubt that the 11 term in my formula does increase as the volume is diminished 
but much moie slowly than m the inverse ratio of the square of the volume 

(Added 6/6/94) It may be interesting to look at the above result from a different 
pomt of view so as to find why it is impossible to reconcile the general equation of 
Van der Waals with the experiments of Amagat 

lor this purpose let us take y8 as independent variable and (using the same data 
as before) find the value of pjq Eliminating BT and A we obtain the equation 



from which at once, 

In the further discussion of this equation we may neglect the last term (which 
IS usually very much smaller than the preceding term and becomes infinite for the 
same values of ^8) Its only noticeable effect is to slightly altei the values of jS foi 
which pjq vanishes We thcrefoie have to a quite sufficient approximation 



wheie the literal factors have been retained m the more important portion The value 
of pjq in teims of /3 is thus seen to be a numerical multiple of the ratio of the 
corresponding ordinates of two equal and similarly situated parabolas whose vertices 
do not coincide The first cuts the axis of ^6 at 6 and ca/(c + a) the second at a and 
bc/{b + c) so that the second lies wholly within the first while y is negative They 
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intersect in the single point whose abscissa is abcj{cib + bc + ca) These parabolas are 
shown in the cut below 



The values of p/q aie the ordinates of the chief curve This has thiee asymptotes — 
two parallel to y and cutting a? at a and bcl{b + c) respectively, and the third at 
a constant distance, 2 1712 from the axis of x Its maximum ordinates are given by 
the equation 



or 


0 = (a6 + 6c + ca) x — 2ahcx 
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Thus the maximum (at A in the cut) is on the axis of y, and the minimum (at £) 
conesponds to ^= 0 6321 Their values are 2 228 and 2 816 respectively, and the 
oidinate of the point of intersection of the construction parabolas lies midway between 
them 

Thus since the minimum numerically exceeds the maximum the curve has no 
ordmate intermediate to these values and therefore no selection of real constants can 
make Van dei Waals equation applicable to a liquid in which the pressure required 
to leduce its volume by 10 pei cent exceeds that required for a 5 per cent reduction 
in any ratio between 2 228 and 2 816 

Moreover in accordance with what has been said above about the term A/v^ it 
IS only while the ratio of pressures exceeds the higher of these limits that this term 
represents a pressure and not a tension Foi the graph of A/q in terms of /3 is easily 
seen to be a rectangular hypeibola whose asymptotes are parallel to the axes, cuttmg 
at bcl{b+c) and y at b c l(b - c) The cuive cuts a? at i and so its ordinates are 
positive from hcl(b + c) to b only 
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NOTE ON TEE COMPRESSIBILITY OF SOLUTIONS OF SUGAR 

\Proceed%ngs oj the Hoyal Society of Ed%nlurgh July 18 1898] 


In continuation of former investigations of tie alteration of compressibilit} of water 
which IS produced by dissolying various salts in it I was led to imagine that some 
mstrnctive results might be furnished by solutions such as those of sugar whose bulk 
IS nearly the sum of the bulks of their constituents — for in them we might expect 
little change in compressibility from that of water itself, ze in accoi dance with my 
hypothetical formula little change in the term regarded as lepresenting the molecular 
pressure 

The following preliminary results have recently been obtained for me by Mr Shand 
Nichol Foundationer who employed the Fraser gun and the Amagat gauge procured 
for my Challenger woik — and a new set of piezometeis of the same (Fords) glass 
as that whose compressibihty I had determined to be 0 0000026 These have been 
carefully gauged but have not as yet been directly compared with those foimerlv 
employed 

The solutions expenmented on were prepared m Dr Crum Bro'wns Laboratoiy by 
Mr W W Taylor, MA BSc and contained respectively o 10 15 20 parts by weight 
of sugar to 100 of watei The temperatuie vaiied but slightly from 12 4 C during 
the whole course of the experiments 


Average Compressihlitg per Atmosphere at 12 4 C 


Sugar per 100 water 

0 

5 

10 

15 

20 

For first ton 

0 00004650 

4430 

4265 

4109 

3966 

two tons 

4o20 

4316 

4160 

4013 

3875 

three tons 

4410 

4210 

4065 

3920 

3789 
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The numbeis m the first column were taken duect fiom the Plate in my second 
Challenger Repoit (ante No LXI) 0 0000026 being (of course) added to each 

The Reciprocals of these numbers are in order, 


21ol 

2257 

2344 

2439 

2522 


2212 

2317 

2404 

2492 

2581 


2268 

2375 

2460 

2551 

2640 


Comparing with the foimula we 

see that 

these 

reciprocals 

should be m the 

fiist column pioportional to 

n n + 1 

n + 2 , 

m the 

second to 

TL + hx II + 1 + 5W 

n 4* 2 + 5^6 , etc where x is 

the increase of 11 

for 1 part sugar 

m 100 (by weight) 


of watei 

The results aie not veiy concordant especially in the second and fifth columns 
(which seem to indicate some erroi in the gauging of the corresponding piezometers) 
but they ire ill fairly satisfied by taking 

n 1 ^6 = 2151 581 19 2, 

so that the actual value of 11 appears to be 37 tons weight per sq inch 

Thus it appcirs thit the effect of sugar is weight for weight barely one third 
of thxt of common salt in reducing the compressibility of water, for with common 
sxlt, co^l noaily 
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ON THE PATH OE A ROTATING SPHERICAL PROJECTILE 

{Transactions of the Royal Society of Edinburgh Yol xxxvii June 5 and July 3 1893 ] 


The curious effects of rotation upon the path of a spherical projectile have been 
investigated experimentally by Robins and many others of whom Magnus is one 
of the more recent They have also been the subject of elaborate mathematical 
mvestigation especially by Poisson who has pubhshed a laige treatise on the question^ 
For all that we know as yet very little more about them than Newton did m 1666 
when he made his famous experiments on what we now call dispersion Writing to 
Oldenburg an account of these experiments m 1671-2-I-, he says — 

Then I began to suspect whether the lays in their trajection through the prism 
did not move in curve lines and according to their more or less curvity tend to divers 
parts of the wall And it mcr eased my suspicion when I remembered that I had 
often seen a tennis-ball struck with an oblique racket desciibe such a curve line For 
a circular as well as a progressive motion bemg communicated to it by that stroke 
its parts on that side where the motions conspire must press and beat the contiguous 
air more violently than on the other and there excite a reluctancy and re action of the 
air proportionably greater And foi the same reason if the rays of light should possibly 
be globular bodies and by them oblique passage out of one medium into another acquire 
a circulating motion, they ought to feel the greater resistance from the ambient sether 
on that side where the motions conspire, and thence be contmually bowed to the other’ 

From this remarkable passage it is clear that Newton was fully aware of the effect 
of rotation in producing curvature m the path of a ball also that it could be of 
sufficient amount to be easily noticed m the shoit flight of a tennis ball, that he 

* Reoherches sur le Mouvement des Projectiles dans I Air Pans 1839 
+ Isaa/ii Newtom Ojjeia qnce exstant Omnia (Horsley) vol iv p 297 
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correctly described the direction of the deviation and that he asciibed the effect to 
difference of air piessure foi which he assigned a cause All that has since been done 
expel iment ally seems merely to have given various more or less striking illustiations 
of these facts without any attempt to find how the deflecting force depends upon the 
velocities of translation and rotation and I am not aware of any successful attempt 
to extend or improve Newtons suggestion of a theoretical explanation It seems in 
fact to have been altogether unnoticed perhaps e\en ignored 

Thus Robins* writing some seventy years later than the date of Newton's letter 
speaks of 

the hitherto unheeded effects pioduced by this lesistance, foi its action is not 
solely employed in retarding the motions of projectiles but some pait of it exerted 
in deflecting them from their course and in twisting them m all kmds of directions 
from their regular track , this is a doctrine which notwithstanding its prodigious 
import to the present subject hath been hitherto entirely unknown or unattended 
to, and therefoie the experiments by which I have confirmed it merit I conceive 
a particulai description, as they aie themselves too of a veiy singular kind 

Robins measured accurately by means of thin scieens placed across his lange the 
deviation (to right or left) of successive shots fired from a gun which could be exactly 
repheed in its normal position after each discharge, and found that it increased 
much more lapidly than in simple propoition to the distance Then he experimented 
successfully with a gun whose banel was bent a little to the left near the muzzle 
with the view of forcing a loose fitting bullet to rotate by making it roll on one side 
of the bore The bullet of course at fiist deviated a little to the left, but this was 
soon got over and it then persistently curved iway to the right And he showed the 
effect of lotation very excellently by suspending a ball by two strings twisted together 
so as to give rotation to it when it was made to vibrate as a pendulum The plane 
of vibration rotxted m the same sense as did the ball 

I hive not had an opportunity of consulting m the original Eulers remarks on 
this question The following quotations are taken from a retranslation*] of his German 
version of Robins work but the statements they contain are so definite that the 
translator cannot be supposed to have misrepicsented their meaning — 

The cause which Mr Robins assigns for the uncertainty of the shot cannot be 
the true one since we have indisputably proved that it aiises from the figuie of the 
ball only p 313 

if the ball has a progressive motion we may as has been already shown consider 
it at rest, and the air flowing against it with the velocity of the balls motion, foi 
the force with which the particles of air act on the body will be the same in both 
cases [Then follows an investigation] hence this pioposition appears 

* New Principles of Ownnery (new edit ) 1805 p 206 The paper referred to is stated to have been read 
to the Royal Society in 1747 

I" The true Principles of Gunnery investigated and explained comprehending translations of Professor 
Eulers Observations &o 8zq By Hugh Brown London 1277 (sic) 
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indisputably true, that a perfectly spherical body which besides its piogressive motion 
revolves round its centre will suffer the same resistance as if it had no such rotation 
If therefore such a ball should receive two such motions in the cannon yet its progressive 
motion in the air would be the veiy same as if it had no rotation pp 315-7 

Poissons treatment of the subject is altogether unnecessarily piolix and in con 
sequence not very easily undeistood It is sufficient to say that like Euler he rejects*^ 
Robins explanation, and that his basis of investigation of the effects of rotation on 
the path of a homogeneous sphere really amounts to no more than this — that since 
friction is greater where the density of the air is greater the front of the ball suffers 

greater friction than does the back Thus there is a lateral force which he shows 

to be very small tending to deflect the ball as if it were rolhng upon the air in 
front of it As this is exactly the opposite of the effect described by Robins I feared 
at first that I must have misunderstood Poissons mathematics But this feeling gave 

way to one of astonishment when I read further, for there can be no doubt of the 

meaning of the following passage which occurs m his comments on the mvestigation — 

Cest ce que Ion pent aussi regarder conpime Evident d pnori si Ion consideic 
que cette deviation est due a lexcbs de la density de I’air en avant du projectile 
sur sa densite en aiiiere, exces qui donne lieu a un plus grand frottement du fluide 
contre 1 hemisphere anteneur et a un momdre contre 1 hemisphere posteneur 
il en resultera une force honzontale qui poussera ce pomt [the centre of inertia] dans 
le sens du plus grand frottement ou en sens contraire de la rotation k laquelle il 
r^pond, cest a dire vers la gauche quand les pomts de la partie anteneure du piojectile 
tourneront de gauche a droite et vers la droite lorsquils tourneront de droite k gauche * 
Recherches &c p 119 

In fact Poissons elaborate investigation leads to no term in the expression for 
the normal component of the force which can have different values at corresponding 
pomts of the two front semihemispheres of the projectile — and it is to a force of 
this nature that Newtons remarks and Robins experiments alike point 

The paper of Magnus f commences with a hi'^toncal «»ketch of the question but 
it contams no reference to Nekton The author obviously cannot have read Robins 
papers for he mentions his work only once and m the followmg altogether madequate 
and unappreciative fashion — 

Robms der zuerst eine Erklarung dieser Abweichung in semen Principles of 
Qwrinery versucht hat glaubte, dass die ablenkende Ejraft durch die Umdrehung des 
Geschosses erzeugt werde, und gegenwartig mmmt man dies allgemem an 

Poisson m fact says of his own results — N4anmoins d apr^s la composition de la formule qui expnme 
la deviation honzontale a la distance du canon ou le boulet letomhe sur le terram ou reoonnalt facilement 
que cette deviation ne peut jamais etre quune tr^s petite fraction de la longeur de la portae en sorte que 
ce nest pas an frottement de la surface du houlet contre la couche dair adjacente et dm6gale density que 
sont dues pnncipalement les deviations observees amsi que Eobms et Lombard lavait pens6 M€mme sw 
le Mmvement des FrcgecUles Ac Comptes JRendus 5 Mars 1838 p 288 

t Leber die Abweichung der Geschosse Berlin Tram 1852 
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Had Magnus known of the expenments with the crooked gun bairel and the 
rotating pendulum he would surely have employed a stronger expression than glauhte ^ 
For Robins says (p 208) of his own pendulum experiment — 

“it wis always easy to predict before the ball was let go which way it would 
deflect only by considenng on which side the whirl would be combined with the 
progiessive motion, for on that side always the deflecting power acted, as the resistance 
was greatei heic than on the side where the whirl and progressive motion were opposed 
to each other 

This passage strongly lesembles part of the extiact already made from Newtons 
letter But Robins justly adds (two words have been italicized) — 

This experiment is an incontestible proof that if any bullet besides its progressive 
motion hath a whirl lound its axis it will be deflected in the manner here described 

The one novelty in the expenments of Magnus (so far as spherical projectiles are 
concerned) consisted in blowing a stream of an against the rotating body mstead of 
giving it i progiessivo as well as a lotatory motion, thus m fact realizing the idea 
suggested by Euler in one of the quotations made above He was thus enabled by 
moans of little vanes to trace out m a very interesting and mstructive manner the 
character of the lehtive motion of the air and the rotating body This was a cylinder 
instead of a sphere so the effects weie greater and of a simpler character but not 
so directly applicable to bullets Otherwise his expenments aie merely corroborative 
of those of Robins 

But neithoi Robins nor Magnus gives any hint as to the form of the expiession 
foi the deflecting force m tcims of the magnitudes of the translatory and the rotatory 
speed That it depends upon both is obvious from the fact that it does not exist 
when eithoi of them is absent however great the other may be 

1 For some time my attention has been duected to this subject by the singularly 
inconsistent lesults which I obtamed when endeavouring to determine the resistance 
which the air offcis to a golf ball* The coefiicient of resistance which I calculated 
from Robins data foi iron balls by introducing the mass and diameter of a golf ball 
was very soon found to be too small — and I had grounds for behef that even the 
consideiably greatei value, calculated m a similar way from Bashforths data was also 
too small Hence the leason for my attempts to determine its value however mdirectly 
The loughncss of the ball has probably consideiable influence, and as will be seen 
liter so possibly his its rotation I collected with the efiicient assistance of Mr T 
Hodge (whose authority on such matters, alike from the practical and the observational 
point of view no one in St Andicws will question) a fairly complete set of data for 
the average characteristics of a really fine drive — elevation at starting range time 

* The Unwritten Chapter on Golf NatUTe 22/9/87 and Some Points m the Physics of Golf Ibid 
28/8/90 24/9/91 29/6/93 Also a popular article Hammering and Drivmg aolf 19/2/92 where the importance 
of under spin is considered mamly from the point of view of stabihty of motion of a projectile which is 
always somewhat imperfect as regards both sphericity and homogeneity 
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of flight position of vertex &c Assuming as the definite lesult of all sound experiment 
from Robins to Bashforth* that the lesistance to a spherical projectile (whose speed 
IS less than that of sound) vanes nearly as the squaie of the speed I tned to doteimine 
from my data the mitial speed and the coefficient of resistance treating the question 
as one of ordmary Kinetics of a Particle We easily obtam for a low trajectory 
simple but sufficiently appioximate expressions for the range the time of flight and 
the position of the vertex m teims of the data of projection and the coefficient of 

resistance If then we assume once for all an initial elevation of 1 in 4 the only 

disposable mitial element is the speed of projection Makmg various more or loss 
probable assumptions as to its value I found for each the corresponding coefficient 

of resistance which would give the datum range Thus I obtamed the means of 

calculating the time of flight and the position of the vertex of the path The gieatci 
the assumed imtial speed (short of course of that of sound) the larger is the coefficient 
of resistance required to give the datum lange and the more closely does the position of 
the vertex agree with obseivation, though it seems always considerably too neai the 
middle of the path But the calculated time of flight which is greatest (for a given 

lange) when there is no resistance is always less than two thirds of that observed 

while for high speeds and correspondingly high resistances it is diminished to less 
than half the observed value To make certam that this discrepancy was not due to 
the want of approximation m my equations yet without the slightest hope of success 
in reconcilmg the various conflictmg data I made several calculations by the help of 
Bashforth s very complete tables which carry the approximation as far as could bo 
wished, but the state of matters seemed worse rather than better It then became 
clear to me that it is impossible for a projectile to pursue foi so long a penod as 
SIX seconds a path of only 180 yards no part of which is so much as 100 feet above 
the ground —unless there be some cause at work upon it which can at least partially 
counteract the effect of gravity The only possible cause m the circumstances is 
underspin and it must therefore necessanly charactense to a greater or less degree 
every fine drive (And I saw at once that I had not been mistaken in the opinion 
which I had long ago formed from observation and had frequently expressed that the 
very longest drives almost mvanably go off at a comparatively shght elevation, and are 
concave upwards for nearly half the range) In Nature (24/9/91) I said 

it thus appears that the rotation of the ball must play at least 

as essential a part m the grandest feature of the game as it has long been known 
to do in those most distressing pecuhaiities called heeling toemg slicing &c 

This conclusion obvious as it seemed to myself was vigorously contested by nearly 
all of the more promment golfers to whom I mentioned it -bemg generally regarded as 
a sort of accusation implymg that the best players were habitually guilty of something 
quite as disgraceful as heelmg or toemg even though its effects might be beneficial 
mstead of disastrous The physical cause of the underspm appears at once when we 
consider that a good player usually tnes to make the motion of the club head as 
nearly as possible horizontal when it strikes the ball from the tee and that he stands a 

On the Motion of Piojectiles 2nd edn London 1890 
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little behind the tec Thus the club head is moving at impact m a direction not 

perpendicul 11 to the striking face, and unless the ball be at once perfectly spherical 
and peifoctly smooth such tieatment must give it undeispin — the moie rapid the 
roughei aie the ball and the face of the club This is simply Newtons oblique 
racket 

In fact if the ball be treated as hard and if the friction be suflScient to prevent 
slipping there is necessarily a maximum elevation (about 34 ) producible by a club 

moving hoi izon tally at impact however much spooned the face may be This 

maximum is pioducod when the face of the club makes with the sole an angle of 

about 28° —which is less thin that of the most exaggeiated baffy I have seen 

This taken along with the remark above (viz that the longest drives usually go off at 
very small elevations) is another independent proof that there is considerable underspin 

lienee the piactieal conclusion that the face of a spoon, if it is to do its propei 
woik efficiently ought to be as smooth as possible 

2 I next considered how to take account in my equations, of the effects of the 

lotition xnd it appealed to me most probxble that this could be done with quite 

sufficient appioximation by introducing a new foice whose direction s perpendicular 
xt once to the line of flight and to the axis of rotation of the ball — concurrent in 
fact with the direction of rotatory motion of the foiemost point of the surface Various 
considerations tended to show that its magnitude must be at least nearly proportional 
to the speed of rotation and that of tianslation conjointly Among these there is the 
simple one that its diieetion is reversed when eithei of these motions is reversed 
This may bo geneialiscd, for if the vector axis e be anyhow inclined to the vector 
of tianslation, a, the direction (why not then the magnitude also to a constant 
multiplier prh) of the deflecting force is given by Fea Another is that as the 
resist xnco (le the pressuio) on the non lotatmg ball is propoitional to the squaie of 
the speed the pressures on the two fiont semihemispheres of the rotatmg ball must 
bo (on the avcrxge) propoitional to (v + eco) xnd (v — ew) lespectively — wheie v is the 
speed of translation, w that of lotation and e a linear constant The resultant of 
these perpendicul xr to the line of flight will obviously be perpendicular also to the 
axis of rotation and its magnitude will be as vq) But I need not enumerate more 
xrguments of this kind In the absence of anything approaching to a complete theory 
of the phenomenon we must make some assumption and the tiue test of the assumption 
IS the comparison of its consequences with the results of observation or experiment 
This I have attempted with some success as will be seen below 

3 Another associated question of greater scientific difficulty but of less apparent 
importance to my work was the expression for the rate of loss of eneigy of rotation 
by the ball Is it or is it not seriously modified by the translation? But here I 
had what seemed strong experimental evidence to go on afforded by the fact that I 
had often seen a sliced oi heeled ball rotating rapidly when it reached the ground 
at the end of its devious course This is, of course what would be expected if the 
deflecting force were the only or at least the principal result of the rotation — for 
being always perpendicular to the direction of translation, it does no work But on 
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the other hand if the friction on a rotating ball depends upon its rate of translation 
the ball while fljring should lose its spin faster than if its centre were at rest This 
is a kind of information which might have been obtained at once from Magnus’ 
experiments but unfortunately was not 

4 As I felt that there was a good deal of uncertainty about the whole of these 
speculations I resolved to consult Sir G G Stokes I therefore without stating any 
arguments asked him whether my assumptions appealed to him to be sufficiently 
well founded to warrant the expenditure of some time and labour in developing then 
consequences — and I was much encouraged by his reply For he wrote — 

if the linear velocity at the surface due to the rotation is small compared with 
the velocity of translation I think your suggestion of the law of resistance a reasonable 
one and hkely to be approximately true This would make the deflecting force vary 
as vco I think too that the resistance in the line of flight will vary nearly as v 
irrespective of the velocity of rotation of the ball 

As to the decrement of the energy of rotation I thmk the second law which you 
suggested is likely to be approximately true The linear velocity due to rotation even 
at the surface where it is greatest being supposed small or at least tolerably small, 
compared with the velocity of translation I think you are right in saying that the 
force acting laterally upon the ball will vary at least approximately as vco If this 
acted through the centre it would have no moment But I thmk it will not act 
through the centre though probably not far fiom it so that it would have a moment 
varymg as vco Hence the decrement of angular velocity wo aid vary as vco and the 
decrement of energy of rotation as co(--dcoldt) or as co vco or as vco, accordmg to 
your second formula 

However I thmk the force at any point of the surface of the nature of that 
which we have been considering would act very approximately towards the centre, and 
therefore would have little moment so that aftei all the moment of the force tendmg 
to check the rotation may depend rather on the spin directly than on its combmation 
with the velocity of translation But if this be so I doubt whether the diminution 
of rotation durmg the short time that the ball is flymg is sufficient to make it worth 
while to take it mto account 


5 For a first inquiry and one of great consequence as enabling us to get at 
least general notions of the magnitude of the deflecting force let us take the simple 
case of a ball projected in a duection perpendicular to its axis of rotation m still 
air and not acted on by giavity [This would be the case of a top or ^peane ’ 
with its axis veitical travelhng on a smooth horizontal plane] Suppose further, that 
the rate of rotation is constant Then in mtrmsic coordinates the equations of tan 
gential and normal acceleiation given by oui assumptions are 


' = — 8 ja and s jp = kcos 
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The second may be put in either of the forms 
<l)==ka) or ^ = Ag>/6 


The first shows that the direction of motion revolves uniformly, the second that the 
curvature is inveisely as the speed of translation And as the first equation gives 

s = 


the intrinsic equation of the path is evidently 


. kcoa . . - V 


if <f> be measured from the initial direction of projection and F be the imtial speed 
This is an endless spiral which has an asymptote but no multiple points and whose 
curvature is 


It thercfoie vines continuously from nil at negative infinite values of s to infinitj 
at positive infinite values Any arc of the spii \1 has therefore precisely the character 
of the horizontal piojcction of the path of a sliced toed or heeled golf ball, for it 
IS obvious at once that the curvature steadily increises with the diminishing speed of 
the ball thus fir justifying the assumptions made in forming the equations of motion 
We have only to trace this spiial once for all to get the path for any circumstances 
of projection For the asymptote is obviously parallel to 

, h(oa 

<p = — ^ = — a suppose 


Measure <jt ftom this direction and the equation becomes 

(j) = oce^/a 

a gives the length corresponding to unit in the figuxe, and a (which determmes the 
point of it from which the ball starts) depends only upon a and the 7aho of the spin 
to the initial speed This with <j)/a and sja interchanged is the equation of the 
equiangulai spiial, which would be the path if the lesistance weie directly as the speed 


6 This enables us to get an appioximate idea of the possible value of k(o in the 
flight of a golf ball For if it bo well sliced its direction of motion when it reaches 
the ground is often at light angles to the initial direction although the whole deviation 
from a straight path maj not be more than 20 or 30 yards Assume for a moment 
what will be fully justified later that in such a case we may have (say) s = 480 feet 
a = 240 feet and F = 350 foot seconds We see that 

TT , 24 , . 

— = A7a)X-5-X04, 

2 3o 


so that Affl = = 0 307, nearly 

gives a sort of average value which may safely be used m future calculations In 
the case lust considered the acceleration (at starting) due to the rotation is 0 357 x 350 

46—2 
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or nearly four fold that of gravity ^ e the initial deflecting force is four times the 
weight of the ball 

7 In trymg to find the positions of the asymptote, and of the pole of the spiral 
of § 5 I spent a good deal of time on integrals like 

Jo tt -h ^ ’ 

with the hope of adapting them to easy numerical calculation by transformation to 
others with finite limits such as 0 7r/2 Happilj I learned fiom Piofessor Chrystal 
that they had been tabulated by Mr J W L Glaisher — and from his splendid papei 
{Phil Trans 1870) I obtained at once all that I sought In fact his and 
are simplv the x y coordinates of this spiral (each divided by a), the axes being 
respectively the perpendicular fi^om the pole on the asymptote and the asymptote itself 
Thus I traced at once as shown in Plate VI Fig 1 the first three quarters of a turn — 
and the transformations I had already obtamed enabled me to interpolate points when 
(after <^=5) those given in the tables were too distant from one another for suie 
drawing Another help m completing the curve graphically is given by the fact that 
the tangent at any point makes with the asymptote the angle (j> which belongs to 
the point This spiral does not perhaps exhibit the courses of the two functions 
so clearly as do the separate cuives given by Glaishei , but it certainly shows their 
mutual relation and their maximum and mimmum values in a veiy striking manner 

The numbers affixed to various points of the figured spiral are (in ciicular measure) 
the correspondmg values of <p or (by the equations of § o) they may be taken as 
proportional to the times of reachmg these pomts by the movmg ball starting with 
infinite speed from an infinite distance 

8 Even m the plane problem of § o the introduction of the effects of a steady 
current of wind m the plane of motion complicates the equations in a formidable 
manner Suppose <j> be measured from the reversed direction of the wind and let the 
speed of the wind be W Then if U with direction yjr be the relative velocity of 
the ball with regard to the wind (for it is upon this that the resistance and the 
deflecting force depend) we have 

27 cos ifr = TV + s cos (f> 

27 sin = ssm(f>, 

and the equations of motion are 

5 = — cos ((p —'^) + kn' sin (<f> — T^r) 

s C/ ® 

== — sin (<f> — '^) + A 27 cos (<^ — 'ijr) j 
p a 


where once for all we have written k for kco 
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Putting V for 5 and eliminating t these become 

dv U , V , 

^ “ ( Trcos ^ + 1 ;) + hW sin 

dd> U 

V ^ = - TT sin 0 -H i? ( TF cos (jf) + ?;) 5 

wheie, of course U^ = W +v +2Wv cos <f) 

These equations reduce themselves at once to the simpler ones above treated when 
we put W = 0 and therefore U = v As they stxnd they appear intractable m general 
except by hboiioufe processes of quadrature But while <j> is small le while the 
ball IS advancing neaily in the winds eye they may be written approximately as 

dv (W 4-v)® . 7 

5 — 

From the first of these we see not only that the space rate of diminution of 
speed IS inciexsfd in the latio {W+v)lv which was otherwise obvious, but also that 
the rotxtion tends in a feeble m inner to counteract this effect From the second we see 
that the spxcc nte of ehxnge of diiection is mci eased not only by the factor (W -{-v)/v 
in the term duo to spin but by a direct contiibution from the resistance itself The 
effect of a held wind in producing upward curvature even in a skimmei is well 
known, xnd we now sec thxt it is at first almost entirely due to the underspm 
which without being iwxic of i1 long diiveis necessarily give to the ball As soon 
xs sin<^ has by th( igtncy of the underspm acquired a finite value the direct 
losistxnce comes in to aid the undcispm in fuithcr mcreasing it We now see the 
true natuic of the impoitxnt service which (in the hands of a powerful player) the 
manly ventioal fxee of a dnvmg putter renders against a strong wind It enables him 
to gm groxt truislxtoiy speed with little elevation and with just spin enough to 
nciitiali/c foi the eailicr pxit of the path the effect of giavity 

9 Before I met with Robins’ paper I had tried his pendulum expeiiment in a 
foim which gives the opcratoi much giexter command ovei the circumstances of rotation 
than doos his twisting of two strings together Some years ago with a view to 
mcasuiing the coefhcient of lesistancc of air even foi high speeds in the necessarily 
modciatc lange xfiorded by a laige room I had procured a numbei of spherical 
wooden shells turned very thin My object, at that time, was to make the mass as 
small as possible while the dixmeter was considerable — but of course the moment of 
inertia was also very small So when I fixed in one of them the end of a thin 
iron wire, the other end of which was fastened to the lowei extremity of a vertical 
spindle which could be driven at any desired speed by means of multiplying gear the 
wire suffered veiy little torsion, except at the moments of reversal of the spin The 
pendulum vibrations of this ball showed almost peifect elliptic orbits rotatmg about 
the centre in the same sense as did the shell — and with angulai velocity approximately 
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proportional to that of the shell These two expeiimental results are m full accordance 
with the assumed law foi the deflecting force due to rotation Foi the ordinary vectoi 
equation of elliptic motion about the centre is 

(7= —mo- 

If the orbit rotate with angular velocity fl about the vertical unit vectoi cl perpen 
dicular to its plane <r becomes 

p = (T 

Ehmmate <r from these equations and we have at once 

p =-^(m — fl®) /) -h 2flap 

The part of the acceleration which depends upon the motion of translation of the 
bob — VIZ 

2nap 

IS pioporbional to the speed and also to Q that is (hy the results of ohseivatiou) 
proportional to the rate of spin , and it is perpendicular alike to a and to the direction 
of translation These statements involve the complete assumption above The other 
part of the acceleration depends upon position alone and must therefore le -np that 
of the non-iotatmg hall Hence ■we see that 

or the period in the rotating ellipse is al-ways shortened —whether the ball move round 
it m the sense of the spin or not This test cannot be appbed with any certainty m 
the experiment described aboTe for m general fl is much less than n so that m 
exceeds n by a very small fraction only of its value 

A very beautiful modification of this experiment consists m makmg the path of 
the pendulum bob circular before it is set m rotation Then rotation in the same 
sense as the revolution makes the orhit shrink and notably diminishes the penod 
Reverse the rotation, the orbit swells out and the penod becomes longer 

10 The equations of motion of a golf ball which is rotating about an axis per 
pendicular to its plane of flight and moving m still air are now easily seen to he 

® j. 

s = 0 sin © 

a " ^ 

(f3= k cos (f> 

The most mteresting case of this motion is a ‘ long dnve as it is called, where 
Ip IS always so long at least as it is positive, its utmost average value for the 

first two thuds of the range being somewhere about 026 This applies up to and 
about as much beyond the pomt of contrary flexure A httle after passmg that pomt 
begins to dimmish at a considerably greater rate than that at which it had previously 
increased 



CXII ] ON THE PATH OF A EOTATINO SPHEEICAL PEOJECTHiE 367 

A first appioximation gives as above 

s = 

if we omit the term g sm in the first equation With this the second equation gives 
at once on integiation 

We might substitute this for sin <f> m the first equation and so obtain a second and 
now very close approximation to the value of s But the result is far too cumbrous 
foi convenient use in calculation We will therefore be content for the present with 
the ludely approximate value of s written above 


Integiating again with respect to s we have 


['<pds = ( 

10 




aj 47 


Now for rcctanguhr coordinates (oo horizontal) and the same origm 

cob<f)ds = J ^ -f &c^ 2/=J sm^d5 = J ^ + &c^ ds, 

so that, to the oidcr of ipproximation we have adopted the equation of the path is 

I, - 1 -5) -1^- - 1 - ^) 


The only really sciious defect in this approximation is the omission of g&mcj) m the 
first ecu nation This renders the value of s too large for the greater pait of the path 
and thus the value of y will bo slightly too small up to the point of inflection, and 
somewhat too laige up to (and some way beyond) the vertex of the path 


11 When this piper was first lead to the Society it contained a considerable 
number of details and skoLches of the paths of golf balls based on three very different 
estimates of the constant of losistancc — respectively much less than nearly equal to 
and consideiably guatci than that suggested by Bashforths results These details have 
just been printed in Nature (June 29), and I thcicfore suppress them here replacing 
them by calculations based on experiments made between the two dates at the head of 
the p'^per One important remaik suggested by the appearance of these curves must 
howcvci bo made now Whatever from 180 to 360 feet be assumed as the value of a 
the paths required to grve a range of 180 yards and a time of 6® 5 have a striking 
family roscmblanco So much do they agree in general form, that I do not think 
anything like an approximation to the true value of a could be obtained from eye 
observations alone We must, therefore find a or F directly Only the possession of 
a really trustworthy value of a found by such means would justify the labour of 
attempting a close r approximation than that given above I have not as yet obtained 
the means of making any direct determmations of a but I have tried to find its value 
indirectly , first, from experimental measures of F made some years ago by means of 
a ballistic pendulum, secondly a few days ago by (what comes nearly to the same 


368 ON THE PATH OP A ROTATINO SPHERICAL PROJECTILE [CXII 

thing) inGasuring directly the speed of the club head at impact and thus detei mining 
the speed from the known coefiScient of restitution of the ball All of these experiments 
have been imperfect mainly in consequence ot the novelty of the circumstances 
and the feelmg of insecurity or even of danger which prevented the player from 
doing his best The results, however seem to agree in showing that V is somewhat 
over 300 foot seconds (sa} foi trial 350) foi a really fine drive Takmg the carry as 
180 yard-^ and the time as 6 the value of a given by the foimulse above is somewhere 
about 240 feet With these assumed data the imtial (diiect) resistance to the balls 
motion is sixteen fold its weight Bashfoiths results for iron spheres when we take 
account of the diameter and mass of a golf ball give about 280 feet as the value of a 
The difference (if it really exist) may possibly ause from the roughness of the golf ball 
which we now see to be essential to long cairy and to steady flight inasmuch as the 
ball IS enabled by it to take readily a great amount of spin and to avail itself of 
that spm to the utmost One of the arguments m § 2 above would give the resistance 
as proportional to v +eo) , instead of to v simply 

12 We have thus all the data except values of a and of k required for the 
working out of the details of the path by means of the approximate /r y equation just 
given The best course seems to be to assume values of a from 0 24 (according to 
Mr Hodge) down to zero, and to find for each the coriespondmg value of k which 
will make y = ^ foi = 540 This process gives the following values with a = 240 
y = 3o0 as above — 


a 

7 

kVIo 

a log kVjg 

0 24 

0182 

200 

166 3 

012 

0 246 

2 69 

237 5 

00 

0 309 

337 

2916 


It will be seen that the values of k are of the order pointed to by the behaviour 
of a sliced ball though they are considerably less than that given m the example of 
§ 6 This of course is a strong argument in favour of the present theory , for even 

in the wildest of (unmtentional) heeling the face of the club is scaicely so much inclined 

to its direction of motion as it is in good oidinaiy driving with a glassed club 
(Slicmg is very much less susceptible of accurate quantitative estimation by means of 
eye observations ) The third column gives the ratio of the initial deflecting force to 

the weight of the ball As this is more than unit m each of the three cases all 

these paths are at first concave upwards The numbers m the fourth column indicate 
(m feet) the distance along the range from the origin to the point of inflexion 

The approximate equation of the first of these paths is 

2/=57 6^-1-3005 - 

The abscissa of the maximum ordinate is given by 

0 = 57 6 + 30 05 (e*/«- 1)~ 7 o2 - 1) 
which leads to = 4 93 whence so = 384 nearly 

The vertex is therefoie at 0 71 of the range 
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13 Under ex^ictly the same circumstances had theie been no rotation the equation 
of the path would have been 

y = 57 6 ^ - 3 76 ^62*/“ - 1 - ^) 

This gives for y = 0 £& = l7la = 410 feet only 

The position of the vertex is given by 

0 = 576 -752 

so that X = 258 feet nearly 

In this case the veitex is at 0 63 of the lange only, and the time of flight 
IS 3®1 

Wo have heie in consequence of a very moderate spin only (in fact about half 
of that given by a good slice) all othei initial ciicumstances being the same, an 
exceedingly well maikcd difference in character between the two paths as well as 
notable difloienccs in langc and time of flight Thus while a player who gives no spin 
has (biy) a cxny of 136 yards only, anothei who gives the same initial speed and 
inclination of pith but also i vciy modciatc amount of spin accomplishes 180 yards 
with case, his ball, in fact, remaining twice as long in the aii 

14 loi the sake of furihei illustration let us eonsider the couise by which the 
ball sent off at the same inclination but without rotation may be forced by meie 
initial speed to have a lange of 540 feet Heie the condition foi V is 

0 = 129 6 - 8 84 ) 

SO that the leqmsite speed is 548 loot seconds, an increase of 56 per cent, mvolving 
about 2 6 fold encigy of tianslation, which I take to be entiiely beyond the power 
of any playci And the time of flight is reduced to 3® 7 only, a lapidity of execution 
nevci witnessed in so long a cairy The initial icsistance in this case uses to nearly 
forty fold the weight of the b all The equation of the path is 

and the vcitcx la at 356, oi about two thuds of the lango only 

15 Fig 2 bhows the thiee paths just dobonbed which start initially in the same 
direction, the uppermost is that with speed 350 and moderate spin The lowest has 
the same speed but no spin The intermediate coursie also has no spin but the 
ini tial speed IS 548 to enable it to have a range of 540 feet Thus the two upper 
paths in this figure aie charactenstic of the two modes of achieving a long carry — 
VIZ skill and brute force, respectively In fig 3 the first of these paths is repeated 
and along with it are given the corresponding trajectories with the same initial speed 
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350 but with inclinations of 012 and 00 respectively and with the values of k given 
above which are requiied to secure the same common range [To increase this range 
from 180 to 250 yards even in the lowest and thus least ad’vantageous path where 
there is no initial elevation all that is required is to raise the value of kV (the 
mitial acceleration due to rotation) from 108 to 219 ^ e practically to double it 

Y might perhaps be mcreased by from 25 to 30 per cent by a greatly increased 
effort in driving — but k is much moie easily increased A cairy of 250 yards in still 
air is therefore quite compatible with our data even if there be no initial elevation 
It can be achieved for mstance if Y is 400 foot seconds and k about 60 per cent 
greatei than that which we have seen is given by a good slice Of course it will 
be easier of attainment if the true value of a is greater than 240 feet When there 
IS no rotation there must be initial elevation, and even if we make it as great as 
1 in 4 the requisite speed of projection for a cany of 250 yards would be 1120 feet 
per second or about that of sound] Each of the curves has its vertex marked and 
also its point of inflexion when it happens to possess one Fig 4 gives a rough, 
conjectural sketch of the probable form of the path if other things bemg the same the 
spin could be very greatly increased As I do not see an easy way to a moderately 
approximate solution of this problem either by calculation oi by a graphic process 
I intend to attempt it experimentally I am encouiaged to persevere in this by the 
fact that in one of the few tnals which I have yet made with a very weak bow, 
I managed to make a golf ball move point blank to a mark 30 yards off When 
the string was adjusted round the middle of the ball instead of catching it lower, 
the droop in that distance was usually about 8 feet With a more powerful bow, and 
•with one of the thm wooden shells I have mentioned above, the circumstances will 
be very favouiable for a path with a kmk in it 
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\TYa/\isact‘iotv> of the Royal Society of Ldinbwigh Vol xxx-ix Pait II] 


(Rcid 6th and 20th Jannaiy, 1896) 

The first mstalmont of this paper was devoted in gioat paat to the general subject 
involved in its title but many of the illustiations wcie derived fiom the special case of 
the flight of i golf hill Since it was rend I have endeivouied ahke by observation 
and by o\peiimont, to impiovc my numciical data for this interesting apphcation 
particularly as regards the iinpoitant question of the coefficient of resistance of the air 
As -will bo seen I now find a vilue intermediate to those derived (by takmg average 
estimates of the mass md dnmetei of a golf ball) from the results of Robins and of 
Bashlorth This has been obtained indirectly by means of a considerable improvement 
in the apparatus by which I had attempted to measure the initial speed of a golf ball 
I have, still, little doubt that the speed may occasionally amount to the 300 or 
perhaps' even the 350 foot seconds which I assumed provisionally in my former paper — 
but even the first of these is a somewhat extravagant estimate and I am now of 
opimon that oven with veiy good driving, an initial speed of about 240 is not often 
an underestimate at least in careful play From this, and the fact that six seconds at 
least arc required for a long caiiy (say 180 yards) I reckon the terminal velocity at 
about 108 giving uY^CO as the icsistance-accderation 

I hope to recur to this question towards the end of the present paper ^ 

should repeat that I naturally preferred the comparatively recent determination to the 
much older one, and that in foimerly assummg a lesi&tance even greater than that which 
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Bashforths foimula assigns, I -was to some extent influenced by the consideration of 
the important effects of loughenmg or hammermg a golf ball For I fancied that this 
might increase the direct resistance as well as the effects due to rotation by the better 
grip of the air which it gives to the ball [See last sentence of § 11 Of course the 
assumption of mcreased coefScient of resistance leqmred a corresponding increase of the 
estimate of initial speed] The time of descnbing 180 yards homontally when 
gravity is not supposed to act if the initial speed is 240 and the terminal velocity 
108 IS about 5® 2, and this has to be increased by at least 1* if we allow for the 
cuiwature of the path and the effect of gravity I have employed this improved 
value of the coefficient of resistance m all the calculations which have been made 
since I obtained it But various considerations have led me to the conclusion that the 
resistance towards the end of the path may be somewhat underrated because of the 
assumption that it is throughout proportional to the square of the speed This point 
also will be referred to later as I wish to make at once all the necessary comments and 
improvements on the part already published 

Though the present communication is thus specially devoted to some cunous 
phenomena observed m the game of golf it contains a great deal which has more 
extended application —to which its results can easily be adapted by mere numencal 
alterations m the data Iheiefore I venture to consider its subject as one suitable for 
discussion before a scientific Society 

In my short sketch of the history of the problem I failed to notice either of two 
cornparatively recent papers whose contents are at least somewhat closely connected 
with it These I will now very bnefly consider 


The first is by Clerk Maxwell* On a particular Case of the Descent of a Heavy 
Body in a Resisting Medium The body is a flat rectangular slip of paper, falhng with 
its longer edges honzontal It is observed to rotate about an axis parallel to these 
edges and to fall in an obhque direction The motion soon becomes approximately 
regular, and the deflection of the path from the vertical is to the side towards which 
the (temporarily) lower edge of the paper slip is being tiansferred by the rotation 
[When the rectangle is not very exact or the longer edges not quite honzontal or the 
slip slightly curved, the appearance especially when there is bnght sunlight is often 
like a spiral staircase] Maxwell examines expeiimentally the distnbution of currents 
and consequently of pressure about a non rotatmg plane upon which a fluid plays’ 
Jhquely, and shows that when the paper is lotating the consequent modification of 
this distnbution of pressure tends to maintam the rotation The reasonmg throughout 
IS somewhat d^cult to follow and the circumstances of the shp are very different from 
those of a ball —but the direction of the deflection from the unresisted path is always 
in agreement with the statement made by Newton 

Much more mtimately connected with our work is a paper by Lord Rayleighf 
On the Irregular Flight of a Tennis Ball m which the true explanation of the 


Cambridge and Dublin Mathematical Journal ix 145 ( 1864 ) 
t Messenger of Mathematics vii 14 ( 1878 ) 
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curved path is attributed to Prof Magnus The author points out that m general, the 
statement that the pressure is least where the speed is greatest is true only of perfect 
fluids unacted on by external forces , whereas in the present case the whiilpool motion 
is directly due to friction But he suggests the idea of shoit blades pi ejecting fiom the 
ball the pressure on each of which is shared by the contiguous portion of the spherical 
surface Here we have practically Newtons explanation — the ‘ piessmg and beating 
of the contiguous au Lord Bayleighs paper contains an mvestigation of the form of 
the stream-lines when a perfect fluid circulates (without molecular rotation) lound a 
cylinder its motion at an infinite distance havmg uniform velocity in a direction per- 
pendicular to the axis of the cylmder And it is shown that the resultant pressure 
perpendicular to the general velocity of the stream, has its magnitude proportional alike 
to that velocity and to the velocity of circulation [There are some comments on this 
papei by Prof Grcenhill in the nmth volume of the journal referred to] 

In the BeihloMev zu d Ann d Phys (1895 p 289) there appears a somewhat 
saicastic notice of my foimer paper The Reviewer evidently annoyed at my remarks 
on Magnus treatment of Robins which he is unable duectly to controvert refeis to 
H61ie Traiti de Bahstique as containing an anticipation of my own work I find 
nothing there beyond a very small part of what was perfectly well known to Newton 
and Robins , except a few of the moie immediately obvious mathematical consequences 
deduced from the hypothesis (foi which no basis is assigned, save thxt it is the simplest 
possible) that the transverse deflecting force due to rotation is proportional to the first 
power of the translational speed 

In the present article I give fiist a brief account of my recent attempts to deter 
mine the initial speed of a golf ball and consequently to appioximate to the coejSficient 
of V in the assumed expression for the lesistance 

Next insteid of f icing the labour of the second approximation (suggested in § 10) 
to the solution of the differenti il equations I have attempted by mere numerical 
calculation to tike account of the effect of giavity on the speed of the projectile and 
hive thus been enabled to give improved, though still lough sketches of the form 
of the trajectory when it is not excessively flat This piocess furnishes incidentally, 
the moans of finding the time of passage through any arc of the trajectory 

Third I treat of the effects of wind, regaided as a uniform hoiizontal translation of 
the atmospheie parallel or perpendicular to the plane of the path 

Finally, recurring to the limitation of a very flat trajectory, I have treated briefly the 
effects of gradual diminution of spin during the flight This loss is shown to be in 
adequate to the explanation of the unexpectedly small inclination of the calculated 
path when the projectile reaches the ground Hence some othei mode of accountmg 
for its nearly veitical fall is to be sought, and it is tiaced to the rapid diminution 
of the resistance (assigned by Robins law) when the speed has been greatly reduced 
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Determination of Initial Speed 


16 The bob of my new ballistic pendulum was a stout metal tube some 3 feet 
long suspended horizontally near the floor by two paiallel pieces of clock spnng about 
2 0 feet apart and 8 63 feet long On one end of the tube was flxed transversely a 
circular disc 1 foot m diameter covered with a thick layer of moist clay into which 
the ball was dnven from a distance of 4 feet or so The whole bob had a mass of about 
33 lbs , and in the most favourable circumstances its hoiizontal displacement was 
about 3 5 to 4 mches As the balls mass is 0 1 lb the average indicated speed was 
thus about 200 foot seconds* Though I had the assistance of two long diivers whose 
habitual carry is 180 yards or upwards the ciicumstances of the trials were somewhat 
unfavourable for there was gieat difficult} in hitting the disc of clay centiolly The 
pendulum was suspended in an open dooi way , and heavy mattmg was disposed all 
about the clay so as (m Robms quamt language) to avoid these dangers to the 
braving of which in philosophical lesearches no honoui is annexed , so that the whole 
surroundings were absolutely unlike those of a golf course I therefore make an allow 
ance of 20 per cent and (as at present advised) legard 240 foot seconds or something 
hke it as a fa r average value of the initial speed of a really well driven ball —while 
thmkmg it quite possible that under exceptionally favourable circumstances, this may 
be mcreased by 20 or 30 per cent at least Now it is certain that the of flight 
IS usually about six seconds when the range is about 180 yards —considerably moio 
for a very high trajectory and somewhat less for a veiy flat one As we have by S 6 
the approximate formula 


we may take a = 360 as a reasonable estimate This number is possibly some 10 per 
cent m error but it is very convenient for calculation and golf balls differ considerably 
ffom one another in density as well as in diameter With it the terminal velocity of 
a golf ball is about 108 foot seconds, intermediate to the values deduced from the 
formula of Robins and of Bashforth which I make out to be 114 and 96 respectively 


If l be the length (m feet) of the supporting stiaps d the (smaU) horizontal deflection of the bob 
Its veitioal nse is obvionsly d 121 so that its utmost potential energy is 

{M+7n) gd 

^ ^ ^ of the ball that of bob 

baa ^as mri(M+m) Equating the corresponding imetic energy to the potential energy into which it is 
transformed we find at once (df+m) pd»/21=m T /2(Jf+m) leading to the very simple expession 

3/+ 771 


F=- 




With the numeiical values given in the text we easily find that this is eqmvalent to 

F=331^1 98 =63 2i) 


where V is of couise m foot seconds but the deflection is now (for 
called D Hence the numencal result in the text 


conyenience) expressed 


m inches and 
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With this value of a it is eas} to see that air lesistance alone reduces the speed of a 
golf ball to half its initial value in a path of 83 yards only This is the utmost gam of 
range obtainable (other conditions remaining unchanged) by giving four fold energy of 
piopulsion With the value (282) of a deduced from Bashforths foimula this gam 
would have been 65 yards only^ [So far for the higher speeds but it is obvious from 
all oidinary expenence of pendulums (with a golf ball as bob) that slow moving bodies 
suffer greater resistance than that assigned hy this law] 

In pissing I may mention that on several occasions I fastened firmly to the ball 
a long light tape the further end being fixed (after all twist was lemoved) to the 
giound so that the whole was perpendicular to the direction of diiving After the 
4 foot flight of the ball the diameter at first paiallel to the tape preserved its 
initial direction, while the tape was found twisted (in a sense corresponding to under 
spin) and often through one oi two full turns indicating something like 60 or 120 
turns per second This is cleaily a satisfactory veiification of the present theory 


Iffumencdl Approximation to Form of Path 


17 The differential equations of the trajectory were integrated approximately m 
§ 10 by formally omitting the term m g in the first of them that is so far as the 
speed IS concerned In othoi words — ^by assuming that ^ is always very small or the 
path nexily hoiizontal throughout It was pointed out that if the value of thus 
obt lined horn the second were substituted for smep m the first equation we should 
be able to obtain a second appioximition to the intrinsic equation of the pith amply 
sufficient foi all ordiniiy ipplicitions But the pioeess though simple enough m all 
its stiges IS long and laborious — and it is iltogcther inapplicable to the kinked path 
discussed m § 15 which fuinishos one of the most smgulir illustrations of the whole 
question 

The fact that one of my Liboiatoiy students Mr James Wood had shown himself 
to be an extremely rxpid and iccurate calculator led me to attempt an approximate 
solution of the equations by means of differences — ti eating the ti vjectory as an equi- 
latei il polygon of 6 foot sides and calculating numerically the inclination of each to 
the hoiizon is well as the average speed with which it is described Foi we may write 
the diffeicntial equations in the foim 


ld(v) 

^ ds a 


- g sin (^, 


d(f) k 
ds"^ V 





and those involve appioximately 


V — -y® + 2 



85 = 0 , 



85 
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Thus we find after a six foot step, the new values 



v —384 sin (jt 


192 cos 6 

0 = 0 i 

* • /)! 


[If we take account of terms in (8s)® we find that we ought to wiite foi 12/« 
the more accurate expression 12/ffl (1-6/a) But this does not alter the fo 7 m ot 
the expression for v It merely increases by some 2 per cent the donominatoi of 
the coefficient of resistance of which our estimate is at best a very rough one, so 
that it may be disregarded But the successive values of v are all on t.bis. account 
too large, and thus the values of ^ m their turn aie sometimes incrcised sonic 
times diminished but only by tiifling amounts This is due to the fact that the 
change of (f> depends upon terms havmg opposite signs, and mvolving diffeiont piowois 
of V so that then lelahve as well as then actual importance is contmually chaugmg 
These remarks lequire some modification when k is such that ^ may have largo values 
as for instance in the kinked path treated below But I do not pretend to tre it tin 

question exhaustively so that I meiely allude to this source of impeifcction of tlie 
investigation ] 


Let now a = 360 k=l/i and suppose (j) to be expressed in degrees Wo have 
to a sufficient approximation 


V =(v - 400 sin ^) ^1 - 

^-a^120 12000 1\ 


and successive substitutions in these equations starting from any assigned values of 
•y and ^ will give us the coriesponding values for the next side of the polygon with 
the more lecent estimate of the coefficient of resistance See the two last oxxniplcs 
m § 19 below which lead to the trajectories figured as 5 and 6 in Plate VII 


Unfoitunately many of Mr Woods calculations were finished before I had arrived 
at my new estimate of the value of a , but their lesults are all approximately renre 
sentative of possible trajectories -the balls being regarded as a little larger or a little less 
dense than an ordmary golf ball, m proportion as the coefficient of resistance assumed 
IS somewhat too great And no difficulty arises from the assumption of too gieat an 
mtial speed for we may simply ormt the eailj sides of the polygon until we come 
to a practically producible rate of motion 


18 To discovei how far this mode of approximation can be trusted 
only to compare its consequences with those of the exact solution For the 
equation can easily be obtamed in finite terms when there is no rotation 


we have 
intrinsic 
In fact 
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by elimination of g between the differential equations of § 10, aaanTmng h = 0 we have 
at once the complete differential of the equation 


cos (^ = F cos (pH = Vo suppose , 


where it is to be particularly noticed that Vo is the speed of the horizontal component 
of the velocity of projection not the total speed By means of this the second of 
the equations becomes 


^ 9_ 

ds ~ Fo* 


€ COS^ ^ 


whence 


^2 — 1) = sec <^o tan </)o — sec 0 tan + log 

y 0 


sec (po H- tan (f>o 
sec <f> -h tan (f> 


The following fragments show the nature and anangement of the results in one of 
the earlier of Mi Woods calculated tables Having assumed (for reasons stated in 
the introductory remarks above) that a = 240 I supplied him with the following 
formula) — 

v'^= - 400 sm <p(l-0 04) 

, , 12000 » /I aa/i\ 

<j> =<f>— -- cos (1 - 0 04) 

and I took as initial dxta 7” = 300 <^ = 15 , [whence of course Fo=84 000 nearly 
This IS lequired for comparison with the exact solution] 


Working from these ho obtained a mass of results from which I make a few 
extixcts — 


'/6 

V 

V 

Ijv 


<P 

Brntp 

2(sm^) 

OOBlj) 

2 (cos (f>) 

1 

90000 

soo 

o 

o 

003 

15 

2588 

2588 

9659 

9659 

2 

85 401 

292 2 

00342 

0007o 

14 876 

2565 

51o3 

9665 

19324 

3 

81 032 

284 6 

00351 

01026 

14 746 

2546 

7699 

9671 

2 8995 


* 




* 


* 


* 

20 

33045 

1818 

00550 

08666 

11028 

1914 

4 6102 

9815 

19 4569 

21 

31319 

177 0 

0056O 

09231 

10 686 

1854 

4 7956 

9826 

20 4395 


* 


* 


* 


* 


* 

40 

11440 

106 9 

0093) 

23393 

- 1023 

- 0178 

6 6163 

9998 

39 3178 

41 

10 876 

104 3 

00959 

24350 

- 2 030 

- 035u 

6 6808 

9994 

40 3172 


* 


* 


♦ 


* 


* 

60 

5453 

738 

01354 

46935 

- 30 748 

- 5113 

14677 

8695 

68 3988 

61 

5377 

73 3 

01363 

48298 

- 32 564 

- 5383 

9294 

8428 

69 2416 


» 




m 


* 


* 


This table gives simultineous values oi s v and ^ directly t is obviously to be 
found by multiplying by 6 feet the numbers in column fifth, while by the same process 
we obtain rectangular coordinates vertical and hoiizontal from the eighth, and the last 
columns respectively Thus foi instance we have simultaneously 
T II 
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s V t (p y X 

120 1818 0^52 11 028 27 66 116 74 

240 106 9 1 404 -1 023 39 69 235 9 

(The tiajectory is given as fig 3 in the Plate and will be further analysed in the 
next section of the paper) 

From the complete table we find that in this case ^ is positive up to the ScSth 
line inclusive and then changes sign It vanishes for s=233 (approximately) after the 
lapse of 1®35 The rectangulai coordinates of the vertex are about 230 and 40 and 
the speed there is reduced to 110 From the exact equation we find 5 = 232 fox <^ = 0 
This single agieement is conclusive since the earlier tabular values of s for % given 
value of ^ ought to be somewhat in excess of the true values, while the later md 
especially those for negative values of gi eater than 30 or so should be somewhat too 

small — the calculated trajectoiy has at first somewhat too little curvatuic but 
towards the end of the range it has too much It is easy to see that this is a nccessaiy 
consequence of the mode of approximation employed — look, for instance at the fxet 
that the initial speed is taken as constant through the first six feet See xlso the 
remarks in § 17 On the whole therefore though the carry may possibly be \ little 
underrated the numerical method seems to give a very fair approximation to the tiuth 
This admits of easy verification b} the help of the value of di^jds last written for it 
enables us to calculate the exact value of s for any assigned value of ()!> by a simple 
difiFerence calculated fiom the result obtamed from an assumed value 


19 Takmg the method for what it is worth the following are a few of the icsults 
obtamed from it by Mr Wood I give the numeiical data employed plotting the 
curves from a few of the calculated values of x and y But I inseit at the side of cxcli 
trajectory marks indicatmg the spaces passed over in successive seconds This would 
have been a work of great difficulty if we had adopted a direct process even in eases 
where the intrinsic equation can be obtained exactly —and it must be earned out when 
we de ire to find the effects of wind upon the path of the ball 


Fig 1 lepresents the path when a = 240 (properly 234) F=300 </)o=0 and /b = l/3 
This will be at once recognised as havmg a very close resemblance to the path of x 
welldnven low ball The vertex (at 0 76 of the range) and the point of contraiy 

exure are indicated This tiajectory does not differ very much from that given (for 
the same imtial data) by the roughly approximate formula of § 10, which rises a little 
higher and has a range of some ten yards greater But the assumed initial speed and 
consequently the coefhcient of resistance are both considerably too great 

In fig 2 all the mitial data are the same except h which is now increased to 1/2 — 

the spin is 50 per cent greater than m fig 1 We see its effect mainly m the 

mcreased height of the vertex and in the introduction of a second point of Contrary 

anXr til £v will bring these points of contrary flexure nearer to one 

another till they finally meet in the vertex which will then be a cusp a point of 

en arj res an t e path throughout mil be concave upwards ' This is one of the 
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most curious results of the investigation and I have realized it 'with an oidmary golf 

ball — using a cleek whose face made an angle of about 45 with the shaft and was 

furnished with parallel tiiangular grooves biUng downwards so as to ensure great undei 
spin [The data for this case give extravagant results when employed in the formula of 

§ 10 Ihe vertex it assigns is 510 feet from the starting point and at nearly 172 feet of 

elevation — while the range is increased by 60 or 70 yards And that formula can never 
give more than one point of contrary flexure All this was however to be expected , 
since the formula was based on the express assumption that gravity has no direct effect 
on the speed of the piojectile] 

Fig 3 shows the icsult of dispensing altogether with initial rotation while 
endeavouring to compensate lor its absence by givmg an initial elevation of 15 This 
figure also will be i ccogmsed as characteristic of a well known class of drives , usually 
produced when too high a tee is employed and the playei stands somewhat behind his 
ball Notice paiticularly how much the carry and the time of flight are reduced 
though the initial speed is the same The slight undeispm makes an extraordinary 
ditfeiencc producing as it were an unbending of the path throughout its whole length 
and thus greatly increasing the poition above the horizon But of course the pace of 
the ball when it icaches the ground is very much greater than in the preceding cases 
it usually falls moic obliquely and it has no hack spin On all these accounts we 
should expect to find thit the run will in gencrxl be very much greater Still in 
consequence partly of the greater coefiicicnt of lesistance at low speeds presently to be 
discussed oveispm (due to the disgiaceful act called topping ) is indispensable for 
a really long lun In such a case the carry will, of course be still further reduced, 
unless the initial clcvxtion be very considerably increased (Some of Mi Wood^s 
numencal results from which fig 3 was diawn, weie given in the preceding section ) 

In fig 4 a xnd F aie as in fig 1 but 7=1 and = Here we have the kink 
of which X piovibional sketch (closely resembling the truth) was given in the former 
instilment of the paper I have not yet obtained it with a golf ball, though as already 
stxted I have got the length of producing the cusp above spoken of But the kink can 
be obt lined m x stiiking mannci when we use as projectile one of the large balloons 
of thin India rubber which are now so common We have only to slice the balloon 
sharply downwards (in a nearly vertical plane) with the flat hand This is a most 
instructive experiment and its repetition presents no difiSculty whatever It is to be 
specially noticed that in the particular kink sketched there is a pomt of mimmum 
speed somewhat beyond the vertex and a point of maximum speed both nearly in 
the same vertical with the point of projection The first (where the speed is reduced 
to 6b 7) IS 1 cached m a little more than two seconds, the other (where it has risen 
to 73 8) in rather more than four 

It may be interesting to give a few details of Mr Woods calculations for this 
ease — selecting specially those near the points of maximum and minimum speed and 
along with them those for closely corresponding elevations on the ascendmg side Also 

48—2 
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near the vertex The equations were 





= 


1 — 400 sm ^ (1 — 0 04) 






^1 = 

360 

12000 








1 

1 1 ^ 

+ 

“0- 

i— cos 

^ (1 - 0 04) 



s/6 

V 

V 

Ijv 

S(l/v) 

<f> 

sm0 

S (sm 0) 

COS <f> 

(cos <p) 

1 

90000 

300 

003 

003 

46 

7071 

7071 

7071 

7071 


* 


* 


* 


* 


* 

23 

24582 

156 8 

00638 

10693 

78 72 

9807 

19 6186 

1956 

11 3075 


* 






» 


» 

41 

5583 

747 

01359 

27640 

145 3 

5693 

35 8751 

8221 

6 2814 


* 


Sr 


» 


» 


* 

44 

4278 

65 4 

01o29 

32038 

166 46 

2343 

36 9422 - 

- 9722 

3 4951 

4o 

8974 

630 

01686 

33624 

174 58 

0944 

37 0366 - 

■ 9955 

2 4996 

46 

3739 

611 

01636 

35260 

183 16 

- 0553 

36 9813 - 

- 9981 

1 5015 


* 


* 


* 




* 

48 

3475 

59 0 

01697 

38630 

201 3 

- 3633 

36 4078 - 

- 9317 

- 5921 

49 

3441 

587 

01704 

40334 

210 5 

- o075 

35 9003 - 

- 8616 

- 1 45 37 

50 

3464 

« 

58 9 

01700 

42034 

219 0 

- 6363 

35 2640 - 

- 7714 

-2 2251 

67 

5434 

737 

013o7 

67179 

313 1 

- 7302 

200274 

6833 

* 

- 3162 

68 

5443 

738 

01356 

68534 

316 5 

- 6880 

19 3394 

7258 

+ 4096 

69 

5435 

* 

73 7 

013o7 

* 

69891 

319 9 
* 

- 6446 

18 6948 
* 

7646 

+ 1742 
« 

The following data belong to the 
made — 

last elements for 

which the 

calculations wci 

80 

4374 

661 

01612 

85485 

352 9 

- 1224 

14 6898 

9925 

11 2602 

81 

4202 

648 

01o42 

87027 

355 b 

- 0732 

146166 

9973 

12 2575 


As the last five values of </> have been increasing steadily by neaily } foi oxch 
element it is clear that the direction of motion again rises above the horizontil, but 
whether the path has next a point of contraiy flexure or another kink can only b( 
foimd by carrying the calculation several steps further [The second kink is vuv 

Ivr leduced at the point where the calculations wcio 

jested Mr Wood has gone to Australia and I had unfortunately fold him to stop 
the numeiical work in this particular example as soon as he found that 2 Ceos 
after becoming negative had recovered its former maximum (positive) value] ^ ’ 
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time spent by the other in the air But the contiast shows how much moie important 
(so fai as carry is concerned) is a moderate amount of underspm than laige imtial 
elevation And we can easily see that initial elevation which is always undesirable 
(unless theie is a hazard close to the tee) as it exposes the ball too soon to the action 
of the wind where it is strongest may be entirely dispensed vith This pomt is 
discussed m next section 

On account of then intimate connection with actual practice I give a few of the 
numeiical lesults for these two closely allied yet strongly contrasted cases belonging 
to two different classes of diivmg — choosing sides of each polygon passed at intervals 
of about 1® as well as those near the vertices and the point of contraiy flexure The 
formulae foi these cases are those given at the end of § 17 above — the second term 
in the expiession for <;!>' being omitted for the latter of the two trajectories 

Foi Fig 5 
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V 

V 

\jv 
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79 
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56 2 

01780 

1 00513 
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* 

89 

4 338 

65 9 

01519 

1 16748 
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I regret that Mi Wood was obliged to give up his calculations before he had 
worked out more than about a third of the requisite rows of figures for a trajectory 
differmg mitially from fig 5 in the sole particular 0 = 5 instead of 10 This would 
have been still more illustrative than fig 5 as a contrast with fig 6 But a faiily 
approximate idea of its form is obtained by taking the earlier part of fig 5 rogaided 
as having the dotted line for its base See a remark in § 22 below which nemly 
comcides with this 


Effect of Wind 


20 So far we have supposed that there is no wind But with wind the con 
ditions are usually very complex especially as the speed of the wind is gcnoixlly 
much greater at a little elevation than close to the ground Hence I must icstnct 
myself to the case of uniform motion of the air in a horizontal diiection We hive 
in such a case merely to trace by the processes already illustrated, the path of the 
hall relatively to the air and thence we easily obtam the path relatively to the 
earth Here of course it is absolutely necessary to calculate the time of pissing 
through each part of the trajectoiy relative to the air If the wind be in the phuc 
of projection and its speed U the relative speed with which the ball starts his 
horizontal and vertical components Fcosa-ir and Fsina respectively Thus idi- 
tively to the movmg air the angle of elevation is given by 


and the speed is 


tan CL 


F sin g 
F cos a — [7 


F'=: VK^-2C7Fcosa+i7 


The relative trajectory traced from thebe data, must now have each of its 
pomts displaced forwards by the distance Ut through which the an has advanced 
during the time t required to reach that point m the relative path Of course, foi 

a head wind 27 is negative, and the pomts of the relative trajectory must be displaced 
backwards ^ 


Figs 7 8 9 illustrate in a completely satisfactory manner, though with some- 
what exaggerated speeds and coeflScient of resistance the results of this process 
Mr Wood had calculated for me the path in still air with a = 288 (or rather 2S2) 
F=300 ^ = 6 * = 1/3 Since the time of reaching each point in this path had 

been incidentally calculated it had only to be multiplied by 26 and subtracted from 
the corresponding abscissa m order to give the actual path when the speed of the 
head wind is about 17 miles an hour and the initial speed about 276 (The exact 
values of this and of the actual angle of projection must be calculated by means 
of the precedmg formulae —but they are of little consequence in so rough In illus 
tration as the present especially as ,f>, and U/V are both small) The corresnondm^ 
trajectory is shown in fig 7 If we use the same relative path for wind of 26 5 
miles per hour the actual mitial speed must be about 2626 and the true path is 
fig 8 Finally fig 9 gives the result with actual mitial speed 2o0 and head wmd 
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blowing at 34 miles an hour Here again a kink is produced in the actual path, 
hut it IS due to a completely diflferent cause fiom that of hg 4 And it is specially 
to be noted how much the vertex is displaced towards (and even beyond) the end 
of the lange 

21 It IS not necessary to figure the lesult of a following wind for such a 
cause meiely lengthens the abscissae in a steadily increasing ratio and makes the 
cany considerably longer while placing the vertex more neaily midway along the 
path But it IS well to call attention to a singularh eironeous notion very prevalent 
among goKeis viz that a following wind carries the ball onwards ^ Such an idea 
IS of couise xltogcthcr absuid, except in the extremely improbable case of wind 
moving fxstei than the actual initial speed of the ball The true way of regarding 
mattcis of this kind is to remember that there is always resistance while there is 
relative motion of the bill and the ur and that it is less as that relative motion 
IS smaller, so thxt it is i educed throughout the path when there is a folio wmg wind 

Another ciroueous idea somewhat akin to this is that a ball rises considerably 
highci when dii\cn igainst the wind and lower if with the wind than it would 
if theic wcie no wind The differ ence (whether it is in excess or in defect will 
depend on the cucumstinces of piojection notably on the spin) is in general veiy 
small, the often large appnent rise or fall being due mainly to perspective as the 
veitex of the pxth is brought considerably nearer to oi further fiom the player 

These xpproxim xtions to the effect of wind are as a rule very lough, because 
in the open field the speed of the wind usually increases in a notable manner up 
to a cousideixble height xbove the ground, so that the part of the path which is 
most xffcctcd is thxt nexr the veitex But the general character of the effect can 
cxsily be judged fioin the cxiinples just given 

“When the wind blows directly across the path the same process is to be applied 
It IS easy to see that the tixjcctoiy is no longer a plane cuive, and also that in 
every case the cxiiy is increased But in general allowance is made for the wind 

the bill is struck in such a dnection as to make an obtuse angle with that of 
the wind moie obtuse xs the wind is stronger In this case the carry must invariably 
bo shortened But without calculation we can go little beyond general statements 
like these 


L(fect of Go adual DiminuUooi of Spin 

22 In my foimcr paper I assumed throughout that the spin of the ball remains 
practicxlly unchinged dining the whole carry That this is not fai from the truth is 
piotty obvious from the Ixtter part of the careei of a sliced or a heeled ball If 
however in accoi dance with § 4 we assume it also to fall off in a geometric latio 
with the space tiavcrscd — an xssumption which is probable rather than merely plausible, 
so long, at least, as we neglect the part of the loss which would occur even if the 
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ball had no translatory speed — the equations of § 10 require but slight modification 
For we must now write instead of h 

The time rate at which this falls off is proportional to itself and to v diiectly and 
to b mwersely 

If we confine ourselves to the very low tiajectones which aie now chaiacteristic 
of much of the best diiving we may neglect (as was provisionally done in § 10) the 
effect of gravity on the speed of the ball and -write simply 

V = Fe-®'® 

Thus the approximate equation of the path becomes 

Here 

1 _ 1_1 
a'~a J’ 

and finally y = ctx + ^{^i<^-l- a/a') - - 1 - ^oofa) 

■where a. is always very small perhaps even negative , and may at least for our present 
purpose be neglected Its mam effect is to elevate or depress each point of the path 
by an amount proportional to the distance from the origin, and thus (when positive) 
It enables us to obtain a given range -with less underspm than would otheiwise he 
required 

23 For calculatiou it is very convenient to begin hy formmg tables of values 
of the functions 

= and 

P p^ p > 

foi values of p at short mtervals from 0 to 3 or so [Note that the same tables 
are adaptable to negative values of p smce we have obviously 

/C-p) = e-P/(p) and F{- p)= (p)-F(p))] 

These we -will take for granted We may no-w write 

y = ~ (hVF{xla,)-gF{lwla)) 

^ ^ Wa ) - 9f(2wla)) 

The range and the horizontal distance of the vertex and of the point of con 
traiy flexure respectively are given by the values of a; which make the second factors 
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vanish —and it is curious to remaik that (to the present rough approximation of 
couise and for given values of a and a') these depend only upon the value of kVjg 
^ e the initial ratio of the upward to the downward acceleration Thus so far as 

the range is concerned the separate values of / and V aie of no consequence all 

depends on their product But it is quite otherwise as regards the flatness of the 
trajectory for the maximum height is inversely as the squaie of V Of course we 
must remember that one indispensable condition of the approximation with which 
we aie dealing is that the trajectory shall be very flat, and thus if the range is 

to be con&ideiable V cannot be small and (also of course) k cannot be very large 

We have alieady seen how to obtam a fairly appioximate value of a (say 360) but 
1) presents much greater difficulty We may therefoie, assume foi it two moderate 
and two extreme values and compaie the characteristics of the resultmg paths If h 

be infinite we have tho case alieady treated in which the spin does not alter during 

the balls flight, while if h be less than a the spin dies out faster than does the 

speed and we approximite (at least in the later part of the path) to the case of 

no spin Hence wo mij txkc foi the values of h the following — oo 900 360 and 
ISO —so that a' has the lespcctive values 360 600 oo and -360 Let the cany 
(7) be once for all taken as 180 yaids Then foi 3/=0 we must have 2^/a = 3, and 
the lespcctive \alucs of a/a aic lo 0 9 0 and —15 With these aiguments the 
values of F are, m oidci 

17873, 0 8807, 0 6908 0 5 and 0 3258, 

so thxt we have the following approximate vxlues of the ratio kVjq 

2 03 2 59 3 67, 5 49 

The fust two loquiic a moderate amount of spin only if we take 240 as the 
initixl speed 

The approximate position of the vertex (i^o) ^f these paths is given by 

f{2a.,la) = 2 0 J /( oi 1 06 (a?o/a = 1 1184) 

whence a,) = 402 6 or about three fourths of the caiiy 

Ihc coriesponding value of y is about 27 feet 

The point of contraiy flexure is at €®^®= 2 03 so that a?i= 255 and the value of 

theie has its maximum about 0 07 only 
dx 

In the othei thiee paths above the maximum ordmate and the maximum in 
clination both increase with the necessarily inci eased vxlue of k while the vertex and 
the point of inflexion both occur earlier m the path The appioximate time of flight 
m all IS X little over five seconds The paths themselves aie shown much fore 
shortened in hgs 10 11 12 13 where the unit of the horizontal scale is 3 6 times 
that of the vertical This is given with tho view of comparing and contrasting them 
Fig 14 shows the fiist and flattest of these paths m its proper form It is clearly 
a fair approximation to the actual facts, and when we compxre it with the others 
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as m the foreshortened figures we see that the assumption of constant spin (§ 4) is 
probably not far from the truth For in the great majority of cases of drives of 
this character there is observed to be very little run — and this can be accounted 
for only on the assumption that theie is considerable underspin left at the pitch 
But It IS also clear that the falling off of the spin produces comparatively little 
inciease of the obliquity of impact on the ground even in the exaggerated form in 
which these paths are drawn Then actual inclinations to the giound have tangents 
about 0 49, 0 66 078 and 108 respectively The last and greatest of these angles 
IS just over 45 

24 It is mterestmg to compaie this set of data and their consequences with 
those of §§ 11 14 15 The lattei weie in fair agreement with many of the more 
easily observed features of a good drive but they gave too high a trajectory The 
new measure of initial speed and the consequent reduction of the estimated value of 
the coeflficient of resistance have led to lesults more closely lesemblmg the tmth 

But in all as we have seen there is one notable defect The ball comes down 
too obhquely and this is the case moie especially when the cairy is a long one and 
the balls speed therefore much reduced I was at first inclined to attribute this to 
my havmg assumed the «pin to lemain constant during the whole fiight This was 
my mam reason foi carrying out the investigations desciibed m §§ 22 sq But these 
give little help as we have just seen and I feel now convmced that the defect is 
due chiefly to the assumption that the resistance is throughout proportional to the square 
of the speed I intend to construct an apparatus on the piinciple de&ciibed in § 16 
above but of a much hghter type to measure the resistance for speed of 30 feet 
seconds or so downwards But I shall probabl) content myself with verifying if I 
can the idea just suggested leaving to some one who has sufficient time at his 
disposal the working out of the details when the resistance is pioportional (towards 
the end of the path) to the speed directly, or to a combination of this with the 
second powei The former is considerably more tioublesome than Robins law , and 
a combination of the two may probably be so laborious as to damp the ardour of 
any but a genuine enthusiast The possibility that the law of resistance may change 
its form for low speeds {%e towaids and beyond the veitex of the path) throws 
some doubt upon the accuracy of the determmation of the coefficient of resistance 
from the range the time of flight and the mitial speed But, at piesent I have no 
means of obtaining a more accurate approximation 

25 The whole of this inquiry has been of a somewhat vague character but its 
value IS probably enhanced rather than lessened in consequence For the circum- 
stances can never be the same in any t'^o drives even if they are essentially good 
ones and made by the same player To give only an instance or two of reasons 
foi this — Two balls of equal mass may have considerably different coefficients of 
resistance in consequence of an apparently trifling difference of diameters or of the 
amount or charactei of the hammering — or they may have very different amounts 
of resilience due to comparatively slight differences of temperature or pressure during 
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then treatment m the mould The pace which the player can give the club head 
at the moment of impact depends to a very considerable extent on the relative 
motion of his two hands (to which is due the nip ) duimg the immediately pie 
cedmv two hundredth of a second while the amount of beneficial spin is seriously 
diminished b} even a triflmg upward concavity of the path of the head during the 
ten thousmdth of a second occupied by the blow It is mainly in apparently tnvia 
matters like these which are placidly spoken of by the mass of golfera under e 
geneial title of ‘knack that he the very groat differences in drives effected under 
piecisely similar external conditions, by players equal in strength agility and (except 
to an extremely well trained and ciitical cy©) ©ven in style 


Wet 5 1898— The printing of this papei has been postponed for nearly three 
xcais in the hope not as yet reahsed that I might be able to determine accuiately 
by expenment the teiminal speed of an aveiage golf ball as well as the average 
vilue of k when (as m § 5) kmv represents the transverse acceleration terms of 
the lates of spm and translation Another object has been to measure the effect 
of lapid rotation upon the coefficient of lesistance to tianslatoiy motion These ex 
peiimLts in vaiious forms are still being earned out by means of various modes 
of piopulsion fiom a crossbow to a harpoon gun I hope also to piocure data for 
speed and icsistance applicable to various othei projectiles such as cricket balls arrows 

bud bolts etc ] 


[1899 —A popular sketch of the mam 
fu as they are applicible to the game of 
Magazine for March, 1896 ] 


results of Nos OXII and CXIII so 
Golf will be found m the Badminton 


49—2 
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CXIV. 

NOTE ON THE ANTECEDENTS OF CLEEK MAXWELL’S ELECfEO- 
DYNAMICAL WAVE-EQUATIONS 


\Proceed/mgs of the Royal Society of Edinhii/rgh April 2 1894 ] 

The first obvious diflSculty which presents itself in trying to denve Clerk Maxwell s 
equations from those of the elastic solid theory appears in the fact that the latter being 
lineal do not impose any relations among simultaneous disturbances Thus foi instance 
they mdicate no reason for the associated disturbances which in Maxwells theory con- 
stitute a ray of polarised light Hence it appears that we must look on the vectors of 
electric and magnetic force if they are to be accounted for on ordinary d3nQamical principles, 
as being necessarj concomitants qualities or charactenstics of one and the same vector 
disturbance of the ether and not themselves primarily distuibances From this point 
of view the disturbance m itself does not coirespond to light and may perhaps not 
affect any of our senses And the very form of the elastic equation at once suggests 
any number of sets of two concomitants of the desired nature which are found to bo 
related to one another m the way required by Maxwell s equations 

For the moment as sufficiently illustrating the essential point of the above remarks 
I confine myself to disturbances in the fiee ether such as do not involve change of 
volume The elastic equation is 

with the hmitmg condition 5^75 = 0* 

[Had not this condition been imposed the dynamical equation would have involved 
on the right the additional term 

(a -i^)vsve] 

* Stokes On the Dynamieal Theoiy of Diffraction Camh Phil Ft am ix (1849) 
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From any vector satisfying these equations let us derive (by means of the 
operators djdt and aV which aie the only ones occurring in the equation of motion) 
the concomitants 

6 = 0 /x = — aV0, 

or € = 6 = — ci^ 6 &c &c 

and we have between them Clerk-Maxwells equations 

€ = aVfjL 

with the conditions fifVe = 0, SV/jl^^O 

The extension to dielectrics whether they be isotropic or not is obtained at once — 
and it secures (in the latter case) all the simplicity which Hamilton s linear and vector 
function affords Thus the properties of double lefraction wave surfaces &c follow 

xlmost intuitively 

When we come to conducting bodies we have to introduce fiuther conditions 

But I do not enter on these at present as the problem is essentially altered m 
character Noi do I foi the moment, discuss the beaiing of the above notions upon 
the profound question of the possible nature of electricity and of magnetism 

Theie is a soit of analogy to the above in the case of sound For it is not 
the (\octor) disturb xnce of the an which xflfects the sense of hearing but the (scalar) 
concomitxnt change or rate of change of density 

Thus possibly, the widely different results obtained by observers of the alteration 

of piano of polarisation in ditfiacted light may all really be in accordance with Stokes 

splendid investigation —if >^c look upon light as xn effect produced by the concomitants 
of the ether disturbance and not directly by the ether disturbance itself 
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ON THE ELECTROMAGNETIC WAYE SURFACE 

\_Proceed%ngs oj the jRoyal Society oj EA%riburgh April 2 1894] 

We may write the electio-magnetic equations of Clerk-Maxwell as 

For plane waves running with normal Telocity ?;« = — we have 
01 = ef(vt’h Sap) 62 = 7 ] f(yt + Sap) 
whence at once <j>€ = VjjLTj — — Ype 

so that Sp(pe = 0 8 p/^ = 0 

[For the moment we assume that ^ and aie self-conjugate so that a linear 
function of them is also self conjugate And we employ the method sketched m Tait s 
Quatermo7\s 438-9 ] 

We have = Vy^py^ = — F y^pYpe 

01 yfrpSeylrp = -f Spyfrp '\fre = isre say 

Thus we have to determine p the single scalar equation 

S p<l>'rs-hjrp=^ Sp{nyJr-'^-\-Spyfrp = 0 (a) 

This IS the index-surface and the form of “w shows that it has two sheets 

^ e there aie two values of Tp foi each value of JTp 

The tangent plane to the wave is 

( 6 ) 


Spp = — 1 
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To shorten our 

work introduce in place of e the auxiliary vectoi 





so that 

■y^pi, = n<f>T + Sp'^l^p ''JfT 

(c) 

(a) may now be written 8fi(f>r = 0 

(a) 

Hence (c) gives, by operating with S jjl S t and 8 

(1) 


SfJL^frr = 1 


1 = nST<f>T + Sryfrr 

(2) 


— 1 = nSpyjr'^'^^T + Srp 

(3) 

These preliminaries being settled we must find the envelope of (6) subject to the 

sole condition (a) 

We have at once by differentiation 



Spdpb = 0 and Sdpu {(f>r — 'ylrpSTtpr) = 0 


so that 

c(,p <j)T — yfrp^SrcjyT 

(d) 

Tieat this with the three operators used befoie and we have respectively 



Ob = Spb'^fJb 8r(f>T 

(4) 


o 

11 

(5) 


u,8pylr-^p = 8p->}r-^<i>r + 8t<I>t 

(6) 

By means of (5), (3) becomes - 1 = n8pyfr-^^T 


so that (6) takes the form ci!8pyfr-^p = — - + 8r^T 

(6) 


Substitute for ^r/j, m (d) its value in teims of t from (c), and v becomes by 
(4)) and (6) a factor of each term, so thit 

p = — n8p'^~^p <j>T — (*^) 

Eliminating t between this and (5) we have finally 

S p{ir + n^p^fr-^p = 0 

(Equation (2) above, has not been so far lequiied — but it is necessary if we 
desire to find the lalues of and othei connected quantities) 

It IS obvious that, if we had oiiginally eliminated e instead of r, we should have 
obtamed the (apparently) different form 

8 p{4> + m8p4>~'^p >lr)~^p = 0 

It IS an mteiesting example in the treatment of lineai and vector functions to 
transform one of these directly into the other (Taits Qmtermons §183) 
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ON THE INTEINSIC NATUEE OF THE QHATEENION METHOD 


[P-ioceedings of the Royal Society of Edinbuigh July 2 1894] 

My title IS purposely ambiguous because it has to lepiesent two things —I intend 
to treat not only of what a quateimon really is, but also of its self contamedncss oi 
mdependence 

Piofessoi Cayley has just stated* that while coordinates aio applicable to the 
whole science of geometiy and are the natuial and appropnate basis and method in 
the science Quatermons seem to me a particular and veiy artificial method lor ticating 
such parts of the science of three dimensional Geometry as aie most natuially discussed 
by means of the rectangulai coordinates x, y z 

On this I 'would remark as follo'ws — 

1 I have always mamtaoned that it is not only not a leproach to but one of 
the most va uable ch^actenstics of Quateimons that they aie uniquely adapted to 

Brand mathematician Quateimons have one 

grand and fatal defect They cannot be applied to space of n dimensions they are 

^welf but'^^b tl^ose poor three dimensions m which mere moitals are do^omed 

Frol b “ r limitless aspirations of a Cayley or a Sylvester 

From the physical pomt of view this instead of a defect is to be regarded^ as the 
greatest possible recommendation It shows in fact, Quaternions to be rspecml m 

Coordmates vexsus Quaternions F,oc R8E July 2 1894 oi ColUcm Pa^n No 962 
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eveiything which is not absolutely necessary without the slightest considciation whether 
or no it wxs theiehy being rendered useless for applications to the Inconceivable 

2 Whether Quaternions are to be legaided as aitificial oi the le^eise will obviously 
depend wholly upon what is to be understood by the term Quaternions This forms the 
main object of the present papei 

3 Though the passage quoted above contains no statement as to the lelative 
merits of Quaternions and Coordinates as instruments (in the region which is 
common to them) it is clear from other passages in his papei that Pi of Cayley holds 
thit Quaternions are at best superfluous — he allows that they enable us to effect 
great abbieviations but he insists that to be applied oi even understood they must 
bo reconverted into the x y z elements of which thej are in his view necessarily 
composed 

But their Inventor himself who certainly devoted vastlj more time and attention 
to Qurtcimons than it can have been possible for Piof Cayley to devote took a very 
different view of the matter — 

It is particularly noteworthy that [Quaternions weie] invented by one of the most 
biilliant Analysts the world has yet seen a man who had for jeais revelled in floods 
of symbols iivallmg the most formidable combinations of Lagrange Abel or Jacobi 
loi him the most complex tiains of formulae of the most aititicial kind, had no 
secrets — he wxs one of the veiy few who could afford to dispense with simplifications 
jet when he had tried Quaternions he thiew over all other methods in then favour 
devoting almost exclusively to then development the last twenty years of an exceedingly 
active life 

It will be gathered from what precedes thit in iny opinion the term Quaternions 
means one thing to Prof Cayley and quite another thing to myself thus 

To Prof Cayley Quaternions are mainly a Calculus a species of Analytical Geo 
metry and as such essentially made up of those coordinates which he regards as 
the natural and appropriate basis of the science They artfully conceal then humble 
oiigm by an admirable species of packing or folding — but to be of any use they 

doubly dying must down 

To tho vilo dust from whenoe they spuing > 

To me Quaternions are primarily a mode of representation — ^immensely superior to 
but of essentially the same kind of usefulness as a diagram or a model They are 
virtually the thing represented and are thus antecedent to and mdependent of, 
coordinates giving m general all the mam relations in the problem to which they 
aie applied without the necessity of appealing to coordinates at all Coordinates 
may, howevei easily be read into them — when anything (such as metiical or numerical 
detail) is to be gained thereby Quaternions in a word exist m space and we have 
only to recognize them — but we have to vnv&nt or iTtiagiue coordinates of all kinds 
The grandest characteristic of Quaternions is their transparent intelligibility They give 
the spirit, as it were, leaving the mere letter aside until or unless it seems necessary 
T II 50 
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to attend to that also In this respect they give a representation analogous to the ical 
image of a planet m the focus of an object glass oi miiroi — all that is obtainable is 
iheie and you may apply your microscopes and micrometeis to it if you please But 
theoietically at least you may dispense with them and have lecouise to your eyes 
and your jard stick alone if you increase your focal length and along with it the 
apertuie of your object glass suflSciently Of course Newtons most serene and quiet 
an would be mdispensable For the development of this feature of my subject and 
for illustrative examples I refei to the B A Address above cited, and to the Addicss 
to the Edinburgh University Physical Society (No XCVII above) alluded to by Pi of 
Cayley 

To those who have lead Poes celebrated tale The Picrloined Letter it will be 
obvious that the contrast between these two views of Quaternions is even greater than 
that between the Parisian Police and M Dupin himself though of veiy much the 
same kind 


Theie was a time in their early history when Professor Cayley s view of Quaternions 
was not merely a correct one it was the only possible one But, though the name 
has not been altered the thing signified has undergone a vital change To such an 
extent m fact that we may almost look upon the Quaternion of the latter half of 
this centuiy as havmg fi-om at least one point of view but little i elation to that 
of the seven last years of the eailier half 


Hamilton s extraordinary Preface to his first great book shows how from Double 
Algebras through Triplets Triads and Sets he finallj reached Quaternions This was the 
genesis ot the Quaternion of the forties, and the creature then pioduced is still obscntixlly 
the Quatermon of Professor Cayley It is a magnificent analytical conception, but it 
IS nothmg moie than the full development of the system of imaginanes ^ J L, defined 
hy the equations 


^ith the associative but not the commutative law for the factors The novel and 
splendid pomts m it were the treatment of all directions in space as essentially alike 
in character and the recognition of the unit vectors claim to rank also as a quadiantal 
versor These were indeed inventions of the first magnitude and of vast importance 
And here I thoroughly agree with Pi of Cayley in his admiration Considered as an 
analytical sjstem based throughout on pure imaginanes the Quaternion method is 
eluant in the extreme But unless it had been also something more, something vciy 
^erent and much highei m the scale of development I should have been content 
to admire it — and to pass it by 


It has always appeaj-ed to me that magnihcent as are Hamilton s many contiibntions 
to mathematical science —his Flnctnatmg Functions and his Varying Action for in- 
stance -nothing that he (oi indeed any other man) ever did in such matters can he 
Mgaided as a higher step m pure reasonmg than that which he took when he raised 

low estate of a mere system of Imj^nanes to the 
p p SI ion 0 an Organ of Expression , giving simple comprehensive and (above all) 
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tianspaiently intelligible embodiment to the most complicated of Real geometrical and 
physical lelations From the most intensely aitifieial of systems mose as if hy magic 
an absolutely natw al one ^ 

Most unfoitunatelj alike for himself and foi his giand conception Hamilton s neive 
failed him in the composition of his fiist great Volume Had ho then lenounced foi 
evei all dealings with i j 1 his triumph would have been complete He spared Agag 
and the best of the sheep and did not utterly destroy them » He had a paternal 
fondness for ^ j k, porhips also a (not unnatural) liking for a meretiicious title such 
IS the mysteiious vord Quaternion ^ and above all he had an earnest desire to make 
the utmost leturn in his power foi the liberality shown him by the authorities of 
Tiinity College Dublin He had fully recognized and proved to others that his i j k 
weic mere excrescences and blots on his improved method — but he unfortunately 
consideied that then continued (if only parti il) recognition was indispensable to the 
leccption of his method by a world steeped in Cartesianism ’ Through the whole 
compass of each of his tremendous volumes one can find trices of his desire to avoid 
oven an allusion to ^ y / , and along with them, his soirowful conviction that should 
ho do so he would be left without a single readci Theio can be little doubt that 
by thus taking a couise which he felt to be far beneath the ideal which he had 
attained ho socuicd for Quaternions it least the tempoiaiy attention of mathematicians 
Eut there scorns to me to be just as little doubt that in so doing he led the vast 
majority of them to take what is still Professor Cayleys point of view, and thus to 
logxrd Quaternions as (appaiently at least) obnoxious to his criticisms And I furthei 
behove that to tins cause alone Quaternions owe the scant favoui with which they 
have hitheito boon logardod 

[I am quite awaie that in making such statements I infeientially condemn (to 
some extent at Ici^t) the course followed in my own book But, since my relations 
with Hamilton in the mxttei have been alluded to moie than once and alike incompletely 
and incorrectly by Hamilton s biogiapher I may take this opportunity of making a slight 
explanation not perhaps altogether uncalled foi That Hamilton can altogether have 
forgotten the pci mission (limited as it was) which he had given me when a little 
later I proposed to avail myself of it (strictly within the limits imposed) seems incredible 
Mr Graves should either have let the matter alone or have gone into much greater 
dctul about it As it stands ho virtually represents Hamilton as bemg unaccountably 
capricious The following extract from the letter (of date July 10 18o9) m which 
Hamilton gave his sanction to my writing a book on the subject speaks for itself 
I had of couise no lights in the matter —and I cheerfully submitted to the restrictions 
he imposed on me , especially as I understood that he expressly (and most justly) desired 
to be the fiist to give to the world his system in its lastly improved form 

“[2] If 1 shall on to speak of my views, wishes or feehngs, on the subject of future publication, 
I lequest you befoiehand to give to any such expression of mine your most indulgent construction and 
not to attribute to me any jealousy ol you, oi any wish to inteifere, in any way, with your fieedom, 
as Authoi and as Ciitic 

[3] If wo were altogethei strangers, I could have no right to address you on such a subject at 

50—2 
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ill [Heie follow as an example some allusions (winch need not be quoted) to ^ then locent jmmplild 
of Alobius dealing with the Associati\e Principle in Quaternion Multiplicxtion ] But l)ot\\ecn you iiul 
me the case is perhaps not exactly similai as we ha\e so fieely coiiesponded and as you n( in 
Authoi in the same language and of the same country — England Scotland ind Ti child boin^ hue 
held to haae their sons compatriots 

[4] To Mohius’s excellent Pamphlet, it is likely that I may return Meanwhile I tiust that it 
cannot be oflensne to you, if I confesb — what indeed your No 38 oncouiagos mo to si lie — tint in 
any such futme puhhcation on the Quaternions as you do me the honom to modititc, I should 
' pref&r the establish nent of Peinciples bemg left, for some time longoi — say even 2 oi 5 ycais — 
m mv own hands Open to impioaement as my tieatment of them confessedly is, I wish th it 
improvement, at least to some extent to be made and published by myself Bnefly, I should hki 
(I own it) that no book so much more attractive to the mathematical public than my woik of mine, 
as a book of yoms is likely to be, should have the appeaiance of laying a ‘Poundaiion’ although 
the richer the * Superstructure on a pieaiously hid foundation, may be the bettoi shall I he 
pleased I think therefore that you may be content to deduce the Associative Law fiom the 
of I leaamg it to me to considei and to discuss whether it mi^ht not have been a 1 it il 
ol^ectioti to these tides if they had been found to be inconsistent with that PRiNCiPLr 


[7] Foi calculation jou know the ivies ot %, j, h axB & sufficient basis although of com so wo 
have contmual need for transfoimations, such as 

T y Pj3a = aS^y — ^Sya^ 

which at to be r^uced to consequences of those rules and also leqmro some Notatmu snch 
as N, \,]^ T, U, which I haae been glad to find that you are willing at least fm the jncunt, to 
retain and to employ But my pecuhai tmn of mind males me dissatished without sooling to lo 
deeper into the phlosojiAy of the whole subject although I am conscious that it will be nnmudett 
to at^pt to gm any lengthened hearmg for my reflections In fact I hope to got much more 

conoeptwn of the Mulxiilioaiion oi Vkiokh 
and of seeing to establish such mult[iphcation] as a much less arbit,a,p piocess, than it nil hc ii 
to most readers of my former hook to be ^ 

I do not now think that Hamilton with the 'peculiar turn of mind of which 
e speaks could ever m a book have conveyed adequately to tho woild his new 
.f th. I got .t by rlv^C 

hen he was pressed to answei a definite question and could be kept to %t ht icnhecl 
in ready and effective teims and no man could express .oca his o^is o^ su^ 
subjects more clearly and concisely than he could bo v, t. n ^ ® 

pohsh^ b„ p™j w.tL .t o \ 

»d hK r..de.s by consfot metaphy,.c One rf hi! 

many letters to me gave m a few dazzlmg hnes the whole substanL^nf b + / ^ 

team, a Chaptai .f th. , and L, of h^ hi P » 'rT’a 

g.n. Bnt the« da^ed off at a „ttag‘^^nd not 

tha s^*^A‘tsr;;nirrthVrd tr “• 

pposotvs hj &r tha giaatei pM of tha aUnaon, to , ! ™1I probably 

naoasaa.} mtiodnotopy oid biWonoal onas) whiob it mU oonLoV ““ 
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In the sense above explained I consider Prof Cayleys lemarks to be so far 
warranted hard to bear though some of them undoubtedly are But the Quaternion 
when it IS regarded from the true point of view is seen to be untouched in fact 
unassailable by any criticism based upon such grounds as reference to coordinates It 
occupies a region altogethei apart To compaie it to a pocket map is to legard it 
as a mere artificial mode of wrappmg up and concealing the % j k oj: the x y z 
which aie supposed to be its ultimate constituents To be of any use it must be 
unfolded and its neatly hidden contents turned out But from my point of view this 
compxiison is entiiely misleading The quaternion exists as a space-reality altogether 
%ndepend&iit of and antecedent to % j 1 ox y z It the natural they the altogether 
artificial weapon And I venture furthei to asseit (1) that if Descartes or some of 
his brilliant contempoiaries, had recognised the quaternion (and it is quite conceivable 
that they might have done so) science would have then advanced with even more 
tremendous stiides than those which it has recentlj taken, and (2) that the wretch 
who under such conditions had ventured to mtioduce ^ / would have been justly 
legirded is a miscreant of the very basest and most depiaved chaiacter possibly 
subjected to brave punishments the peine fo'ite et dure at the very least* In a word 
Hamilton INVENIED the Quaternion as Pi of Cayley sees it, he afterwards discovered 
the Quitcrnion as I see it 

If Quaternions arc to be compared to a map at all they ought to be compared 
to 1 contoured mip or to a model in relief which gives not only all the mformation 
which cm be deiived from the ordinary map but somethmg more — somethmg of the 
very highest importance as regards the features of a country 

A much more natuial and adequate comparison would, it seems to me liken 
Coordinate Geometry (Quadiiplanai or ordinary Cartesian) to a steam hammei which 
xn e\pcit may employ on my destructive or constructive woik of one general kind, 
say the cracking of an egg shell, or the wcldmg of an anchor But you must have 
your expert to mxnage it, foi without him it is useless He has to toil amid the 

heat smoke, grime giease and perpetual dm of the suffocating engine room The work 

has to be brought to the hammci foi it cannot usually be taken to its work And 
it IS not, m gcncrxl trxnsfeiable, for each expcit as a rule, knows fully and confidently 
the working details of his own weapon only Quaternions, on the other hand are like 

the elephants trunk, ready at any moment for anything ^ be it to pick up a ciumb 

or a field gun, to strangle a tiger, or to uproot a tree Poi table m the extieme applicable 
iny where — alike in the trackless jungle and m the barrack square — directed by a little 
native who requires no special skill or training and who can be transferred from one 
elephmt to another without much hesitation Surely this which adapts itself to its work 
lb the grander instrument* But then it is the natural the other the artificial one 

The naturalness of Quaternions is amply proved by what they have effected on 
their first application to well known long threshed out plane problems such as seemed 
particularly ill adapted to treatment by an essentially space method Yet they gave 
xt a glance the kinematical solution (perfectly obvious, no doubt when found) of that 
problem of Formats which so terribly worried Yiviani * And without them where 
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■would have heeu even the Circulai Hodograph with its maivellous power of simplifying 
the elementary treatment of a planets orbit ^ I could give many equally striking 
instances 

As to the necessity m modem mathematical physics foi some substitute for what 
I must (with all due deference to Prof Caylej ) call the cumbersome unnatural and 
unwieldy mechanism of coordinates I have elsewheie fully expiessed my own opinion 
and need not repeat it 

Of course it will be ob\ious from what precedes that I adheie to every word of 
the first extract which Prof Cayley has made jBcom my oiigmal Preface 

The phiase which he aftei wards extiacts foi comment — such elegant tiiflcs as 
Tiilinear Cooidmates — seems somewhat too sweepmg and I should certainly hesitate 
to use it without qualification But the context shows that in my Preface it was 
used to characterize the so called Abridged Notation which had then been for some 
years introduced into Cambridge leading and exammations not at all because of its 
superiority in completeness to the oidinary x y system — and therefore not on scientific 
giounds — but mainly for the purpose of aggravating * students whethei in the lectuie 
room or in the Senate House at very small additional laboui on the pait of the 
lectuier or the examiner But I made no leference whatevei to Quxdriplanai Co 
ordmates, foi which I feel all due respect not altogethei fiee from an idmixtnre of 
wholesome awe’ 
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CXYII 

SYSTEMS OF PLANE CURVES WHOSE ORTHOGONALS FORM 

A SIMILAR SYSIEM 


\Pto(ieed%n(ji of the Royal Society of Ldinhurgh May 6 1895] 


{Ahstiact) 


WnilL tricmg the lines of motion and the mendiin sections of thou orthogonal 
surfxccs for xn infinite mass of peifoct fluid distuihed by a movmg sphere —the 
question occurred to me When xre such systems similar In the problem alluded 
to the cquxtions of the curves are respectively 

{rjaf = cos 6 xnd (r/&)^ = sm 0 

It wxs at once obvious thxt iny sets of curves such as 

1 

(r/tt)’" = cos 0 xnd (//6)"‘ = ^ 

xre oithogonxls But they form umlai systems only when 

= 1 

Hence the only sets of similar orthogonal curves, having equations of the above 
form are (a) groups of pxixllel lines and (b) their electric images (circles touching 
each other at one point) As the electric images of these taken from what point 
we please simply reproduce the same system, I fancied at first that the solution must 
be unique — and that it would furnish an even more remarkable example of limitation 
than does the problem of dividing space into mfanitesimal cubes (See No CV above) 
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But I found that I could not prove this proposition , and I soon fell m 'with 
an infinite class of orthogonals having the required property These are all of the 
type 

^ = (tan 6) (1) 

which inclades the stiaight lines and circles aheady specified The next of these in 
ordei of simplicity among this class is 

1 

r = cos 6 

1 

with r = sin 0 

In ordei to get other solutions fiom any one pair like this we must take its clectiic 
image from a point whose vector is inclined at 7r/4 oi 3‘7r/4 to the line of reference 
For such points alone make the images similai And a peculiarity now presents itself 
in that the new systems are not directly super posable — but each is the pei\cibion 
of the other 

If we had from the first contemplated the question from this point of view xn 
exceedmgly simple pair of solutions would have been furnished at once by the obviously 
orthogonal sets of loganthmic spirals 

r=a€^ r = 

and another by their electric images taken from any point whatever The gioups 
of curves thus obtamed form a curious series of spirals all but one of each sciies 
being a continuous Ime of finite length whose ends ciiculate in opposite senses lound 
two poles and having therefore one point of mflection The excepted member of each 
senes is of infinite length having an asymptote in place of the point of inflection 
This IS in accordance with the facts that — a point of mflection can occur in the image 
only when the circle of curvature of the object curve passes through the reflecting 
centie and that no two circles of curvature of a logarithmic spiral can meet one 
another [See No CXVIII below] 

We may take the electric images of these over and over again provided the 
reflectmg centie be taken always on the line joming the poles All such images will 
be cases satisfying the modified form of the problem 

If we now introduce as a factor of the right-hand member of (1), a function 
of 6 which IS changed into its own reciprocal (without change of sign) when 0 mci eases 
by 7r/2 we may obtain an infinite number of additional classes of solutions of the 
original question, and from these, by takmg then electric images as above we derive 
corresponding solutions of the modified form We may thus obtain an infinite number 
of classes of solutions where the equations are expressible m ordinary algebraic, not 
transcendental forms 
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Thus we may take as a factor m (1) tan (6 + a) The geneial integral is com 
plicated so take the very particular case of m = l a = 7 r /4 This gives the curves 

tan^ 8eQ0 on 

Again, let the factor be tan (^ — a) tan (^ + a) With m = l and tana=l/V3 we get 
the remarkably simple foim 

- = 1 - 1 - 
d 

But such examples may be multiplied mdefimtely 

[As the last example given above though a specially simple one is curious from 
several points of view I append a tracing of the foui curves 



foi the particular cases of nymencal equality between a and h The ± a curves are 
full the others dotted 
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^ hatever be the values of a and b we have at an intersection of these curves 

dx 2 ayy dco i x ^ ' 

respectively so that their orthogonality is obvious 


Each of them consists of a single symmetrical kmk without contrary flexure, 
having its double point at the origin where its (mfinite) blanches cioss its axis at 
angles of ± 60 


Their form is of course unique the constant determining merely the scale of 
each figure , except when it changes «!ign and then the figure is simply reversed But, 
even in that case two curves of the same senes cannot intersect except of course at the 
origin, as at either side of the origin the parts of the two he respectively between and 
outside the common tangents to the senes Also it is obvious that one member of each 
senes can be made to pass through any other assigned point in their plane provided 
it he not taken on one of the tangents at the ongm For then the substitution 
of its coordinates in either equation determmes the chaiactenstic constant without 
ambiguity 

When as in the cut, a and b are numerically equal the curves intersect one 
another at their points of maximum distance from their respective axes of symmetry, 
where they are necessarily perpendicular to one another And the common tangents to 
one senes mtersect members of the other series m points which separate on each curve 
the regions in which it is met by the kinked parts, from those m which it is met 
by the branched parts of those of the other series 1899 ] 
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CXVIII 

NOTE ON THE CIRCLES OF CURVATURE OF A PLANE 

CURVE 


\Proceed%ngs of the Edinburgh Mathematical Society December 13 1895] 


When the curvatuie of a plane cuive continuously mcieases oi diminishes (as is 
the case with a logarithmic spiial for instance) no two of the circles of curvature can 
inteisect one another 

This cuiious remark occurred to me some time ago in connection with an accidental 
feature of a totally diffeient question {Systems of Plane Curves whose Orthogonals 
form a similar System Anti No CXYII) 

The proof is excessively simple Foi if -d J5 be any two points of the evolute 
the choid AB is the distance between the centres of two of the ciicles and is necessarily 
less thin the arc AB tho difference of their radii (This is true even if the evolute 
be sinuous so that the original curve has ramphoid cusps) 

When tho curve has points of maximum or minimum curvature theie aie cone 
spondmg [keratoid] cusps on the evolute, and pairs of circles of curvature whose centres 
he on opposite sides of the cusp G may intersect — for the chord AB may now exceed 
the difference between GA and GB 


51—2 
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NOTE ON CENTEOBARIC SHELLS 


{Proceedings of the Royal Society of Edinburgh February 3 1896 ] 

It is singular to observe the comparative ease with which elementary propositions 
in attraction can be proved by one of the obvious methods while the proof by the 
other IS tedious 

Thus nothing can be simplei than Newtons proof that a uniform sphencal shell 
exerts no gravitating force on an internal particle But so far as I know there is 

no such simple proof (of a direct character) that the potentul is constant throughout 
the interior ® 

On the other hand the direct proof that a sphencal shell whose surface density 



IS inveisely as the cube of the distance from an internal point is centrobanc is neither 
short nor simple (See for mstance Thomson and Taits Elements of Ffatwal Philosophy 
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§ 491) But we may piove at once that its potentml at external points is the same 
as if its mass were condensed at the internal point 

For if an elementaiy double cone with its vertex at S, cut out areas K 
and E we have 

E _K 
SE^~8K^ 

Let P he any external point and take T on PS (pioduced) so that 

PS ST = KS SE^b^ 

Then ■we have obviously from similar triangles 

SK EP = SP KT 

K 1 1 K 

~Tr SK SE SK EP~h SP KT 

K 

But the sum of the values of is the (constant) potential at T for unit surface 

density , so that the sum of the values of the first side of the equation is inversely 
as 8P ^ and the proposition is proved 

Although no mention has been made of Electric Images, in the above investigation, 
it IS obvious that nearly all their chief elementaiy properties have been proved almost 
intuitively m the course of these three or foui lines The others are obtained at once 
by applying the same method to the case in which P is inside the spherical shell and 
T outside — ^remembering that the potential at T is now inversely as the distance of T 
from the centre 0 of the sphcie, and referring the potential of ^ to a pomt fif' on OS 
produced till OS OS' is the square of the radius of the shell 

[This investigation has been at onco fuithei simplified and extended, m § 52 of 
my little book Newtons Laws of Motion 1S99] 
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ON THE LINEAR AND VECTOR FUNCTION 


\FroGeed%ngs of the Royal Society of Edinhuigh, May 18 and June 1 1896] 

In tte following Alistract I refer to such Linear and Vector Functions, only as 
correspond to homogeneous strains which a piece of actual mattei can undeigo Thcic 
is no diflSculty — ^though caution is often called for — in extending the propositions to 
cases which are not lealizable m physics* 

The inquiry aiose from a desire to ascertain the exact natuie of the strain when 
though it is not puie, the roots of its cubic are all real — le when thee lines of 
particles not originally at right angles to one another are left by it unchanged in 
direction 

1 The sum and the product (or the quotient) of two linear and vector functions 
are also Imear and vectoi functions But while the sum is always self conjugate if 
the separate functions are so (or if they be conjugate to one another) the product 
(or quotient) is m general not self conjugate — ^though the determining cubic has in 
this case leal roots The pi oof can be given in many simple forms 

If 'ST and G) represent any two pure strams there are three real values of g each 
with its corresponding value of p such that 

= gcop (1) 

[Thus the tiansformations given below are presumed to involve real quantities only Dr Muir in 
mailing some valuable comments on one of the results (Fhil Mag 1897 i 220) appears to have overlooked 
this important prehmmaiy condition 1899 ] 
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Assume co^p = or , and the equation becomes 

= gcr 

But co'^ixTO)''^ IS obviously self conjugate Hence the three values of g are real and 
the vectors <r form a rectangular system Thus (1) is satisfied by three expressions 
of the form 

p = = g^'ar‘~^<r ( 2 ) , 

there is one rectangular set of vectors which have their directions altered m the 
same way by the squaie roots of the inverses of each of the given strains 

But (1) may be written in the form 

6t>“^'cjp = gp 

where is in general not a self conjugate function Thus 

Two puie strains in succession give a strain which is generally rotational but whose 
cubic has throe real roots 

Conversely when a strain is such as to leave unchanged three directions m a body, 
it may be legarded as the lesultant of two successive pure strains 

These iie to be found from (2), m which the values of q and p aie now regarded as 
given so that the problem is reduced to finding m (a pure strain) and the (icctangulai) 
values of o* from three equxtions of the form 

(o^p = <r 

When 0 ) is thus found, the vxlue of -cr is given by (1) The solution is easily seen 
to express the fact that co and w, alike convert the system pi, p pi into vectors 
parallel to Vp p^ Vp^pi Vpip respectively 

2 Other modes of solution of (1) aie detailed of which we need here mention 
only that which depends upon the formation of the cubic in 

geo, 

the calculation of the coefficients in Mg and the comparison of these forms with their 
equals found from 

(p = — g 

and from (p = — g , 

a process which gives interesting quaternion transformations 

3 Some curious consequences can be deduced from these formulae which have 
useful bearing upon the usual matrix mode of treating the problem algebraically 
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For if -we take 

«■ = ( c h ) and w = ( j) 0 0 ) 

0 B a 

h a C 

which involve complete generality since i j k are undefined we have for the cubic 
(1) in cf 

A~pg c 6 =0 

0 19 cb 

1 a G — rg 

The transformation of (1) given above is equivalent to dividing the successive rows 
and also the columns of this determinant by tjp ijq, njr lespectively It thus becomes 

Ajp—g ojjpq bjjpr =0 
c/^pq Bjq-g ajjqr 

hjjpr alJqr Ojr—g 

from the form of which the reality of the roots is obvious 


0 g 0 

0 0 r 


A somewhat similar process* shows that the roots of 


A — x h c = 0 
d E—x f 
g h I-x 
are always all real provided the smgle condition, 


be satisfied 


cdh—bfg 


* [Multiply the rows and divide the oolnmns respectively by jj j r It becomes 

A-x bjplq cpir 
dqjp E^x fqjr 
gilp hrjq I-a? 

so that to make it axi symmetnoal -we must have 

(Pk) =dli 
m =hif 
(i/p) =clg 

Thus finally it becomes 

A-x sjld jsJFg 
Jdb E-x ^ 
tjgc Jhf I-x 

if the condition m the text above is satisfied 1896 ] 
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It IS cas} to see that this statement may be put m the foim — The roots of Jlf^=0 
aie leal piovided % lectangular system can be found such that 

The quaternion form of which this is an exceedingly paiticular case expiesses 
simply that the loots of the cubic in <f> are all leal if a self conjugate function co 
cxn be found such that (o<j> is self conjugate This is meiely another way of stating 
the chief result of § 1 above But it may be interesting to illustrate it from this 
point of view We may wiite m consequence of what has just been said 

Spip ps <l>p =ffiVp p^Spip -{-gzVpipiSp p+ffsVpiP 8pip 
and coo- ^piPiSpiO -hp p 8p o +Pip$8psO 

Those give at once 

^<I>P =Pi£lipi8pip +p g p Sp p+ psPip^Spsp 
which IS obviously self conjugate 

4 The lesults above have immediate application to fluid motion For when there 
IS a velocity potential the motion is diffeientially iirotational — le the instantaneous 
change of form of any fluid element is a pure strain, a particular cubical element 
xt each point becoming buck shaped without change of direction of its edges But 
if we think of the result of two successive instantaneous changes of this charactei 
wo see that there is in general at every point a definite elementary parallelepiped 
the lengths only of whose edges aie changed by this complex stram In special cases 
only IS a similar zcsult produced by thiec successive pure strains 

[The icmxinder of this Ahtmct lefcircd to the genesis and history of No CXV 
above ] 
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CXXI 

ON THE LINEAE AND VECTOR FUNCTION 

[ProceedAngs of the Royal Society of Edinburgh March 1 1897] 


In & papei rsad to the Society id May last I tieated specially the case lu which 

the Hamiltonian cubic has all its roots real In that paper I employed little beyond 

the well known methods of Hamilton but some of the results obtained seemed to 

indicate a novel and useful classification of the vanous forms of the TiinAar and Vector 

Junction This is the mam object of the present communication 

1 It IS known that we may always write 

4>p='Z {aSuip) 

and that three terms of the sum on the right are sufficient and in general more than is 
required to express any hnear and vector function In fact all necessary generality is 
secured by fixing once for all the values of a ^8 7 01 of Su 7 i leavmg the others 
arbitrary subject only to the condition that neither set is coplanar Thus as a 
particular case we may write either 

^p = haSip, 

or <f,p = Xi8tt,p 

In either case we secure the mne independent scalar coefficients which are required 
for the expression of the most general homogeneous strain But forms like these are 
rehcs of the early stage of quaternion development, and (as Hamilton expressly urged) 
they ought to be dispensed with as soon as possible 

2 A Imear and vector function is completely determined if we know its effects on 
each of any system of three non coplanai unit vectors say a, /9 7 If its cubic have 
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three real lOots these vectors may, if we choose be taken as the dnections which it 
leaves unaltered if but one, we may take a coiresponding system in the form 

CL j3 cos a ± ly sin a 

wheie i lb J-1 But it is prefeiable to keep the simplei foim a /S -y with the under 
standing that /3 and y may be bi vectors of the form just written 

3 In terms of the three roots thus designed we may form with the help of 
three aibitrary scalars (two of them bi scalars of the foim y ± 10 if necessary) three 
very simple but distinct varieties of linear and vectoi function viz 

(a) Strains leaving three directions a ^ y ov V/3y Vya VaB unaltered so that 
then reciprocals have the same form 

SaBy = xaSByp + yBSyap +- zyStuBp 
Sa.B'y (f>ip = x V By Bap + y VyaSBp + ^ Vo^B^yp 

In this case if a, y 2 are the same m each (f>i is the conjugate of <f> 

(When x=y=z those strains leave the form and position of a body unaltered, 
but each linear dimension is increased x fold) ’ 

(b) Pure stiains — 

-srp = xaSap 4 yB^Bp + zySyp 

•ta-^p = x VBySByp + yVyaSyap + z VaBStxBp 

The second of these changes the system a B y mto VBy Vya VaB > while the 
fust effects the reverse operation 

(c) Combinations of two 01 moie, fiom (o) or (b) 01 fiom (a) and (b) 

Either form of (a) repeated (with altered scalar constants) simply perpetuates the 
form In and <f)i(p wo hive now forms which are puie when x y z are the 
same in each of the factors 

The two forms (b) in succession give one or other of the forms (a), and, con 
vorsely either form of (a) may be rogaidod os the resultant of the two forms (6) 
t iken in the proper order This is the main result of my former paper — for it is 
obvious that having between them twelve disposable constants w and wj may be made 
to lepresent any two pure strains 

But while (f>w and merely repeat the type w, and and the type 
'^i, WO have novel forms in the combinations 

and 

Many of these aio useful in the solution of equations among foims, such as foi 
instance 

%='f ^X=‘Xf or = 

52—2 
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^\he^e % is to be found when y[r is given One simple lesult of the above (hscussion 
which IS often of great use in such matters is the obvious condition thxt two sucli 
forms shall be commutative in then successive application 

4 When two roots are imaginary all the forms above aie still leal, since wh<n 
/3 and y take the forms /3±iy y and z must be written y ± lz In the forms (h) 
the imagmary terms cancel one anothei , in (a) the real terms do so and the wlioh 
IS divisible by l 

5 Of course with a j8 7 (as in 2 above) and three scalar constants W( c in 
produce any form of linear and vector function And the piper concludes with foiins 
m which these constants are merged in a new arbitrary vector 
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CXXII 

NOTE ON THE SOLUTION OF EQUATIONS IN LINEAE AND 

VECTOE FUNCTIONS 

[Proceedings of ths Royal Society of Minbwgh June 7 1897] 

In a paper read to the Society on Maich 1 (ante No OXXI) I spoke of the 
application of some of its results to the solution of equations involving an unknown 
Linear and Vector Function These results depended chiefly upon the expression of the 
function in terms of its roots, scalar and directional, and I now give a few mstances 
of thoir utility keepmg in view rather variety of treatment than complexity of subject 
The matter admits of piactically infinite development even when we keep to very 
simple forms of equation, and is thus specially qualified to show the richness in re 
sources which is so characteristic of quaternions But it will be seen also to be strongly 
suggestive of the extreme caution required even in the most elementary parts of this 
field of mquiry 

In what follows, I employ to denote the unknown function, ^ -yfr etc known 
functions w is specially reserved for a self conjugate function and » for a pure 
rotation 

1 Given (1), 

le, to find the condition that two functions shall be commutative in their successive 
application Let a be a root of <(> real or imaginary, so that 

^a=ga 

We have at once by applying the members of the proposed equation to a 

i>X^ = X<l>^=9X<^ 
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Thus except m the case of equal roots of ^ 

X^ = htt, 

h, m a deemte plane * ““ 

K of conree wMy nndetermmed ^ ^ magniSeabon and 

[When the roots of <}, are all real we have 

Sa^y %p = httS^yp + h ^Syap + h^ySa^p 

terms of real quanSies^only wfm^y ^wlte 

8ci0y xp = haS^yp + (h^- h,y) Syup + (h,y + h,B) Sa^p 
where the meanings of A A, ^ ^ aie entirely changed 

m Z 11 “' “■ »' ““*• P^serv. tte fan. that 

Scc^y y^p = k,^aS8yp + h,^08yccp + A, ySyap , 
and in the second we have the value 

fh aS^yp + {(A - A, ) /3 - 2A A, 7 ) Syap + {(A, - A^’) y + 2h A,/ 9 } Sa^p 
Thus the square roots of such expressions may be obtained by inspection] 


oqnaLn It. “ «■» » 


had the 
(1) 


i>x« “S'x® 

tfa°.7tst"Vtu.rj:he’°re 

It thm neoem^y oondiLn Uw 1 1 et ‘"I “ * “■> 

root, of t .toloee of , Its“nll“r^ 


Let the equation be 


i*X =X’f> 


besides bemg equal ai. oonjngatee, ». that they lepreaent any pntl Lam 

Remark that af a partieufa ar eonsiatent with one anothei 

have the obvious solution x=<l} ^ “umbei If ^ be taken = <j),p we 
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4 If we liter the ordei of the factorb on one bide of (2) we hwe m iltogether 
new form — ^ 

^x' = 4>x ( 1 ) 

Since ^ IS given this may be written 

X 

vhere ^ is known An immediate tranbfoimation by t iking the conjugite gives 

X = ‘>Mr' 

a *JPe ''tiA M obviously a partioulai case of ( 1 '), aud besides, «rdl bo troikd lobi 
mth the sole diftoeuee that x will theu be the „«« iuuotiou aud f th.l to bo found 

But wh» a solution has thus been obtained it must be tested m the onginil ooiutiou 

(L'tTwotT”**'"” “ ““ sltions’ 

so that t ”08"°“““°° X ■'““‘“'■'I 

XX=XX (4) 

Though no longei linear this equation is in some icspccts inilogoiis to (1) H thus 

irthreVb! ^ conjugate shall hive the simc^directioil loots If 

the tetor^of th must therefore form a rectangular system If two be imagmaiy 
ThusTr^v L " imagmary parts form i uctinguUi sjstem with the thud 

alwayt For we may 

X = 

and (4) becomes waxa-*^ = «r = 0 ,"^ ® 

from which (coupled with the lesults of (1)) the ibove conclusions iic obvious 


( 5 ) 


6 The form x4>x'==4>' 

also admits of simple treatment Its conjugate is 

%'^V = ^ 

Now we can always write <^ = w- + Fe 

With , ,y. 

9 = -CT — K€ 

and the equations above become by addition and subtraction 

x^^x:=^ye 

Put the first of these in the form 

wham «, and a, ai:e „ far arbitrary As aaoh nde i, tha product of a stmn md 
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its conjugate (because the conjugate of a puie rotation is its reciprocal) 
once wiite 

01 % = 


we may at 


where ©=6) is still arbitrary To deteimme it, the second equation above viz 

%F€%'= Ye 


gives me = X 6 

where m is the product of the numerical (scalar) loots of %, obviously unit in this case 
as there is no change of volume This gives 

©•car^e = 

so that the axis of ay is but the angle of rotation remains undeteimined 

The direct algebraic verification of this solution is troublesome unless we refer the 
strain to the axes of its pure part 'or, when it becomes fairly simple For cjy can 
then be written as 

( -V fi ) 

1 V jB — A I 




X 0 1 


whence it 

IS easy to see that 



x=( 

6 4" (1 — ^) ^ 




j[nf+{l-e)lm] 

e + (1 — e) m 

§ {- ^/+ (1 - «) 


2 -e)ln} 

§ {if+ (1 - «) 

e + (l-e)n’‘ 


where l=^A\l*jA A 

and & +f = 1 


7 A similar mode of treatment can of course, be applied to the more general foim 

X0x' = 'f (6) 

After what has just been said it is easy to see that if •\Jr = 'a7i-\- Fei, we shall have 

With the condition for a> (and for the possibility of a solution) 

mayist^e = 'uti €i 

wheie m is the p-^oduct of the numerical loots of x 

[In connection with the results above it may be interesting to find the relations 
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aiiiong’ the vaiious constituents of the two dilfeioiit modes of breaking up a linear 
vectoi function into puie and rotitional parts — %e 

= OT -h Fe = 'STift) 

(See No XXI above foi anothei solution) 

The general form of a puie rotation is 

co=a^f^( ) a'"^/’" = cos^ 4-sin JLF a — (1 — cos J.)aSf a 
where a is the unit vectoi axis and A the angle of rotation 
Thus wilting foi shortness e=cos-4 and s=BmA 

'CTp + Vep = cujip 4- S'UTiVap — (1 — o) 'OTiaSoLp 
'syp — Vep = octjP — sVa^sTip — (1 — 3) otSa'ur^p 
SC) th it 2 Vep = s ('CTi Vap + Fa-Uip) + (1 — < ) F ( Fawj, a) p 

Now lliinilton (in giviu^> his cubic) showed that 

{m — CTi) Fap = V'ST^a.p + Fats-jp 

so wc h iv( 2 Vep = 6 {m Vap — V'm^ap) + (1 - c) F (Fa-erja) p , 

ind IS this IS line foi ill values of p 

26 ^ s {ni a — 'UTi^a) + (1 — 3) Va^ur^a 

the s(coii(l tcim (lisippc mug wh(u the lotition is ibout one of the axes of the pure 
put ol the sti un Ag iin 

2'Grp = 2( OTip + s (tsTi Fap — Va^uxip) — (I — 3) {'crjai/ap + afia'cr^p] 

IS obviously sell coiijugite] 

S An lust lutiiKous and (it hist sight) apparently quite diffeicnt solution of 
()) IS obt lined by inulliplyiiig e ich side into the leciprocxl of its conjugate For we 
thus hive i else of (1) in tin foiin 

But this c(juition, which would issign to % any viluc commutative with is 

veiy much inoie geiiciil thin ( >) iioin which it is deiived [This is an excellent 
eximplc ol the necessity foi cuitiou iheady pointed out] 

To inilyse this solution with the view of lestiicting it note thit by Hamilton s 

method wc hive at once 

(<^ ■“’ — 0”^) = 2F 'cr€=2aF 'isria suppose 

where m is the pioduct of the scalii roots of (^, a i unit vectoi and e a scalar 

constant both definite 
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Thus 




= p + — (®- + eF ■nT-^a)Vw^ap 

= f 1 _ 2f\ + ^^Va^-ip - ?!! ^.aS«.^-^p 
Vmrm ^ m 

where Wi* is the product of the scalar loots of and therefore 

— Se'sre = m + e® 


[The former solution giving 


= 'BT^CO'Cr p 


= p cos A H- sin A'srWa'ur~^p - (1 — cos A) i^T^aSocur ^p 

contams this as a particular case for it is easy to see that the two expiessions agree 
if we are entitled to assume simultaneously 


. n . 2em^ 

cos J. = 1 sm -4. = 

m m 


. A 

1 — cos -4 = — 
m 


The first and last are identical, and the first and second require merely that 
we shall have 

' 3 m 


mJ 


m 


which IS satisfied m consequence of the expiession for m above] 

That the complete admissible value of % is 'what we have already found and 
contams only the one scalar mdetermmate A is easily veiified by expressing % as a 
Lnaar combmation of the operators 1 which are suggested by its 

relation to and are obviously commutative with one another, and independent 

in the sense of not producing any new opeiator by their combinations Then the 
required relations among the coefficients are determmed by comparing term by term 
the expressions for 


9 Fmally we may treat (5) by a method similar to that adopted for (1) Let 
a now be a directional root of % so that %(x. = go. Then we have 

X<pa = ^<l>a 

But the cubics of x X necessarily identical and thus their common 

numerical roots can be no others than 1 g Ijg Also since <j6 is assumed to be real 
g IS imagmary for ^ changes the g directional root of to the Ijg root of x 
conversely 
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But if vie operate by the conjugate of (5) upon a we get 



Thus the diiectional roots of % ire tieated alike by tj>' and by ^ and must theie 
foie belong to <fr^<f>' So those of x belong to Thus we arc again conducted 

to the pievioub icsnlt, but this thud method gives us great additional infoi matron 
as to the intiinsic nature of the strains involved and the relations which exist among 
them 


10 It lb of course only in special cases that simple methods like these can 
be applied to linear vector function equations of a little greater complexity But 
when they are applicable they often give singuhrly elegant solutions As an instance 
take the equation 

4>iX + x4' W 

or as it may obviously be written 

Let a be a duectional root of <j) then at once 

or %a = (<^>i + fa 

If the loots of 4> be unequal the three equations of this form completeh deter 
mine % 

11 Again let f X + X4^ ~ + f (®) 

If «! etc aie loots of ^ this gives three equations of the form 

+ di) X®! = ^sX (<#>*“1) + f “1 

If the values ol a bo unequal we can of course find the coefficients m 

= Oiai + + CiK) 

= a Ui + b a + 

4>t0k = 

Then putting X.i for x®! 6tc we have fin illy 

<j)f^ (<^i + ffi) ^1 ~ aj^i + ^ 1 ^ "b “b ai 

The three equations of this form give \ etc, that is x®! X found m 

teims of its effects on thiee known vectors 

12 The most general Imear equation in x x' written as 

S</>X^i + Xfxfi = f 


53—2 
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Take a /3 7 three non coplanar vectors and let 

<56ia =2)a +r7 ' 

<pi^=pa +q/3 +ry - etc 
^i7=23''a + 3'/3 + r'7, 
y]r a =sa +t^ +tuy 
yjr ^ = s'a ^ + - etc 

'yjr'^ = s"a H- ^ 

Apply the members of the given equation to a yS 7 separately, and operate on 
each of the results with S a S /3 S y We obtain nine scalai equations in ')(pL — \ 
X^ = fji Xi = v of which two are 

2 {Sa(p (pX + qfi + rv) + {sX + i//, + uv)] = Sol^ol 

2 ( jpX- + Jyu, + rv) + (5 X + i ytt + z/)} = 

These are necessary and sufficient to determine X fx v , and thence % 
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CXXIII 

ON THE DIRECTIONS WHICH ARE MOST ALTERED BY A 

HOMOGENEOUS STRAIN 


{Proceedings of the Royal Society of Edinburgh December 7 1897 ] 


Tub cosine of the rinsyle through which % unit vectoi p is turned by the homo 
gencous btiain <56 is 

u 

Tp Tcl>p 

This is to be i maximum with the sole condition 


Tp^l 


Differentiating &c as usual we have 

itp = — 2ippSp(f>'(j>p + </> ^pSp(l>p 


whcic 2<f> = (jj -h <j) 

Opel ate by S p and we have 

— ^ == — Sp(l>pSp<j> (pp j 


so that 


P --2 



Sp(j>^p 


Hence the required vectoi and its positions after the strains ^ and <f/^ lie in one 
plane, and the tangent of the angle between p and ^p is half of the tangent of_the 
angle between p and ^(pp [In the oiiginal <f> was (by an oversight) written for <j) so 
that the last statement has been modified 1899] 


When the stram is puie the required values of p are easily found Let the chief 
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unit vectors oi d> he a ^ y and its scalars gi, g g Then the equation abo\e gives 
at once three of the foim 


^^Spip 

Theie aie two kinds of solutions of these equations 
Fi'tst Let the fiist factoi vanish in two of them eg 

8^p = 0 Syp = 0 01 /o = a 

Then the remaining equation is satisfied identically because its second factoi becomes 

ffi 9x 

whence « = 1 


Thus as we might have seen at once the lines of zeio alteiation (minima) aie the 
axes of the strain 


Second Let the second factor vanish in two of the equations eg 


These give at once 


l + Jil ^=0 n 

Sp^p Sp<j) p ^p<j>p 8p^ p 


so that 

In this case it is evident that we have also 


u - ^9 9 
(9 +5's) 


Sap = 0 

[In fact neither the first factors noi the second factors in the three equations can 
simultaneously vanish —except in the special case when two of g, g g, aie equal] 

Of the three values of u just found the least, which depends upon the greatest and 
least of the thiee values of g gives the single vectoi of maximum displacement — 

the other two are minimaxes corresponding to cols where a contour line intersects 
itself 

(Read Felrua'iy 21 1898) 

The self inteisecting contour lines coirespondmg to 3 2 1 as the values of the 
gs were exhibited on a globe, whose surface was thus divided into legions in each 

of which the amount of displacement lies between definite limits The contour w = - 

9 

encloses the regions in which the maximum (t* = J) is contained -and (where its separate 
areas are superposed) one of the minima This minimum is sunounded by a detached 
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pait of u = ^ while the lest surrounds the other two minima {u =1), and the double 

points of these contours are the minimaxes 

A general idea of their forms may be gathered from their orthogonal projections on 
the principal planes as shown in Figs 1, 2 3 of Plate VIII These piojections are 

g 

curves of the 4th older — but = g (dashed) splits into two equal ellipses on the xy 

24 

plane, xnd hyperbolas on that of xz , while ^ (dotted) gives ellipses on yz and 

hyperbolas on xz Fig 4 gives on a fourfold scale the region near the z pole of the 
projection on yz of which the details cannot be shown on the smallei figure 

The curves were traced from their equations One example must suffice Thus 

u=- = 

9 -h 4^/ 4- ^ 

gives eliminating z by the condition x^-^-y 4-^ =1, 

+2/ +1) = g (8 a + 32/4-1) 

or + 

2(^±i)+2/=^ 

ihe toinib of these curves depend only on the ratios g g^ so that I have 

ippended hig 5 in which we have 5 4 3 foi comparison with Fig 3 where we 
have 321 
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OX XT V 

ON THE LINEAB AND VEOTOE FUNCTION 


\Proceed%ngs of the Royal Society of Edinburgh May 1, 1899 ] 


Three years ago I called the attention of the Society to the following theorem — 

The 7 esultajit of two pui e sti ams is a homogeneous strain which leaves three directions 
unchanged and convey sely 

[It will be shown below that any strain which has three leal loots can also be 
looked on (in an mtinite number of ways) as the resultant of two others which have 
the same property] 

As I was anxious to intioduce this pioposition in my advanced class where I 
was not justified m employing the extiemely simple quaternion pioof I gave a number 
of diffeient modes of demonstration, of which the most elementary was geometrical and 
was based upon the almost obvious fact that 

If theie be two concentiic ellipsoids determinate m foim and position one of which 
lemains of constant magnitude while the other may swell or contract without limit, there 
are thee stages at which they touch one another 

[These aie of couise, (1) and (2) when one is just wholly inside or just wholly 
outside the other (that is when then closed cuives of intei section shrink into points) 
and (3) when then cui\es of intei section intersect one another The whole matter 
may obviously be simplified by first mflictmg a pure strain on the two ellipsoids such 
as to make one of them into a sphere next considering their conditions of touching, and 
finally inflicting the reciprocal stiain] 

But the noimal at any pomt of an ellipsoid is the direction mto which the radius 
vector of that point is turned by a pure strain, so that for any two pure strains 
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there are three directions which they alter alike (These form of course the system 
of conjugate diameters common to the two ellipsoids) This is the fundamental pro 
position of the paper referred to and the theoiem follows from it directly 

In the course of some recent investigations I noticed that if <j> have real roots so 
also has 

whatever real strain may be This is of course, obvious for they are yjra ‘\{r /3 yfry if 
a, /S 7 bo the xoots of ^ At first sight this appeared to me to be a generahsation 
of the theorem above of a nature inconsistent with some of the steps of the pi oof 
But it is easj to see that it is not so For all expressions of the form 

'\jrcoylr 

correspond to puic strains if co is puie Hence 

and IS thus as icquired by the theorem the product of two pure strains 
Of course wc might have decomposed it into othci pans of factors thus 

In the formoi case the fxctois have each thiee real loots in the latter they have not 
generally moie thin one 

A gloat numbei of cuiious developments at once suggest themselves of which I 
mention one oi t'wo 

Thus let the 1C be throe successive puie stiains (which may obviously represent 
any sti iin) Wo may altei them individually as below in an infinite number of ways 
without altering the whole 

(0(0 1(0 = (0i(0(0i 0) = CD (0i(0 (Oi (0{“^ 

= (0i(0(0j(0{^^ (0i(0(0i (O 

= (Oi(0(o^(o(0i (o = etc 

The expression (om itself when its three loots are given le a /3, 7 with 
{Ji 9 ^ 9 i gives (o xnd 'sr sopaiatcly, with throe scalais left aibitrarj For we may take 

(Op = os^aSap + os l33^p -h 

+ V VyaSr^ap -h 

and then obviously there aie three conditions only viz 

-fe-_ 3 

^l2/l ^2^2 ^8^3 
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Another portion of the paper deals with a sort of converse of the above pioblem — 
The relation between two strains (whether ^ith three real roots oi with one) when 
then successive application gives a pure strain, and vaiious questions of a similar 
kind 


In these inquiries we constantly meet with a somewhat puzzling form which 
repeats itself in a remarkable manner under the usual modes of treatment viz — 

ayVep + VecDp 

A little consideration however shows that it can be put into the form 

V (m € — cue) p 


which is thoroughly tractable 
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NOPE ON CLERK-MAXWELL’S LAW OF DISTRIBUTION OF 
VELOCITY IN A GROUP OF EQUAL COLLIDING SPHERES 

[Pioceedmqs of the Royal Society of Edinburgh June 15 1896] 

liiL sxicxstic ciiticism which M Bertrand (Oomptes Rendus, May 4 and 18 1896) 
xg xin hcbtowb on Clcik Mxxwcllb earliest solution of the fundamental pioblem in the 
Kinetic Thcoi y oj Gobch togothoi with Pi of Boltzmann’s veiy different but thoioughly 
dcpicciatoiy lunaiks (ib May 26) have led me to reconsidei this question xlready 
discussed by mo it some length before the Society Both of these authorities declxre 
Mx\ wells mvcstigxtion to be erroneous — but while Pi of Boltzmann allows his result to 
be eoucct M Beitixnd goes further xnd bluntly calls it absurd He had m his Galcul 
dts Rt obabilitc^ (1888) already given Maxwells pioof as an example of illusory methods 
1 hxve the misfoitune to xgiee with Maxwell, and to hold that his reasonmg though 
not by any means complete, is (like his result) correct {Trans R S E vol xxxiii 
pp 00 xnd 252 ) 

I have not found anything in these communications of mme (so far at least ah 
the piesent question is concerned) which I should desire to retract but they can 
be eousiderably improved and I think that, by the introduction of the Doppler 
(propel ly the Romer ) piinciplc the true nature of a part of the argument can be 
made somewhat more immediately obvious Also I will venture to express the hope 
thxt Prof Boltzmxnn may at last recogmse that I have in this mattei at least not 
deserved the reproach of hiving reasoned in a circle* 

1 The following quotation from my first paper f (m which I have italicized the 
greater part of one sentence) shows the general ground of my reasoning which was 
expressly limited to a very numerous group of equal perfectly hard, spherical particles 

* Phil Mag xxv (1888) pp 89 177 + {AnU No lxxvii pp 126 129 1899 ] 
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Very slight oonsideratioa is lequired to convince us that unless we suppose the 
spheres to colhde with one another it would be impossible to apply any species of 
finite reasonmg to the ascertaining of their distribution at each instant or the distn 
bution of velocity among those of them which are for the time in any particular 
region of the contammg vessel But when the idea of mutual collisions is introduced 
we have at once in place of the hopelessly complex question of the behaviour of innu 
merable absolutely isolated individuals, the comparatively simple statistical question of 
the average behaviour of the various groups of a community This distinction is forciblv 
impressed even on the non mathematical by the extraordinary steadiness with which 
the numbers of such totally unpiedictable though not uncommon phenomena as suicides 
twin 01 triple births dead letters &c in any populous country are maintained year 
after year ^ 

On those who are acquainted with the highei developments of the mathematical 
Theory of Probabilities the impression is still more forcible Every one therefore who 
considers the subject from either of these points of view must come to the conclusion 
that continued collisions among our set of elastic spheres will prwided they are all 
equal produce a state of things m which the percentage of the whole which have 
at each moment any distinctive property must (after many collisions) tend towards a 
defimte numerical value , fi:om which it will never afterwards markedly depart ’ 

When [the final result in which the distribution of velocity components is the 
same for all directions] is aiiived at collisions will not in the long run tend to 
alter it For then the uniformity of distnbution of the spheres in space and the 
symmetry of distiibution of velocity among them enable us (by the principle of aveiagcs) 
to dispense with the only limitation above imposed, viz the parallelism of the lines of 
centres m the collisions considered ’ 


2 Now considenng the 3 10 » absolutely equal particles in each cubic inch of a 
gas, where could we hope to find a moie perfect example of such a community? 
Where a more apt subject for the application of the higher paits of the Theory of 
Probabilities if we are evei to find an approach to statistical regularity it is suiely 
here where all the most exacting demands of the mathematician arc fully conceded 

Is It not obvious at once that such a group must present at all times amd from 

ri TTNTnTTT"®!Tu ® features? In other words -that the solution of the problem 
IS UNIQUE (This word practically contains the whole point of the question) If 

on! f Probabilities (m which M Bertrand himself is 

IZ Ur authonties) is a mere useless outcome of analvtical dexterity 

ZLU" -Pe-nce to guide it, is of no valJe 

A first consequence of this perfect community of interests is that (on the aveia^e 

0 course) the fraction of the whole particles whose component speeds in any assigned 
direction lie between a, and x + Sx is expressed by F « my assigned 

f{x) 

where / is a perfectly defimte (and obviously mm) function 
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It IS clear from this that the deniaity of ondb in the velocity space diagram 
dejpends on 7 only , hut we require fuither infoimation before wc can find how 
(M Bertrand seems to admit the first statement, hut he insists that othciwisc the 
solution IS wholly arbitrary) 

3 [But before seeking this we may take another mode of viewing the sitiin 
tion — as follows It is of course nothing moie than an illustration of the iigumcnt 
just given 

Suppose meiely for the purpose of examining the condition of the gas and thcie 
fore without any inquiiy into othei physical possibilities which have nothing to do with 
the argument — 

That (a) each particle of the group is self luminous and all give out, with equal 
intensity light of one definite period (To illustrate the remark just mxde, note that 
this luminosity is not attributed to collisions noi to any assigned physical caubcs ) 

(b) The wave length of light reaching the eye from a moving source is altered 
by an amount proportional to the speed with which its distance from the eye alters 

(c) The displacement of light by a giating on which it falls normally is proportional 
to the wave-length 

(d) An ideal giating may he assumed of iny loquisitc rcgulaiity and fineness, 
and again foi the sake of aigumont only it may bo supposed to act howcvoi fine 
it be in the same manner as do oidinaiy gratings 

Those picmiscd the spectrum of the gas will be i band, whoso visible bioadth 
depends only on the fineness of tho grating and the luminosity of a particle But 
this hand will present at all times and from all sides of the gioup exactly the bimc 
appearance 

Its hrightnoss therefore, at any given distance fiom its central lino will bo constant 
But thib moans that the fi action of the whole numbci of pai tides which have any given 
speed m the line of sight, depends on that speed alone The utmost spoed of a gaseous 
particle is exceedingly small compared with that of light and the alteration of wave 
length IS not affected by the part of tho motion of the luminous particle which is trans 
veise to the line of sight ] 

4 We have not yet exhausted the consequences of absolutely perfect (aveiage) 
community For enery particle in viituo of citizenship, has a right to and obtains its 
due quota of whatever is shared among the group Its tenure of any one aalue of 
ceases (usually in a most abrupt way) some 10^® times per second but leaves it 
absolutely free to have, during each of these biief periods any values of y and z 
which may fall to it Theie are in fact definite specifications ol og y z speeds , 
but they are distributed among the particles with absolute independence of one 
another, in a manner which is perpetually changing at an exceptionally lapid rate 
And the entiie independence of ^ y and z speeds is shown by the fact that, in a 
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collision there is a mere interchange of speeds along the line of centres at nn])xct — 
whatevei he the speeda of the impinging particles in other directions 

Thus the assumption which Maxwell allowed ‘might appear piocxiious (it is 
carefully to be observed that he did not say it appeared so to himself) is iully 
justified In any element of volume of the space diagram of velocities the deiisilj 
IS proportional to 

whatever rectangidm axes be employed This of course gives at once Mixwdls 
result viz — 

^ Q—h(x+y-\-z) 

To any one who is doubtful about the accuracy or the cogency of the lexsoniiiq 
just sketched we may put the matter in another foim The solution wc siw is 
unique But this is obviously a solution foi it is easy to see that collmons do not 
alter it^ Therefore it is the solution 


5 M Bertrand treats the above result of Clerk-Maxwells to the following swccpiiiL 
condemnation — ^ 

II y aurait indulgence a reprocher k cette fonnule trop peu do rigucni Its 
hatitudes de la Geometne autonsent a la declarer tout simplement abbuidc 

Comment on this would he superfluous 

But it IS easy to see how M Bertrand has been led into this position Tlu 

following IS according to his information the problem as proposed md solved hs 
Maxwell — ^ 


Les molecules dune masse gazeuse etant en nombre immense et consid6t'' roinmt 
mfini sent animees de vitesses mconnues On ne sait rien sur les conditions milults 
et sui les actions pertuibatrices qui sexeicent entre elles et sur elles 


Determiner le rapport du nombre total des molecules au nombic do cellos (bid 
la Vitesse est comprise entre des limites donndes On nadmet nen do plus siium 

drectioM ordonnance regulieie, tout est paieil dans toutes Its 


2^0 wonder M Bertrand says that this remmds one of the question of finding the 
age of the captain from the size of his vessel ' ^ 

Witn tins pairticular form of f(x) not only is f(x) fho f(9\ o-n t 
independent of the rectangtdai system of axes eiMloyi bat {L « ™ &e usual sense of being 

If one of these axes be taken parallel to the line of centres at impact^ * ■^**'°^* malteied by a collision 
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6 What MT,xwell did propose, and solve vas a very different pioblcm indeed 
Heic are his words {Plal Mag xix (1860) p 22) — 

Prop IV To had tho average number of particles whose velocities he between 
given limits after a great number of collmons among a great namber of equal 
pa7 tides 

He had alioady pointed out that the particles are regaided as spherical and 
peifectly clxstic, and that though collisions are perpetually altering the velocity of 
each the tendency is to some regular law of distribution of vis viva among the group 
I am fxi fiom asseiting that his paper (which epoch-making as it was is evidently a 
somewhxt hasty and unmatuicd effort) is free from even large errois but it certiinly 
docs not contain such palpable absurdities as those now laid to its charge 

M Bertrxnd ontiiely ignores the fact that Maxwell was dealing with a ‘community 
And his comment on Maxwell might justly be retorted on himself m a slightly altered 
form tor he asserts that the x y z speeds are not independent which is viitually 
the equivalent of the statement that when the latitude of a ship at sea has been any 
how determmed its longitude is no longer wholly indeterminate ’ 

[July 6 1896 Prof Boltzmann to whom I sent a pioof of the above requests me 
to add on his pait as follows — 

‘I have given expression to my high respect for Maxwell in the Preface-^ to the 
two Pxits of my Lectures on Maxwells Theory of Electricity and Light and specially in 
the Motto to Pait II And besides, I regard Maxwells discovery of the Law of Distri 
bution of Velocity as so impoitant a service that in comparison the tiifling mistakes 
which appeal to me to occur in his fiist proof are not worthy of consideiation The letters 
which I wrote to M Bcrtiand who was good enough to communicate them to the French 
Academy had thus by no means the object of expressing my concurrence in M Bertiand s 
dissentient (ahfullig) judgment of Maxwells woik on the Velocity distribution law I 
wished lather to say that M Bertrand was so much the less justified in this opinion 
because the one objection he was able to make had already been made by others who 
agiee in all essentials with Maxwell ’] 
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ON THE GENEEALIZATION OF JOSEPHUS’ PliOBLEM 

[Piooeed%ngs of the Royal Society of Edinburgh July 18 1898] 

In the thiid Book of The Wats of the Jews Chap viii § 7 no au told tint 
Josephus managed to save himself and a companion out of a total of 41 iiitn llu 
majontj of whom had resolved on self extermination (to avoid falling into flu llmds 
of Vespasian) pio^ded their leader died with them The passage is vuy obseuu 

“‘'““‘“'J' >>"* “ ™gge»te dd.b»alo haul ,.i 

Kina on Josephus part 

And now said he, ‘since it is resolved among you that you will die (onu on 
let us commit oui mutual deaths to determination by lot He whom f h, f M 
^ tat U* be Uled by bm. .bat batb .be «c,^d o. f ,b ] 

as we have it is really his s>poK:en of, so that the inobldn 

.1 r'r'if irrr* r *“ ^ 

compter au cas quil visa, a demeure^'e’°* ^ lequel on comnnii. ut \ 

«n de oee comp»^on. 7 le !" ™ 7 ^ sum. 

un autre il le mit en la tiente cinquieme pl^^^ ^ 

staking out eveiy third^°^m^uccision^tra s'^t graphical pioeess of 

'^hen three only are left they will be found to h a closed eurve 

n the process were continued thlv wlljl . and 

inj similar question mvolvmg only^modeiate numbe™™^*^ 

g my moderate numbers would probably be most easily 
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solved 111 X feimihr fx&liion But suppose the number of couipinious of Josephus to 
have been of the order even of hundieds of thousunds only, vistly inoie if of billions this 
grxphic method would involve immense iibk. of erioi besides being toilsome lu the 
extreme , and the whole process would have to be gone over igain if we wished 
the solution loi the case in which the total nmnbei of men is iltcied even by i 
single unit 

It IS easy however to see that the following geneial statement gives the solution 
of all such problems — 

Let n men be aiianged in a ring which closes up its ranks as individuals aie picked 
out Beginning inywheie go continuously round picking out each ^iith man until i only 
aie left Let one of these be the man who ouginally occupied the pth place Then if 
we had begun with w+1 men one of the r left would have been the ouginally (p + nAth 
01 (if p + )H > « + 1) the — n — l)th 

In other woids provided there are always to be ? left then onginal positions iie 
each shifted for wards along the closed ring by m places for each addition of a single 
man to the original group 

A thud but even more simple and suggestive mode of statement iniy obviously be 
based on the illusti itious which follow In these the original numbei of each in in is 
given m black type the oidei m avhich he is struck off, if the process be c allied out to 
the bittei end in oidinaiy typo 

By thieei -foi groups of S and of 9, men respectively ~ 

351742S()0 

12345678 

<) 7 1 4 6 2 b ) J 

123456789 

Increase by unit every numbei ui the fust line (to which a 0 has been appended) 
and iviitc it over the ooiiespondmg numbei in the thud We have the scheme 

4 0 2 8 5 19 7 1 

9 71402853 

Here the iiumbeis and then order aic the same but those in the lowci iiuk ne 
thice places in advance 

Bt/ fives — 

12 10 351 11 874 2 9 6 0 

123456789 10 11 12 
5 3 10 7 1 13 11 4 6 2 12 9 8 

1 2 3 4 5 6 7 8 9 10 11 12 13 

The numbers of the trst line mcreased hy units and those of the thud aie 

13 11 4 6 2 12 9 8 5 3 10 7 1 

5 3 10 7 1 13 11 4 6 2 12 9 8 

again the same order hut now shifted foiwaids by five places 
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It IS easy to see that the two rows thus foimed are ideyitical when = 

Thus 

By tens — 


1 

4 

2 

8 

6 

3 

7 

9 

0 0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

2 

5 

3 

9 

7 

4 

8 

10 

6 1 

1 

2 

3 

4 

5 

6 

7 

8 

9 10 


and the statement above is obviously verified 

To show how rapidly the results of this process can he extended to highei i\unib(is 
I confine myself to the Josephus question as regards himself alone the last mm Im>i 
the otheis the mode of procedure is exactly the same 

Given that the final survivoi in 41 told off by threes is the 31st wc have 

11 last man 

41 31 

The rule just given shows that succeeding numbers in these columns xrc touiud 
as follows taking only those which commence as it were a new cycle — 

41 + a; 31 + 3a; — (41 + a;) = 2a; — 10 

The value of x which makes the light hand side one or other of 1 and 2 is thou 
fore to he chosen so we must put a; =6 and the result is 

47 2 

Successive apphcations of this process give in ordei 


70 

1 

13 655 

2 

lOo 

1 

20 482 

1 

158 

2 

30 723 

1 

237 

2 

46 085 

2 

355 

1 

69127 

1 

o33 

2 

103 691 

2 

799 

1 

155 536 

1 

1199 

2 

233304 

1 

1,798 

1 

349 956 

1 

2 697 

1 

524 934 

1 

4,046 

2 

787 401 

1 

6 069 

2 

1 181 102 

2 

9103 

1 

1 771 653 

2 
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provided the (merely arithmetic'll) work ifa conect And of course, we can at once 
inteipolate for any intermediate value of n 

Thus in 799 men or in 30 723 the first is safe —in 1000 the 604th in 100000 
the 92 620th ind m 1 000 000 the 637 798th 

The eiilioi steps of this piocess, which lead at once to Bachets number foi 41 
(assumed above), are 

11 9 1 

2 2 14 2 

3 2 21 2 

4 1 31 1 

6 1 

so that the method practically deals with millions when we reach them more easily 
than it did with tens 

Unfoitunitcly the cycles become shortei as the ladix and with it the choice of 
lemaindeis incioises, so thit i further impiovement of process must if possible be 
intioduced when every hundredth man (say) is to be knocked out 

h 10111 the diti above given it appears that up to two millions the number of 
cases in whieh the first man is safe is 19 while that in which the second is safe 
IS only 16 (The cise of one mm only is excluded) As these cases should in the 
long run, be cipiilly piobible I extended the calculation to 

13 059 835 455 001 1 

with the lesult of adding 20 and 19 to these numbers respectively But the next 
15 steps appear to give only 2 cases in fivoui of the first man' 
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KIECHHOFF 


{Nature Vol xxxvi Octobei 27 1S&7] 


Geheimrath Gustav Robert Kirchhoff was bom at Konigsbciq on thi I2lh 
of March 1824 He commenced his professoiial career at Beilin Univcisity w I’liv i1 
Docent became Extra ordmaiy Piofessoi in Breslau from IboO to 1854 tluuiltd (lil 
1874 Professor of Physics m Heidelberg whence he was hnilly tixiisltncd (m x 
somewhat similai capacity) to Beihn His health was seriously xnd pciunmutlx 
affected by an accident which befell him in Hudelberg many ycxrs xgo ind Ik hid 
been unable to lectuie for some time before his death 


It IS not easy in a brief notice to give an adequate idea of Kiichhotfs iimiuious 
and impoitant contnbutions to physical science Fortunately ill his writings iic ( isily 
accessible Five yeais ago his collected papers {Gesammelte Ahliaiidlinifjon von G 
Knchhoff Leipzig 1882) were published in a single volume His lectiiics on Dunmus 
(Voilesungen uber Mathmuitische Phys%l Leipzig 1876) have reichcd xt least i tlmd 
edition, and his gieatest work {Untet suchungen vber das Somempectrum Beilin 1802) 
was almost immediately after its appeaiance lepublished in an English tixnslxtion 
(London Macmillan) To these he has added so fai as we can diseovei only thru 

or four more recent papers, among which aie however the following published in 
the Beihn Ahhandlungen — or 


Uber die Foimandeiung die ein fester elastischer Korpei crfahit 
netisch oder dielectiisch polaiisirt wird (1884) 


wonn cr mag 


A subsequent paper gives applications of the results (1884) 
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While theie aic nowadays hundieds of men thoroughly qualihed to work out to 
its details a pioblom alicidy couched in symbols theie \ie but few who have the 

gift of putting an entiiely new physical question into such a foim The name^ of 

Stokes Thomson and Cleik Maxwell will at once occur to Biitish readeis as instances 
of men possessing such powei in x maiked degree Kiichhoff had in this lespect no 
supeiioi m Germany except his life long fiiend ind colleague v Helmholtz 

His fust published paper On electric conduction in a thin plate and specially in 
a ci7 ciday one (Pogg Ann 1845X gives an instance The extremely elegant results 
he obtained aie now well known and have of eouise (once the start was given oi 

the key note stiuck) been widelj extended from the point of view of the pure 

in xthematici ms Ihc simpler lesults of this investigation it must be mentioned were 
fully veiitied by the xuthoi s expeiimental tiacing of the equipotential lines and by 
his mcasuic ments of then differences of potential A lemaik appended to this 
papei contains two simple but impoitant theorems which enable us to solve by a 
pel feet ly defiiiite piocess any pioblem concerning the distribution of cuiients in a 
nelwoik of wiles This application foiins the subject of a paper of date 1847 

Kiichhoff published subsequently seveial vciy valuable papers on electrical questions 
among which may be noted those on conduction in cuived sheets on Ohms Law on 
the distnbution of elcctncity on two influencing sphcies on the dischaige of the 
Lc\dcu Jai on the motion of clectiicity in submaiine cables &c Among these is 
a shoit but impoitant papei on the Deteyinination of the constwnt on which depends 
the Intui'iity of induced cuiients (Pogg Ann 1849) This involves the absolute measure 
nieiit ol chctiic icsistance ni a dchnitc wiu Kiichhoff was also the inventor of a 
viliiible addition to the Wheatstone Bndgt To the above clas<^ of papers may be 
added two elaboiate memoiis on Induced Magnetism (Gielle lSo3, Poqg Eiqanz 
unysbund 1S7()) 

Anothei senes of valuable investigations deals with the cquilibiium and motion 
of clastic solids especially in the foim of plates and of lods The Biitish leadei 
will hnd ])ait of the substance of these papeis lepioduced in Thomson and Taits 
Natnuil Philosophy Iheic aie among them caieful expeiimental deteimmations of 
the value of Poissons Eatio (that of the lateral contiaction to the axial extension 
of a lod undei ti action) foi diffeient substances These losults fully beai out the 
conclusions of Stokes who was the fust to point out the fallacy involved in the 
statement that the ratio m question is necessarily 114} 

Kiichhoff s lectin es on Dynamics aic pietty well known in this country so that 
we need not describe them in detail Like the majority of his sepaiate papers they 
arc somewhat tough leading but the labour of following them is certainly lecom 
pensed They foim rathei a collection of shoit ticatises on special blanches of the 
subject than a systematic digest of it One of the most noteworthy features of the 
eailici chaptcis is the mode m which dynamical piinciples {eg the Laws of Motion) 
aie intioduced While recognizing the great simplification m processes and in verbal 
expiession which is made possible by the use of the term Force Kirchhoff altogethei 
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objects to tbe mtioduction of the notion of Cause as a step leading only to confusion 
and obscurity in many fundamental questions In fact he loundly asseits that the 
introduction of systems of Forces rendeis it impossible to give a complete definition of 
Force And this he says depends on the lesult of experience that in natural motions 
the separate forces aie always more easilj specified than is then lesultant He piefers 
to speak of the motions which aie observed to take place and by the help of these 
(with the fundamental conceptions of Time Space and Matter) to form the geneial 
dynamical equations Once these aie obtained their application may be much facilitated 
by the introduction of the Name Force and we may thus express in simple teims 
what it would otherwise be diflScult to formulate in woids So long as the motion 
of a single particle of matter onlj is concerned we can from proper data investrgate 
its velocity and its acceleration as directed quantities of definite magnitude Thus 

we proceed from Keplei s Laws to find the acceleration of a planets motion This 

IS disco\eied to be directed towards the sun and to be in magnitude inversely as 
the square of the distance \\'e may call it by the name Force if we please but 

we are not to imagme it as an active igent Something quite analogous appears in 

the equations of motion when we intioduce the idea of Constraint The mode in 
which the idea of Mass is mtioduced by Kirchhoff is peculiar It is leilly equivalent 
to a proof (ultimately based on expeiiments) of Newtons Thud Law Once however 
it IS mtioduced the same species of reasoning (which differs but slightly from what 
we should call Kmematical) leads to the establishment of D Alembert s and Hamilton s 
Piinciples with the definition of the Potential Function the establishment of Lagrange s 
Generalized Equations and the proof of Conservation of Energy &.c The obsei vational 
and experimental warrant for this mode of treatment is according to Kirchhoff the 
fact that the components of acceleration are in general found to be functions of 
position [Kuchhoffs view of Foice has some resemblance to but is not identical 
with either of the views pie\iousl} published by Peirce and by the wiitei] This is 
the chief pecidianty of the book and very different opinions may naturxllj be held 
as to its \alue especially as regards the strange admixture of Kinemxtics and 
D} namics 

Of the rest however all who have read it must sjieak in the highest terms 
A great deal of very valuable and original matter sometimes dealing with extremely 
recondite subjects ib to be found in almost every chapter Among these we may 
specialU mention the investigation of surface conditions in the distortion of an elastic 
solid with the treatment of capillaiitj of vortex motion and of discontinuous fluid 
motion {Fhissigkeits^ti alilen) 

Besides these definite classes of papers there is a number of noteworthy memoirs 
of a more miscellaneous character —on important propositions in the Thermodynamics of 
solution and vaporization on crystalline reflection and refraction on the influence of heat 
conduction in a special case of propagation of sound on the optical constants of 
Aragonite and on the Thermal Conductivity of Iron 

Finally we have the senes of papers on Radiation partly mathematical partly 
experimental which m 1869 and 1860 produced such a profound impression in the 
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woild of science and which culminated in the great woik on the solai spectrum 
whose title is given above The history of Spectrum Analysis has from that date, 
been one of unbroken piogiess Light from the most distant of visible bodies has 
been ascertained to convey a species of telegraphic message which when we have 
learned to interpret it gives us information alike of a chemical and of a purely 
physical character We can analyze the atmosphere of a star comet oi nebula and 
tell (appioximately at least) the temperature and pressure of the glowing gas But 
at the present time the fact that such information is attainable is matter of common 
knowledge 

lb not an occasion on which we can speak of (questions of piioiity even 
though we might be specially attracted to them by finding v Helmholtz and Sir 
W Thomson publicly taking (in full knowledge of all the facts) almost absolutely 
antagouistic views However these points may ultimately be settled it is certam that 
Kiichhoff was (in lb59) entirely uii aware of what Stokes and Balfour Stewart had 
previously done and that he with the powerful assistance of Bunsen made what is 
now called Spectrum Analysis Eliichhoff by his elaborate comparison of the solai 
spectrum with the speclia of various elements and by his artificial production of a 
new line whose lelative darkness oi biightnesb he could vary at pleasure, Bunsen 
by his success in discovenng by the aid of the prism two new metallic elements 
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Encyclopctdm Bntanmca ISSO] 


Hamiltoj. Sir William Rowan one of the leally gieat im.thcmaticuus of tin 
piesent centuij was bom in Dublin August 4 ISOo His fathei who wxs i solicit ot, 
and his uncle (ornate of Turn) inigixted fiom Scotland in youth A bi inch of tlu 
Scottish family to which the} belonged had settled in the north of Iicl ind in tin 
time of James I and this fact seems to have given use to the common impicssiun 
that Hamilton was an Iiishman 

His genius displa}ed itself e\en in his infancy at first in the foim of a wouduful 
power of acqumng languages At the age of seven he had already made vciy con- 
sideiable piogiess in Hebiew and before he was thirteen he had acquiicd undci the 
care of his uncle, who was an extiaoidmaiy hnguist almost as many languagis is 
he had }eais of age Among these besides the classical md the modem Eiiiopi in 
languages aveie mcluded Peisian Arabic Hindustani Sanskrit and even Mil ay Lut 
though to the veiy end ot his life he retained much of the smgulai Ic aming of his 
childhood and jouth often leading Peisian and Arabic in the intervals ot steiiiei 
puisuits he had long abandoned them as a study and employed them merely as a 
lelaxation 

His mathematical studies seem to have been undeitaken and earned to then 
full development avithout any assistance whatevei and the lesult is that his writings 
belong to no paiticular school unless mdeed we considei them to form, as they 
are well entitled to do a school by themselves A an arithmetical calculatoi he was 
not onl} wondeifull} expeit but he seems to have occasionally found a positue delight 
in working out to an euoimous numbei of places of decimals the icsult of some 
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irksorae calculation At the age of twelve he engaged Colburn, the American cal 
culating boy who was then being exhibited as a cmiosity in Dublin and he had 
not ilways the worst of the encounter But two years before he had accidentally 
fallen in with a Latin copy of hucM which he eagerly devoured, and at twelve he 
attacked Newtons A'liihmetica Unvoersal%s This was his mtroduction to modem 
analysis He soon commenced to read the Pnncipia and at sixteen he had mastered 
a great part of that work besides some more modem ■works on analytical geometry 
and the differential calculus 


About this period he was also engaged in preparation for entrance at Trinitj 
College Dublin and had therefore to devote a portion of his time to classics In 

the summer of 1822 in his seventeenth jear he began a systematic study of Laplaces 

Mecanique Gileste Nothing could be better fitted to call forth such mathematical 
powois as those of Hamilton for Laplaces great work rich to profusion in analytical 
processes alike novel ind powerful demands from the most gifted student careful and 
often hborious study It was in the successful effort to open this treasure house that 
Himiltons mind received its find temper Dhs lors il commen$a a marcher seul 
to use the words of the biographer of another great mathematician From that time 
ho ippcaib to have devoted himself almost wholly to original investigation (so far at 
leist IS legal ds mathematics) though he ever kept himself well acquainted with the 
piogrcss of science both in Britain and abroad 

Having detected an important defect in one of Laplace s demonstrations he was 

induced by i friend to wiite out his remarks that they might be shown to Dr 

Biinkley after wiids bishop of Cloyne ■who was then royal astronomer for Ireland and 
an xccomplished mathem itician Brinkley seems at once to have perceived the vast 
tilents of young Hamilton and to have encouiaged him in the kindest manner 
He IS Slid to have remarked m 1823 of this lad of eighteen— This young man I do 
not say will be but is the hist mathematician of his age 

Hamilton s career at college was peihaps unexampled Amongst a number of 
compotitois of more than oidinary merit, he was first in every subject, and at every 
eximinition His is said to be the only recent case in which a student obtained the 
honour of in optioie in more than one subject This distinction had then become very 
rare not being given unless the candidate displayed a thorough mastery over his subject 
Hamilton leceivcd it for Greek and foi physics How many more such honours he 
might have attained ic is impossible to say, but he was expected to win both the 
gold medals at the degree cximination hid his career as a student not been cut 
short by an unprecedented event This was his appointment to the Andrews pro 
fessoiship of astionomy in the university of Dublin vacated by Dr Brinkley m 1827 
The chaii was not exactly offered to him as has been sometimes asserted but the 
electors having met and t liked over the subject authorized one of their number 
who was Hamilton s poisonal fiiend to urge him to become a candidate a step which 
his modesty had prevented him from taking Thus when barely twenty two he was 
established at the Dublin Observatory He was not specially fitted for the post for 
although he had a profound acquaintance with theoretical astionomy he had paid but 
T II 56 
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little attention to the regular work of the practical astronomei And it must be 
said that his time was better employed in grand original investigations than it would 
have been had he spent it in meridian observations made even with the best of 
mstmments — ^mfimtely better than if he had spent it on those of the observatoiy 
which however good originally were then totally unfit for the delicate lequiremcnts 
of modem astronomy Indeed there can be little doubt that Hamilton was intended, 
by the umveisity authorities who elected him to the professoiship of astronomy to 

spend his time as he best could for the advancement of science without being tied 

down to any particular branch Had he devoted himself to practical astronomy they 
would assuredly have furnished him with modem instruments and an adequate stiff 
of assistants 

In 183 d bemg secretary to the meeting of the British Association which was 

held that yeai in Dublin he was kmghted by the lord lieutenant But far highei 
honours rapidly succeeded among which we may meiely mention his election in 1837 
to the president s chair in the Eoyal Irish Academy and the rare and coveted 

distmction of bemg made corresponding member of the academy of St Peteisbuig 
These are the few salient points (other of course than the epochs of his moie 
important discoveries and inventions presently to be considered) in the uneventful 
life of this great man He letamed his wonderful faculties unimpaired to the vuy 
last and steadily contmued till withm a day or two of his death (September 2 
186 d) the task (his Elements of Quaternions) which had occupied the last six yeais of 
his life 


The germ of his first great discovery was contained in one of those eirly papois 
which m 1823 he commumcated to Dr Brinkley by whom undei the title of Caustics 
it was presented in 1824 to the Royal Irish Academy It was lefeired as usual to 

a committee Their repoit while acknowledging the novelty and value of its contents 

and the great mathematical skill of its author recommended that before being pub- 
lished it should be still further developed and simplified Duiing the next three 
years the paper grew to an immense bulk prmcipally by the additional details which 

had been inserted at the desire of the comimttee But it also assumed a much 

more intelhgible form and the grand features of the new method were now easily 

to be seen Hamilton himself seems not till this period to have fully understood 

either the nature or the importance of his discovery for it is only now that wc 
find him announcing his intention of applying his method to dynamics The paper 

was finally entitled Theory of Systems of Rays and the first part was pnnted in 

1828 m the Transactions of the Eoyal Irish Academy The second and thud paits 
have not yet been prmted , but it is understood that their moie important contents 
have app^ed in the thiee voluminous supplements (to the first part) which have 
been published m the same Transactions and m the two papers On a Geneial 
Method in Dynam^ which appeared in the Philosophical Tramactims in 1834-5 
The prmciple of Yary^g Action is the great feature of these papers, and it is 
strange mdeed that the one particulai result of this theory which perhaps more 
than anything else that Hamilton has done has rendered his name kLwn^ beyond 
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the little world of tiue philosophers should have been easily within the reach of 
Fiosnel and otheis for many years before, and in no way lequixed Hamilton s new 
conceptions oi methods although it was by them that he was led to its discovery 
This singular lesult is still known by the name Conical Refraction ’ which he 
pioposed foi it when he first predicted its existence in the third supplement to his 
Systems of Rays read in 1832 

Ihe step from optics to dynamics in the application of the method of ‘ Varying 
Action wis made in 1827 and communicated to the Royal Society of London in 
whose Philosophical Transactions for 1834 and 1835 theie are two papers on the 
subject These display like the Systems of Rays a mastery over symbols and a 
flow of mathemitical language almost unequalled But they contain what is far more 
valuable still the gicatest xddition which dynamical science had received since the 
gi xnd stiides made by Newton and Lagrange Jacobi and other mathematicians have 
developed to a great extent and as a question of pure mathematics only Hamilton s 
piocesses and have thus made extensive additions to oui knowledge of differential 
equxtioiis But there can be little doubt that we have as yet ob tamed only a mere 
glimpse of the vxst physic xl results of which they contain the geim And though 
this IS of course by fxi the moie valuable xspect m which any such contribution 
to science cxn be looked at the other must not be despised It is characteristic of 
most of Hxmilton’s is of nearly all great discoveries that even their indiieet con- 
sequences are of high value 

Iho othei grext contribution made by Hamilton to mxthematical science the 
Calculus of Quxteinions is fully trexted under that heading [No CXXIX below] 
It IS not necessxry to siy here more than this that quaternions foim as gieat an 
advxucc relatively to the Cartesian methods as the latter when first propounded 
foimed lelatively to Euclidian geometry The following chaiacteiistic extract from a 
letter shows Ilxmiltons own opinion of his mathematical work, and also gives a hint 
of the devices which he employed to render written language as expressive as actual 
speech His hist great work Lectures on Quaternions (Dublin 1852) is almost pamful 
to lexd in consc(iuencc of the frequent use of italics and capitals 

'1 hope thxt it may not be considered as unpaidonable vanitj or presumption 
on iny pxit if as my own txste has always led me to feel a greater mtercst in 
methods thxn in results so it is by methods lather than by any theorems which 
can be sepxiately quoted that I desire and hope to bo remembered Nevoitheless it 
IS only humxn nxtuic to derive some pleasure from being cited now and then even 
about a “ Theorem , especially where the quoter can eniich the subject by 

combining it with leseaichos of liis own 

The discoveries pxpers and treatises we have mentioned might well have formed 
the whole woik of a long and Ixborious life But not to speak of his enormous 
collection of MS books full to overflowing with new and original matter which have 
been handed over to Trinity College Dublin and of whose contents it is to be hoped 
a liige portion may yet be published the works we have already called attention 
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to barely form the greater portion of what he has published His extraordinniy in- 
vestigations connected with the solution of algebraic equations of the hfth clcgnc 
and his examination of the results amved at by Abel Jeirard ind Bad mo in then 
researches on this subject form another grand contnbution to science Theie is next 
his great paper on Fluctuabmg Functions a subject which since the time of Fomici 
has been of immense and evei mcreasing value in physical applications of mithc- 
matics There is also the extremely ingenious invention of the Hodogiaph Of his 
extensive mvestigations mto the solution (especially by numerical ipproxim ition) of 
certam classes of differential equations which constantly occur in the treatment of 
phjsical questions only a few items have been published at intervals in the Philo- 
sophical Magazine Besides all this Hamilton was a voluminous correspondent Often 
a smgle letter of his occupied horn fifty to a hundred or moie closely wntten pigts 
all devoted to the minute consideration of every featuie of some particulai pioblcm 
for It was one of the peculiar chaiactenstics of his mind never to be satisfied with 
a general nnderstandmg of a question, he pursued it until he knew it in ill its 
details He was ever courteous and bnd m answenng applications foi assist nice in 
the study of his works even when his compliance must have cost him much valuable 
tune He was excessively precise and haid to please with refeience to the final polish 
of his own works for publication and it was probably foi this reason tint he pub 
hshed so httle compared with the extent of his mvestigations 


Like most men of great original ty Hamilton generally matin ed his ideas bofoie 
putting pen to paper He used to carry on says his elder son long tiains of 
algebraical and arithmetical calculations m his mind during which ho was unconscious 
of the earthly necessity of eatmg, we used to bung in a snack -md leave it m 
his studj but a bnef nod of recognition of the intrusion of the chop or cutlet w is 
often the only result and his thoughts went on soaring upwards 


For further details about Hamilton (his poetry and his association nith poets 
for instance) the reader >s referred to the Bvhlin University Magazine (Jm 1642) 
the Gentlemans Magazine (Jan 1866) and the Monthly Notices of the Roml Au> > 
^ (F.b 1866,. and also t, an prinTi „f‘ h. 

S cf i “ connection with some of the opening statements ibovi 

t pLif S:: V, tt t 
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The word quaternion properly means a set of foui ’ In employing such i word 
to denote a new mathenaatical method Su W E Hamilton (No OXXViri ) was probably 
influenced by the recollection of its Greek equivalent the Pythagorean Totractys tho 
mystic source of all things 

Quatoinions (as a mathematical method) is an extension, or improvement, of 
Cartesian geometry, m which the artifices of coordinate axes, «&c are got iid of all 
directions m space being treated on precisely the same teims It is therefore except 
in some of its degraded forms possessed of tho perfect isotropy of Euclidian space 

From the purely geometrical point of view a quaternion may be regaided as 
the quotient of two directed lines in space — oi what comes to the same thing as tits 
factor or operator which changes one directed line into another Its analytical definition 
cannot be given foi the moment, it will appear in the course of the article 

History of the Method — The evolution of quaternions belongs in part to each of 
two weighty branches of mathematical histoiy— the interpretation of the imaginary (oi 
irwpomhle) quantity of common algebra and the Cartesian application of algebia to 
geometry Sir W E Hamilton was led to his great mvention by keepmg geometrical 
a pplic ations constantly before him while he endeavoured to give a real sigmficance to 
a /-1 We will therefore confine ouiselves so far as his predeoessois are concerned 
to attempts at mterpretation which had geometiical applications in view 

One geometrical interpretation of the negative sign of algebra was early seen to 
be mere rmersal of direction along a line Thus when an image is formed by a 
plane mixroi, the distance of anj point m it flom tho miiror is simply the negative 
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of that of the corresponding point of the object Or if motion in one direction along 
a line be treated as positive motion in the opposite direction along the same line is 
negative In the case of time measured from the Christian eia this distinction is 
at once given by the letters A B or B c prefixed to the date And to find the 
position m time of one event relatively to another we have only to subtract the 
date of the second (taking account of its sign) from that of the first Thus to find 
the internal between the battles of Marathon (490 Bc) and Wateiloo (1815 ad) wo have 

+ 1815 — (— 490) = 2305 years 

And it IS obvious that the same piocess applies in all cases in which we deal with 
quantities which may be legarded as of one directed dimension only such as distances 
along a line rotations about an axis &c But it is essential to notice that this is by 
no means necessarily true of operato'^s To turn a Ime through a certain angle in i 
given plane a certain opeiator is lequired, but when we wish to turn it thiough 
an equal negative angle we must not m general, emplo} the negative of the foimci 
operatoi For the negative of the operator which turns a line through a given angle 
in a gi\en plane will in all cases pioduce the negative of the original result which is 
not the result of the reverse operatoi unless the angle involved be an odd multiple of i 
light angle This is of course on the usual assumption that the sign of a product 
IS changed when that of any one of its factors is changed — which merely me ins thxt 
— 1 IS commutative with all other quantities 

The celebrated Wallis seems to have been the first to push this idea further In 
his Treatise of Algebra (168o) he distinctly proposes to construct the imagmary roots of 
a quadratic equation by going oiit of the Ime on which the roots if real, would hive 
been constructed 


In 1804 the Abbe Bude* apparently without any knowledge of Wallis s woik 
developed this idea so far as to make it useful in geometrical applications Ho give m 
fact the theory of what in Hamilton s system is called GomposiUon of Vectors in one 
plane — le the eombmation by + and - of complanar directed lines His constructions 
are based on the idea that the imaginaries ± V— 1 represent a unit line, and its reveisc 
pel pendiculai to the Ime on which the real units ± 1 are measured In this sense 
the imaginary expression a+jV—l is constructed by measurmg a length a along the 
fundamental line (for real quantities) and from its extremity a line of length 6 in some 
dnection perpendicular to the fundamental Ime But he did not attack the question of 
the representation of products or quotients of directed lines The step ho took is leally 
nothing more than the kmematical piinciple of the composition of linear velocities but 
expressed in terms of the algebraic imaginary 


In 1806 (the year of pubhoatiou of Buee s paper) Argand published a pamphlctf in 
■vvhich precisely the same ideas are developed hut to a considerably greater extent Foi 


* FJnl Tram 1806 


t Eomi sur une mamere de upetentei leg Quantitea Imagtmneg dang leg ConetiucUm 
edition was published by Houel (Pans 1874) There is added an mportant Appendve 
from Gergonneg Annaleg which are referred to m the text above Almost nothing oai 
Argand 6 private life except that m aU probabihty he was bom at Geneva m 1768 


Geomotnques A second 
consisting of the papers 
it seems be learned of 
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an mterpietation is assigned to the 'product of two diiected lines m one plane when each 
IS expressed as the sum of a leal and an imaginary part This product is interpreted 
as another directed line forming the fourth term of a proportion of which the first term 
IS the leal (positive) unit line and the other two are the factor lines Argands work 
lemamed unnoticed until the question was again raised in Oergonnes Annales 1813 
by Fran^ais This writer stated that he had found the geim of his remarks among the 
papeis of his deceased brother and that they had come from Legendre who had himself 
leceived them from some one unnamed This led to a lettei fiom Argand m which he 
stated his communications with Legendre and gave a resume of the contents of his 
pamphlet In a further communication to the Annales Argand pushed on the appli- 
citions of his theory He has given by means of it a simple proof of the existence of 
loots and no moie in every rational algebraic equation of the ?ith degiee with real 
coefficients About 1828 Warien in England and Mourey in France independently of 
one mother and of Argand lemvented these modes of interpretation and still latei in 
the wiitings of Cauchy Gauss and otheis the properties of the expiession a + 1 

were developed into the immense and most impoitant subject now called the theory of 
comple'K niimhers Fiom the more purely symbolical point of view it was developed by 
Peacock De Morgan &c as double algeh7a 

Argands method maybe put for rcfeience, in the following form The directed line 
whose length is a and which makes an angle 6 with the real (positive) unit line is 
cxpiesscd by 

a (cos 0 + ^ sin 6) 

vhere t is regarded as -1-V— 1 The sum of two such lines (formed hy adding together 
the real ind the imaginary pirts of two such expressions) can of course be expressed as 
X third dll cc ted line — the diagonal of the parallelogram of which they are conterminous 
sides The product P of two such lines is as we have seen given by 

1 a (cos 6 + 1 sm 6) a' (cos 0 + 6) P 

oi P = aa' {cos (0 + ^ ) + ^ sm (0 + ^ )} 

Its length IS theicfoic, the product of the lengths of the factors and its inclination to 
the leal unit is the sum of those of the factors If we write the expressions for the 
two lines in the form 

A + Bi A 4- B% 

the product is A A +i(AB +BA')^ 

and the fxet that the length of the pioduct line is the product of those of the factors 
IS seen in the form 

{A +B)(A' +B^)^(AA^ -BBf + (AB +BAy 

In the modern theory of complex numbers this is expressed by saying that the Nor'im of 
a pioduct IS equal to the product of the noims of the factors 

Argands attempts to extend his method to space generally were fruitless The 
reasons will be obvious later, but ve mention them just now because they called 
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forth fiom Serrois {Qergonnes Annales 1813) a very remarkable comment m which wxs 
contained the only yet discoveied tiace of an anticipation of the method of Hamilton 
Argand had been led to deny that such an expression as %'■ could be expressed in tin 
foim A + jBx — although as is well known Euler showed that one of its values is a icil 
quantity the exponential function of — 7r/2 Servois says with reference to the gonoi il 
repiesentation of a directed line m space — 

Lanalogie semblerait exiger que le tnnome fut de la forme 

p cos a + $ cos )8 + r cos 7 , 

a ^ y etant les angles dune dioite avec trois axes rectangulaires et quon eht 

( p cos a + g cos ^ + r cos 7) ( p cos a + g coafi + r cos 7) = cos® a 4- cos >8 + cos® 7 = 1 

Les laleurs de p q r p q, r qui satisferaient a cette condition seiaient ahsurdes, raxis 
seraient elles imaginaires reductibles a la forme gdnerale A + ? Voila une ques 

tion d analyse fort smguhere que je soumets a vos lumieres La simple proposition quo 
je vous en fais suffit pom lous fame voii que je ne crois point que toute fonction 
analytique non reelle soit vraiment reductible a la forme A + S 

As will be seen later the fundamental % j k ot quaternions with their reciprocals, 
furnish a set of six quantities which satisfy the conditions imposed by Servois And 
it IS quite certain that they cannot be repiesented by ordmaiy imaginanes 

Something far more closely analogous to quateimons than anything in Argand s woi k 
ought to have been suggested by De Homes theorem (1730) Instead of regarding as 
Buee and Argand had done, the expiession a (cos 8 + x sin 8) as a dmected Ima let us 
suppose it to represent the operator which when apphed to any hne in the plane 111 
which e is measured turns it in that plane through the angle d and at the same 
time mcieases its length in the ratio a 1 From the new point of view wo see at 
once as it were why it is true that 

(cos d + X sin d)”* = cos m 9 + x sin m 6 

For this equation merely states that m turnings of a Ime through successive equal 
angles m one plane give the same result as a smgle turning through m times the 
common angle To make this process applicable to any plane in space it is cleai that 

we must have a special value of i for each such plane In other words a unit Imo 

drawn in anx dnection whatever must have - 1 for its square In such a system theic 
will be no Ime m space specially distmguished as the real unit hne all will be alike 
imaginary or rathei alike real We may state in passing that every quateinion can be 

represented as a (cos d + ^arnff) —where a is a real number 9 a real angle and w a 

directed umt Ime whose square is - 1 Hamilton took this grand step but as wc have 
already said without any help from the previous work of De Moivre The course of his 
investigations is mmutely desenbed m the preface to his first great work* on the subject 
Hamilton like most of the many mquirers who endeavoured to give a real inteipic 
tation to the imagmary of common algebra found that at least two kmds ordeis 01 

* Lectures on Quatermons Dublin 1853 
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links of quintitics -vncic nccessiiy foi the puipose But instead of dealing with points 
on a lino and then windoiing out at right angles to it as Bu6e and Argand had done 
ho choso to look on ilgobii as the science of puie time‘s and to investigate the pio 
poities ot bots of tiino stops In its essential nature a set is a linear function of any 
nuinboi of chstvict units of the bame species Hence the simplest form of a set is 
a couple , xud it \\ xs to the possible laws of combination of couples that Hamilton 
fiisl diioctod his xttontion It is obvious that the way m which the two separate time- 
stops xio luxolvod 111 the couple will determine these laws of combination But 
Hxmiltons spccixl object icquiied thxt these laws should be such as to lead to ceitain 
assumed losults, and ho theiofore commenced by assuming these and fiom the 
xssiunjition dotcimmod how the bepxiate time steps must be involved in the couple 
If ^^c uso Roiuxn lotteis foi meie numbeib capitals for instants of time Gieek letteis 
foi time steps xnd a pxionthesib to denote a couple the laws assumed by Hamilton as 
tho bxsis of i sjstom woie as follows — 

( X b) (a /3) = (aa — b^S ba + a/3)f 

To show hox\ wo gi\o by such assumptions a leal interpietation to the oidinary 
algebiaic iiniginxij tile the simple case x = 0 b = l and the second of the above 
foimulae gives 

(0 l)(a ^) = (-/3 a) 

Multipl} ouco moic hy tho numbei couple (0 1) and we have 
(0 1)(0, l)(a /3) = (0 1)(^^ a) = (-a 
= (-l 0)(a /3)--(a 

Thus th( numboi couple (0 1) when t^ice applied to a step couple simply 

changes its sign Thxt xvo hxve heie a peifectly real and intelligible interpretation 
of Ur oidiuxiy xlgcbi uc imxgmxiy is easily seen by an illustration even if it be a 
somewhxt ovliavxgxnt one Some Eastern potentate possessed of absolute power covets 
the vist ])oss( ssions of Ixib vi/iei and of his baiber He determines to rob them both 
(xn opoiition which mxy be voiy satibfactoiily expiessed by —1), but being a wag he 
chooses his own wxy of doing it He dogiades hib vizier to the office of barber taking 
all his goods 111 the piocess, xnd makes the baibei his vizier Next day he repeats the 
opcixtion Exch of the victims has been lestored to his foimer lank but the operatoi 
— 1 his been applied to both 

Hamilton still keeping pi eminently before him as his gieat object the mvention of 
X method xpplicxble to spice of three dimensions proceeded to study the properties of 
triplets of the foim by which he proposed to represent the directed line m 

space whose projections on the cooidinate axes aie y z The composition of two 
such hues b} the xlgebiaic addition of then several projections agreed with the 

* Iheonj of Co)iju(jiitc lunctiom oi Alqehmic Couples with a Prehminmy and Elementary Essay on Algeha 
as tin Scuiite of Pm e Jimc read in 1833 and 1S35 and published m Trans B I A xvn ii (1835) 

I Compaie these with the long subsequent ideas of Grassmann presently to be described 
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assumption of Buee and A.rgand for the case of coplanai lines But assuming the 
distributive principle the product of two lines appeared to give the expression 

ax -yy — zz -^i{ya, xy)->r ;j{xz + zx)-Vij{yz +zy) 

For the square of j like that of i was assumed to be negative unity But the intei 
pretation of y piesented a difficulty — in fact the mam difficulty of the whole mvestiga 
tion — and it is specially mterestmg to see how Hamilton attacked it He saw that he 
could get a hint from the simpler case already thoroughly discussed provided the two 
factor lines weie in one plane thiough the real unit line This lequnes meiely that 

y z y z , ox yz - zy =^0 , 

but then the product should be of the same form as the separate factors Thus in 
this special case the term m y ought to vanish But the numerical factor appears 
to be yz zy' while it is the quantity yz -zy which reallj vamshes Hence Hamilton 
was at first inclined to think that y must be treated as nil But he soon saw that a 
less harsh supposition would suit the simple case Foi his speculations on sets had 
already familiarized him with the idea that multiplication might in certain cases not be 
commutative so that as the last term in the above pioduct is made up of the 
two separate terms vjyz and jizy the teim would vanish of itself when the factor 
Imes are coplanar provided y = -ji for it would then assume the form y{yz-zy) 
He had now the following expression for the product of any two directed lines 

XX - yy - zz + 1 (yaj +xy)Jrj {xz +zx)->tij{yz - zy') 

But his result had to be submitted to another test the Law of the Noims As soon 
as he found by trial that this law was satisfied he took the final step This led 
me he says to conceive that perhaps instead of seeking to confine ourselves to 
tiiplets we ought to regard these as only imperfect forms of Quaternions and 

that thus my old conception of sets might receive a new and useful application In 
a very short time he settled his fundamental assumptions He had now three distinct 
apace units i j k, and the following conditions regulated their combination by 
multiplication — 

^=^“ = ^= — 1 y = —Ji — h jk = —Jy=i ki = — ik=j* 

And now the product of two quaternions could be at once expressed as a third 
■quaternion thus — 

{a + ib+jc+M){a +^6 +jc' + kd) = A +tB+jC + LD 

where 

A = aa' — bb' - CO —dd, 

B = ab +ba +cd -do' 

G = ac + ca +db' — bd' 

D = ad +da + ho —cb 

Hamilton at once found that the Law of the Norms holds— not being aware that 
It mil be easy to see that instead of the last thiee of these we may wiite the single one -1 
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Euler had long befoie decomposed the product of two sums of foui squaies into this 
veiy set of four squaies And now a directed line m space came to be represented 
as IX -{-jy while the pioduct of two lines is the quaternion 

- {xx' + yy -¥ zz') •\‘%{yz — zy) {zx —xz) + l (xy' — yx') 

To any one acquainted even to a slight extent with the elements of Oaitesian 
geometry of three dimensions a glance at the extremely suggestive constituents of 
this expiossion shoves how justly Hamilton was entitled to say — When the con 
ception had been so fai unfolded and fixed in my mind I felt that the new 
imtiument fo7 applying calculation to geometry for which I had so long sought was 
now at least in pait attained The date of this memorxble discovery is Octobei 16 
1843 

We can devote but \ few lines to the consideiation of the expression above 
Suppose foi simplicity the factor lines to be each of unit length Then x, y z 
oi y' z' expiess their diiection cosines Also if 6 be the angle between them and 
x' y* z* the diiection cosines of a line peipendicular to each of them we have 

XX -\-yy -^-zz = cos 6 yz — zy = x' mi B &c 

so that the piocluct of two unit lines is now expressed as 

— cos ^ + {%x” + / ^ ) sm 0 

Thus when the factois are paiallel oi ^ = 0 the product which is now the squaie of 

any (unit) line is — 1 And when the two factor lines are at right angles to one 

another, oi 0 = 7 r /2 the pioduct is simply %x -{-yy' •\‘kz^ the unit line peipendicular 
to both Hence ind m this lies the mam element of the symmetry and simplicity 
oi the quaternion calculus all systems of tlvtee mutually yectangular unit lines in space 
have the same properties as the fundamental system i j k In other words if the 

system (considoicd as iigid) be made to turn about till the fist factor coincides with 

^ and the second with j the product will coincide with I This fundamental system 
therefore becomes unnecessaiy, and the quaternion method in eveiy case takes its 
reference lines solely fiom the problem to which it is applied It has therefore as 
it wcic a unique internal chaiacter of its own 

Hxmilton having gone thus far pioceeded to evolve these lesults fiom a tram 
of a pi 1011 01 metaphysical reasoning which is so inteiestmg m itself and so 
character ibtic of the man that we briefly sketch its nature 

Let it be supposed that the product of two directed lines is something which 
has quantity , ^ e it may be halved or doubled, for instance Also let us assume 

(а) space to have the same properties in all directions, and make the convention 

(б) that to change the sign of any one factor changes the sign of a product Then 
the product of two lines which have the same direction cannot he even m part a 
directed quantity For if the directed part have the same duection as the factors 
(6) shows that it will be reversed by reversmg either and therefore will recover 
its oiisfinal direction when both are reversed But this would obviously be inconsistent 
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With, (a) If it be peipendicular to the factor lines (a) shows that it must have simul 
taneously every such direction Hence it must be a mere number 

Agam the product of two Imes at right angles to one another cannot even in 
part, be a number For the reiersal of either factor must by (6) change its sign 
But if we look at the two factors in theu new position by the light of (a) we see 
that the sign must not change But there is nothing to prevent its being lepic 
sented by a directed Ime if as farther applications of {a) and (6) show we must do 
we take it perpendicular to each of the factor hnes 

Hamilton seem never to have been quite satisfied with the apparent heterogeneity of 
a quaternion dependmg as it does on a numerical and a directed part He indulged in 
a great deal of speculation as to the existence of an entra spatial unit which was to 
furnish the raison detre of the numerical part and render the quaternion homogeneous 
as well as linear But for this we must refer to his owm works 

Hamilton was not the only woikei at the theory of sets The year after the 
first publication of the quaternion method there appeared a work of great originality 
by Grassmann* in which lesults closely analogous to some of those of Hamilton were 
given In particular two species of multiplication ( inner and outer ) of directed 
lines in one plane were given The results of these two kinds of multiplication 
correspond lespectively to the numerical and the dnected parts of Hamilton’s quaternion 
product But Grassmann distinctly states in his preface that he had not had leisuie 
to extend his method to angles in space Hamilton and Grassmann, while their earlier 
work had much in common had very different objects in view Hamilton as we hive 
seen had geometrical application as his mam object, when he realized the quatornion 
system lie felt that his object was gamed and thenceforth confined himself to the 
development of his method Grassmann s object seems to have been all ilonv of 
a much more ambitious character viz to discover if possible a system or systems 
m which every conceivable mode of dealing with sets should be included That ho 
made very great advances towards the attainment of this object all will allow that 
his method even as completed m 1862 fully attains it is not so certain But his 
cl^s however great they may be can m no way conflict with those of Hamilton 
whose mode of mu tiplying couples (m which the inner and outer multiplication 
are essentially involved) was produced m 1833 and whose quatermon systL was 
completed and publmhed before Grassmann had elaborited for piess even^the ludi 
menta^ portions o his own system m which the veritable difficulty of the whole 

space had not eaen been attacked Grassmann 

rthom had ^ and De St Tenant the former 

7 the latter had exemplified m application the system of 

clefs algebnqi^ which is almost precisely that of Grassmann [See letter now 
appended to this article 1899] But it is to be observed that GrLmann thougl 
he virtually acc^ed Cauchy of plagiarism does not appear to have preferred any simh 

He doee net allude l„ m the'^retaertf 

Diub ana tnose of Olilfoid for a general explanation of Grassmann s method 
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hi& woik But m 1877 in the Matheniatische Annalen xir he gave a papei On 
the Place of Quaternions in the Ausdehnungslehi e m which he condemns as far as 
he can the nomenclxtuie and methods of Hamilton 

Theie xie many other systems based on various principles, which have been given 
foi application to geometiy of diiectcd Imea but those which deal with pioducts of 
lines aie all of such complexity as to be practically useless in application Otheis such 
as the Bai ycenti ische Galml of Mobius and the Methode des jSquipollences of Bella vitis 
give elegant modes of tieatmg space pioblems, so long as we confine ourselves to projective 
geometiy and matters of that older , but they are limited in their field and therefore 
need not bo discussed here More general systems having close analogies to quaternions 
hive been given since Hamilton s discovery was published As instances we may take 
Goodwins and OBiiens papers in the Gamhidge Philosophical Tiansactions foi 1849 

Relations to othei Blanches of Science — Even the above brief nariative shows how 
close lb the connexion between quaternions and the oidmaiy Caitesian space geometiy 
Weie this all the gam by then introduction would consist mainly in a clearer insight 
into the mechanism of coordinate systems lectanguKi or not — a very important 
xddition to theory but little advance so far as practical application is concerned But 
we have now to eonsidei that as yet we have not taken advantage of the perfect 
symmetiy ot the method When that is done, the full value of Hamilton s grand step 
becomes evident and the gam is quite as extensive fiom the practical as from the 
theoretical point of view Hamilton in fact remarks* I legaid it as an inelegance 

and imperfection in this calculus or rather in the state to which it has hitherto been 

unfolded whencvoi it becomes or seems to become necessaiy to have recourse to 

the icbouices of oidmaiy algebra for the solution of equations in quaternions This 
refers to the use of the %y y z coordinates — associated of course with ^ A But 
when instcid of the highly artificial expression ix-^'jy-Vlz^ to denote a finite directed 
hue we employ a single letter a (Hamilton uses the Greek alphabet for this purpose) 
and find that we are permitted to deal with it exactly as we should have dealt with 
the more complex expression the immense gain is at least in part obvious Any 

quaternion may now be expressed m numerous simple forms Thus we may regard it as 
the sum of a number and a line a -ha oi as the product or the quotient Se“^ of 
two directed lines &c while m many cases we may represent it so far as it is required 
by a single letter such as y r &c 

Perhaps to the student there is no part of elementary mathematics so repulsive as 
IS spherical trigonometry Also, everything relating to change of systems of axes as 
for instance in the kinematics of a rigid system where we have constantly to consider 
one set of rotations with regard to axes fixed in space and another set with regard 
to axeb fixed in the system ib a matter of troublesome complexity by the usual 
methods But every quaternion formula is a proposition in spheiical (sometimes de 

grading to plane) trigonometry and has the full advantage of the symmetiy of the 

method And one of Hamilton s earliest advances m the study of his system (an advance 

independently made only a few months later by Cayley) was the interpretation of the 


* Lectmeb on QuateimonB § 513 
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singulai operator q{ )q-^ where g rs a quatemron Applied to any directed line this 
operator at once turns it conically thiough a definite angle about a definite axi<^ Ihus 
rotation is now expressed in symbols at least as simply as it can be exhibited by means 
of a model Had quateimons effected nothing more than this they would still haie 
inauguiated one of the most necessaiy and apparently impracticable of leforms 

The physical properties of a heterogeneous body (provided they vaiy continuously 
fi:om point to point) aie known to depend m the neighbouihood of any one point 
of the body on a quadiic function of the coordinates with reference to that point 
The same is tiue of physical quantities such as potential tempeiatuie Ac thiough 
out small regions in which then vaiiations aie continuous, and also without lo 
striction of dimensions of moments ol mertia &c Hence in addition to its geometrical 
applications to surfaces of the second order the theory of quadric functions of position 
IS of fundamental importance in physics Heie the symmetry pomts at once to the 
selection of the three principal axes as the directions for ^ j k, and it would ippeii 
at first sight as if quaternions could not simplify though they might impioic m 
elegance the solution of questions of this kmd But it is not so Even in Hamilton s 
earlier work it was shown that all such questions were reducible to the solution of lineai 
equations in quaternions and he proved that thi'^ in turn depended on the deter 
mination of a certain operator which could be represented for purposes of calculation 
by a single symbol The method is essentially the same as that developed under 
the name of ‘matrices by Cavley in 18o8, but it has the peculiar advantage of 

the simplicity which is the natural consequence of entire freedom from conventional 
reference lines 


SufScient has already been said to show the close connexion between quaternions 
and the theory of numbers But one most important connexion with modem physics 
must be pointed out as it is probably destined to be of great service in the im 
mediate future In the theory of surfaces in hydrokinetics heat conduction potentials 
&c we constantly meet with what is called Laj>laces operator viz 


dos dy ^ dz 


We know that this is an invariant, le it is independent of the particular directions 
chosen for the rectangular coordinate axes Here then is a case specially adapted to 
the isotropy of the quaternion system, and Hamilton easily saw that the expression 

. ^ ^ ^ , 1 d 


could be, like ix+jy + kz eflfectively expressed by a smgle letter He chose for this 
purpose V And we now see that the square of V is the negative of Laplaces 
operator, while V itself when applied to any numerical quantity conceived as having 
a definite value at each point of space gives the direction and the rate of most ramd 
change of that quantity Thus applied to a potential it gives the diiection and 
magnitude of the force to a distribution of temperature in a conducting solid it 
gives (when multiplied by the conductivity) the flux of heat &c 



CXXIX ] 


QirATLRNIONS 


455 


No bettei testimony to the value of the quaternion method could be desiied than 
the constant use imde of its notation by mathematicians like Cliffoid (in his Kinematic) 
and by physicists like Clerk Maxwell (in his Electiicity and Magnetism) Neither of 
these men piofessed to employ the calculus itself but they recognized fully the extia 
oidinaiy clearness of insight which is gained even by merely translating the unwieldy 
Caitesian expressions met with in hydioLinetics and in electrodynamics into the 
pregnant language of quaternions 

Woils on the Subject — Of couise the gieat works on this subject are the two 
immense treatises by Hamilton himself Of these the second (^Elements of Quaternions 
London 1866, 2nd cd 1899) was posthumous — incomplete in one short part of the 
oiigmal plan only but that a most important part the theorj and applications of V 
These two woiks along with Hamilton s other papers on quaternions (in the Dublin 
Proceedings and Transactions the Philosophical Magazine &c) are storehouses of in- 
formation, of which but a small portion has yet been extracted A German translation 
of Huniltons Elements has recently been published by Gian 

Othci works on the subject in order of date are Allegret Essai sm le Calcul des 
Quaternions (Pans 1862), Tait An Elementary Treatise on Quatevnions (Oxford 186*7 
2nd ed Cambiidgc 1873, 3rd 1890, German translation by v Scheiff 1880 and French 
by Plan 1882— 84<), Kellind and Tait Introduction to Quaternions (London, 1873, 2nd 
ed 1882), Houcl Elements de la Theorie des Quaternions (Pans 1874), Unverzagt 
Theorie der Quatermonen (Wiesbaden 1876), Laisant Introduction a la Methods des 
Quaternions (Pans 1881), Gracfe Vorleningen uber die Theorie der Quatermonen (Leipsic 
1884) [To these must now be added M^Aulay Utility of Quaternions in Physics 
London 1893 , as well as a number of elementary treatises 1899 ] 

An excellent article on the Piinciples of the science by Dillnei will be found in 
the Mathematische Annaleri vol xi 1877 And a very valuable article on the general 
question Linear Associative Algebra by the late Piof Pence was ultimately printed m 
vol IV of the American Journal of Mathematics Sylvestei and others have recently 
published extensive contributions to the subject including quaternions under the general 
class rnatrii and have developed much faithei than Hamilton Ined to do the solution 
of equations in quaternions Seveial of the works named above are little more than 
compilations and some of the French ones are painfully disfigured by an attempt to 
introduce an improvement of Hamilton s notation, but the mere fact that so manj 
have already appeared shows the sure progress which the method is now making 

[In an article by Prof F Klein {Math Ann ii 1898) a claim is somewhat 
obscurely made for Gauss to a share at least in the invention of Quaternions Full 
infer matron on the subject is postponed till the publication of Gauss Nachlass in 
Vol VIII of his Oesamrnelte Werke From the article mentioned above and from a 
Digression on Quaternions m Klein und Sommerfeld Ueber die Theorie des Krensels 
(p 58) this claim appears to rest on some singular misapprehension of the nature 
of % Quaternion — whereby it is identified with a totally diffeient kind of concept a 
certain very restricted form of linear and vectoi Operator 1899] 



456 


QUATBEOTONS 


[oxxix 


APPENDIX 

{Repinted on account of the passage now marked See p 4 d2 above) 

QUATEENIONS AND THE AUSDEHNITNGSLEHEE 
[Nahire June 4tli 1891 ] 

Prof Gibbs second long letter was evidently wiitten befoie he could have read my leply to tho 
first This IS unfortunate as it tends to confuse those thud parties who may be interested in the 
q^uestion now raised Of course that question is natuiaEy confined to the invention of methods, foi 

it would be preposterous to compare Grassmann with Hamilton as an analyst 

I have again read my aiticle ^ Quaternions in the Ehficyc and have consulted once nioic 

the authorities there referred to I haae not found anything which I should wish to alt& Theio is 
much of comse which I should haie liked to extend, had the Editor permitted An aiticlo on 
Quaternions, ngoiously limited to foui pages could obviously be no place foi a discussion of 
Giassmanns scientific work except in its bearings upon Hamilton s calculus Moieovor had a siuulu 
article on the iusdehnungshJu e been asked of me I should certainly have declined to undertake it 
Smee 1860 when I ceased to be a Professor of Mathematics, I have paid no special attention to 

general systems of Seia Matrices oi ilgehas and without much further knowledge I should not 

attempt to write m any detail about such subjects I may, however call attention to the facts 

^ decisive of the question now raised Cauchy {Comptes Rendus, 
^ a special case of his ‘clefs algcbriques Grassmann, in turn {OompUs 
Jejicfi/s 1//4/04 and C/sSe 49) declared Cauchy s methods to be precisely those of tL Aus 
dehmmgslehre But Hamilton {Lectures, Pref p 64 footnote), says of the clefs algebriques fand 
theirfore on Gia^mnnsoun showing, of the methods of the Ausdehnungslehie) that they aie^“i«c?iLfw; 
in tl^t theo^ of bETS in algebra announced by me m 1835 of which Sets I W tlwlvfcln 
sidered the Q^ATEE^Io^s to be merely a paitioidai case ^ 

But all this h^ nothing to do with Quatermons regarded as a calculus “unu/mlv idanted to 
Euchdian space Grassmann lived to have his fling at them but ^so far as I Sw) hr^entmoil 
n no c im o pnority Hamilton on the other hand, e\en aftei reading the j&rst AusdJinwiaalch) c 

footno e ] I stiU thmk, and it would seem that Hamilton also thoueht that^ it w;.« ,o 7 » 7 „ 7 ^ 

T conception of the guateinion whether as or as /3a-i that he^Tlt 

those difliculties (as to angles m space) which he says he had not had 7 ’ 

«r, mcompLle m.sidrt rqiiamtato th. lew reiaS^I f* * 

and these I still assert to be exolusivdv his Mv own w v fa-ctois 

p a tait 
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CXXX 

RADIATION AND CONVECTION 

[Fiom Encyclo]pcbd%a B'titanmca 1886] 


1 Whin a red-hot cannon ball is taken out of a furnace and suspended m the 
au it IS obseived to cool le to part with heat and it continues to do so at a 
gradually diminishing rate till it finally reaches the temperature of the room But 
the process by which this effect is produced is a very complex one If the hand be 
held at a distance of a few inches ftom the hot hall on either side of it or below 
it the feeling of warmth experienced is considerable, but it becomes mtolerable when 
the hand is hold at the same distance above the ball Even this rude form of expen 
ment IS sufficient to show that two processes of cooling are simultaneously at work 
— one which apparently leads to the loss of heat in all directions indifferently 
another which leads to a special loss m a vertical direction upwards If the experi 
ment IS made in a dark room into which a ray of sunlight is admitted so as to 
thiow a shadow of the ball on a screen we see that the column of air above the 
ball also casts a distmct shadow It is, in fact a column of air very irregularlj 
heated by contact with the ball and rising in obedience to hydrostatic laws in the 
colder and denser air around it This conveyance of heat by the motion of the heated 
body itself IS called convection, the process by which heat is lost indifferently in all 
directions is called radiation These two processes are entirely different in their 
nature, laws and mechanism, but we have to treat of both in the present article 

2 To illustrate how the third method by which heat can be transferred viz 
conduction is involved in this process let the cannon ball (which for this purpose 
should be a laige one) be again heated and at once immersed m water until it just 
ceases to be luminous in the dark and then be immediately hung up m the air 
Attei a short period it again becomes red hot all over and the phenomenon then 

T II 58 
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proceeds precisely as before except that the surface of the ball does not become so 
hot as it was before being plunged m the water This form of experiment which 
requires that the interior shall be very considerably cooled before the suiface ceases 
to be self luminous does not succeed nearlj so well with a copper ball as with an 
iron one on account of the comparatively high conductivity of copper In fact even 
when its suiface is covered with lamp-black to make the loss by radiation as gieat 
as possible the difference of temperature between the centre and the surface of a 
very hot copper ball — which is only an inch or two m diameter — is inconsiderable 

3 In conduction there is passage of heat fiom hotter to colder parts of the 
same body, in convection an inegulaily heated fluid becomes hydrostatically unstable 
and each part carries its heat with it to its new position In both processes heat is 
conveyed from place to place But it is quite otherwise with ladiation That a body 
cools in consequence of radiation is certain, that other bodies which absorb the radiation 
aie thereby heated is also certam, but it does not at all follow that what passes in the 
ladiant foim is heat To letum for a moment to the led hot cannon ball If while 
the hand is held below it a thick but dry plate of rock salt is interposed between 
the ball and the hand there is no perceptible diminution of waimth and the tem- 
peiature of the salt is not perceptibly raised by the radiation which passes thiough 
it When a piece of clear ice is cut into the form of a large burning glass it can 
be employed to inflame tmder by concentrating the suns lays and the lens does the 
work neaily as rapidly as if it had been made of glass It is certamly not what we 
ordinarily call heat which can be transmitted under conditions like these Eadiation 
IS undoubtedl} a transference of energy which was in the form commonly called hext 
m the radiatmg body and becomes heat m a body which absorbs it, but it is trans 
foimed as it leaves the first body and retransformed when it is absoibed by the second 
Until the compaiatively recent full recognition of the conservation and transform xtion 
of energy it was almost impossible to form precise ideas on matters like this, and con 
sequently we find m the writings even of men like Pievost and Sii J Leslie notions of 
the wildest character as to the mechanism of radiation Leslie stiangely regarded it 
as a species of pulsation in the air in some respects analogous to sound and 
propagated with the same speed as sound Prdvobt on the othei hand says Le 
calonque est un fluide discret chaque element de calorique suit constamment la meme 
ligne droite tant quaucun obstacle ne lanete Dans un espace chaud chaque point est 
traversd sans cesse en tout sens par des filets de calonque 

4 The more mtensely the cannon ball is heated the more lummous does it become, 
and also the more nearly white is the light which it gives out So well is this 
known that in almost all forms of civilized speech there are terms coriespondmg to 
our red hot white hot &c As another instance suppose a powerful electric cuirent 
IS made to pass through a stout iron wire The wire becomes gradually hotter, up 
to a certain point, at which the loss by radiation and convection just balances the gam 
of heat by electnc resistance And as it becomes hotter the amount of its radiation 
increases till at a definite temperature it becomes just visible in the daik by red 
rays of low refrangibihty As it becomes still hotter the whole radiation increases, 
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the red rajs formeily given off become more luminous, and are joined by others of 
higher lefiangibility Ihis process goes on the whole amount of radiation still increasmg 
eich kind of visible light becoming more intense and new rays of light of higher 
lefrangibility coming in until the whole becomes white le gives off all the moie 
efficient kinds of visible light in much the same relative proportion as that in which 
they e^ist in sunlight When the circuit is broken exactly the same phenomena occur 
in the icveisc order the various kinds of light disappearmg later as their refrangi 
bility IS less But the radiation continues growing weaker every instant even after 
the whole IS dark This simple observation irresistibly points to the conclusion that 
the so called ‘ radiant heat is precisely the same phenomenon as light only the 
invisible iiys are still less refrangible than the lowest red and that our sense of sight 
IS confined to iiys of a certain definite range of refrangibility while the sense of touch 
comes in where sight fails us Sir W Heischel in 1798 by placing the bulb of a 
thcimometei in the solai spectrum formed by a flint glass prism found that the highest 
tunperatuie was in the dxrk legion outside the lowest visible red, — a result amply 
veiihed at the time by others though warmly contested by Leslie 

5 This striking conclusion is not without close analogies m connection with the 
othei senses espccixlly that of hearing Thus it has long been known that the range 
of hearing diffeis considerably in different individuals some for instance, bemg pain- 
fully affected by the chirp of a cricket which is inaudible to others whose general 
helling is quite as good Extremely low notes on the other hand, of whose existence \\e 
hxve ample dynamical evidence are not heard by any one, when perceived at all they 
lie felt 

6 We may now rapidly run over the principal facts characteristic of the behaviour 
of visible lays and point out how far each has been found to charactenze that of so- 
called ladiant heat undei similar conditions 

(a) Ecctilinoai propagation an opaque screen which is placed so as to inteicept 
the sun’s light intercepts its heat also whether it be close to the observer at a few 
miles fiom him (as a cloud or a mountain) or 240 000 miles off (as the moon m a total 
eclipse) (b) Speed of propagation this must be of the same order of magnitude at 
loxst foi both phenomena %e 186 000 miles or so per second, for the suns heat ceases 
to bo perceptible the moment an eclipse becomes total and is perceived again the 
instant the edge of the suns disk is visible (o) Keflexion the law must be exactly 
the same for the hcat-producing rays from a star are concentrated by Lord Eosse s great 
reflectoi along with its light (d) Eefraction when a lens is not achromatic its 
piinoipal focus for red rays is farther off than that for blue rays, that for dark heat 
is still faither off Herschels determination of the warmest region of the spectium 
(^4 above) is another case in point (e) Oblique radiation an illuminated or a self 
luminous surface appears equally blight however it is inclmed to the hne of sight The 
ladiation of heat from a hot blackened surface (through an aperture which it appears 
to fill) lb sensibly the same however it be inclined (Leslie Fourier Melloni) (f) In 
tensity when there is no absorption by the way the intensity of the light received 
from a luminous pomt source is mversely as the square of the distance The same 

58 — 2 
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IS true of daik heat But this is not a new analogy, it is a mere consequence of 
(a) rectihnear propagation (^r) SelectiTe absorption hght which has been sifted by 
passing through one plate of blue glass passes m much greater percentage through 
a second plate of the same glass, and m still greater percentage through a third The 
same is true of ladiant heat, even when the experiment is made with uncoloured 
glass , for clear glass absorbs certain colours of dark heat more than others (De Laroche 

Mellom) (A) Interference bands whether produced by two mirrors or by gratings 

characterize dark heat as well as hght, only they indicate longer waves (Fizeau and 
Foucault) (t) Polarization and double refi action with special apparatus such as plates 
of mica split by heat into numerous parallel films, the polarization of dark heat is 
easily established When two of these bundles are so placed as to intercept the heat 
an unspht film of mica interposed between them allows the heat to pass, or arrests 
It as It IS made to rotate in its own plane (Forbes) (j) Bj proper chemical ad 

justments photographs of a region of the solar spectrum beyond the visible red have 

been obtained (Abney) We might mention moie, but those given above when con 

sidered together are conclusive In fact (6) or (%) alone would almost settle the 
question 


7 But there is a supenor as well as an inferior limit of visible rays Li^ht 
whose period of vibration is too small to produce any impression on the optic nerve 
can be degraded by fluorescence into visible rays and can also be detected by its 
energetic action on various photographic chemicals In fact photographic portraits can 

be tjen in a room which appears absolutely dark to the keenest eyesight By one 

or other of these processes the solar spectrum with its dark Imes and the electric aic 

with Its blight lines have been delineated to many times the length of then visible 

■* >■“ 

w A radiation is one phenomenon, and (as we shall find) the spectrum of a 

Hack Jody (a conception loughly realized m the carbon poles of an electric lamn^ is 
contmuous from the longest possible wavelength to the shortest which it is hot enoLh 
to emit These vmous groups of rays however are perceived by us in very different 
ways whethei by direct impressions of sense or by the different Ldes m whl they 

Jem all alike is to convert their energy into the heat form and measure it as such 
This we can do in a satisfactory manner by the thermo electric pile and galvano 


^ development of the theory of radiation we can 

to th. ettomely mportot enmctioa of the ot'LTlT^ 1^^ ^ 

^ hTre 
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value of his theoiy as a concise statement of facts and a mode of co ordinating them 
IS not thereby materially lessened We give his own statements in the followmg close 
paraphrase, in which the italics are letained from sect ix of his Du Calofique Bay on- 
mnt (Geneva 1809) 

1 Fiee caloiic is a radiant fluid And because caloric becomes free at the surfaces 
of bodies every po%rbt of the surface of a body is a centre towards and from wJmh fila- 
ments (filets) of caloric move in all directions 

‘2 Heat equilibrium between two neighbouring free spaces consists in equality 

of exchange 

3 When equilibrium is interfered with it is le established by inequalities of 

exchange And in a medium of constant temperature a hotter or a colder body reaches 
this temperature according to the law that difference of temperature diminishes in 

geoinetrical progression in successive equal inteivals of time 

If into a locality at uniform temperature a reflecting or lefracting surface is 
introduced it has no effect in the way of changing the temperature at any point m that 
locality 

5 If into a locality otherwise at uniform temperature there is introduced a 

warmer or a colder body and next a reflecting oi refracting surface the points on 

which the lays emanating from the body are thrown by these surfaces will le affected 
in the sense of being warmed if the body is warmer, and cooled if it is colder 

‘6 A reflecting body heated or cooled m its interior will acquire ike surround- 

ing temperature more slowly than would a non reflector 

‘7 A reflecting body, heated oi cooled in its interior will less affect (in the 

way of heating or cooling it) another body placed at a little distance than would a 
non reflecting body under the same circumstances 

‘All those consequences have been veiified by experiment except that which legards 
the refraction of cold This experiment remains to be made and I confidently pi edict 
the result at least if the refraction of cold can be accurately observed This lesult is 
indicated in the fouith and fifth consequences [above] and they might thus be subjected 

to a new test It is bcaicely necessary to point out here the precautions requisite to 

guaid against illusory results of all kinds m this matter 

10 Thcie the matter rested so far as theory is concerned foi more than half a 

century Leslie and aftei him many others added fact by fact up to the time of 

De la Provostaye and Desains whose experiments pointed to a real improvement of 
the theory in the foim of specialization But though such expeiiments indicated on 
the whole a proportionality between the radiating and ahsoibing powers of bodies and 
a diminution of both in the case of highly reflecting surfaces the anomalies frequently 
met with (depending on the then umecogmzed colour differences of various radiations) 
prevented any giand generalization The first real step of the general theory in 
advance of what Prdvost had achieved, and it was one of immense import was made 
by Balfour Stewart in 1858 Before we take it up, however we may briefly consider 
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Prevost s statements putting aside his erroneous views as to the nature of heat , and 
we must also introduce some results of the splendid investigations of Sadi Cainot 
(1824) which cast an entirely new light on the whole subject of heat 

11 Prdvosts leading idea was that all bodies whethei cold or hot, are constantly 

radiating heat This of itself was a very great step It is distinctly enunciated in 
the term exchange which he employs And from the way in which he introduces 
it it IS obvious that he means (though he does not expressly say ‘^o) that the 
radiation fiom a body depends on its own nature and temperature alone, and is mdc 
pendent altogether of the nature and temperature of any adjacent body This also was 
a step in advance and of the utmost value It will be seen latei that Provost was 
altogether wrong m his assumption of the geometrical rate of adjustment of differences 
of temperature — a statement commonly and erroneou'ily ascribed to Newton* but true 

only approximately and even so for very small tempeiature differences alone Newton 

in the Queries to the thud book of his Optics distinctly recognizes the propagation 

of heat from a hot body to a cold one by the vibrations of an inteivening medium 

But he says nothing as to bodies of the same temperature 

12 To Carnot we owe the proposition that the thermal motivity of a system 
cannot he increased hy internal actions A system in which all the parts are at the 
same temperature has no thermal motivity for bodies at different temperatures are 
required in order to work a heat engine so as to conveit part of theu heat into 
work Hence if the contents of an enclosure which is impervious to heat are at 
any instant at one and the same temperatuie no changes of temperature can take place 
among them This is certainly true so far as our modes of measurement aic con 
cemed because the particles of matter (those of a gas for instance) are excessively 
small in comparison with the dimensions of any of oui forms of apparatus for measuring 
temperatures Somethmg akin to this statement has often been assumed as a direct 
result of experiment a number of bodies {of any hinds) within the same impervious 
enclosure which contains no source of heat will ultimately acquire the same tempeiatme 
This form is moie general than that above inasmuch as it involves consideiations of 
dissipation of energy Either of them were it stnctly true would suffice for oui 
present purpose But neithei statement can be considered as rigorously true We 
may employ them however in our reasoning as true in the statistical sense , but wc 
must not be surprised if we should find that the assumption of their rigorous truth 
may in some special cases lead us to theoretical results which are inconbistent with 
expel imental facts — le if we should find that deviations from an aveiage which arc 
on far too minute a scale to be directly detected by any of oui most delicate instiu 
ments may be seized upon and converted into observable phenomena by some of the 
almost mcompaiably more delicate systems which we call individual particles of 
matter 

13 The next gieat advance was made by Balfour Stewart”|* The grand novelty 
which he introduced and from which all his vaiied results follow almost intuitively 

MitcheU Trms It S E 1899 
t TTans USE 18o8 see also Phil Mag 1863 i p 3o4 
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IS the idea of the absolute umformity (qualitative as well as quantitative) of the xadiation 
it all points and in all directions within an enclosure impervious to heat when thermal 
equilibrium has once been amved at (So strongly does he insist on this point that 
he even states that whatever be the nature of the bodies in the enclosure the 
ladiation there will when equilibiium is established be that of a black body at 
the same temperature He does not expressly say that the proposition will still be true 
even if the bodies can radiate and therefore absorb one definite wave length only , 
but this is a legitimate deduction from his statements To this we will lecur) His 
desire to escape the difiiculties of surface reflexion led him to consider the radiation 
mside an imperfectly transpaient body in the enclosure above spoken of He thus 
amved at an immediate proof of the existence of mternal radiation which lecruits the 
stream of radiant heat in any direction step by step piecisely to the amount by which 
it has been weikened by absorption Thus the ladiation and absorption ngoiouslj 
compensate one another not merely in quantity but in quality also so that a body 
which IS specially absoiptive of one particular ray is in the same proportion specially 
radiative of the same ray its temperature being the same m both cases To complete 
the statement all that is necessary is to show how one lay may differ from another 
VIZ , in intensity wave length and polarization 

14 The illustrations which Stewart brought foiwaid m suppoit of his theory aie 
of the two following kinds (1) He experimentally veiified the existence of internal 
ladiation to which his theory had led him This he did by showing that a thick 
plate of rock-salt (chosen on account of its comparative transparency to heat radiations) 
ladiates moie than a thin one at the same tempoiature — suiroundmg bodies being 
in this case of course at a lower tempeiature so that the effect should not be masked 
by transmission Tho same was found true of mica and of glass (2) He showed 
that each of these bodies is more opaque to ladiations from a portion of its own 
substance thin to radiation m genual Then comes his conclusion based it will be 
observed on his fundamental assumption is to the natuie of the equilibrium radiition 
in an enclosure It is merely a detailed explanation that once equilibiium has been 
arrived at the consequent uniformity of radiition thioughout the interior of a body 
lequiios the stop by step compensation already mentioned And thus ho finally arrives 
at the statement that it any temperature a bodys ladiation is exactly the same both 
as to quality and quantity as that of its absorption from the radiation of a black 
body at the same temperature In symbolical language Stewaits pioposition (extended 
in virtue of a piinciple always assumed) amounts to this — at any one tempeiature 
let B be the radiation of a black body, and eR (where e is novel greater than 1) 
that of any other substance both for the same defimte wave length , then the substance 
will, while at that temperature absorb the fraetion e of radiation of that wave length 
whatever be the source from which it comes The last clause contains the plausible 
assumption alicady referred to Stewart proceeds to show in a very original and 
ingenious way that his result is compatible with the known facts of reflexion refraction 
&JC and arrives at the conclusion that for internal radiation parallel to a plane the 
amount is (in isotropic bodies) proportional to the refractive index Of course when 
the restiiction of parallelism to a plane is removed the internal radiation is found 
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to be proportional to the square of the refractive index This obvious completion of 
the statement was first given by Stewait himself at a somewhat later date 

15 So far Stewart had restricted his work to daik heat as it was then 

called and he says that he did so expressly m order to confine himself to rays 

which were umversally acknowledged to produce heat by their absorption But he 
soon proceeded to apply himself to luminous radiations And here he brought forward 
the extremely important fact that coloured glasses invariably lose their colour in the 
fire when exactly at the temperature of the coals behind them le, they compensate 
exactly for their absorption by their radiation But a red glass when coldei than 
the coals behind appears red while if it be hotter than they are it appears green 
He also showed that a piece of china or earthenware with a dark pattern on a light 
ground appears to have a light pattern on a dark ground when it is taken out of 
the file and examined m a dark room Hence he concluded that his extension of 
Prevosts theory was true for luminous rays also 

16 In this part of the subject he had been anticipated, for Fraunhofei had 

long ago shown that the flame of a candle when examined by a prism gives blight 
hnes (^e maxima of intensity of radiation) m the position of the constituents of a 
remarkable double dark line (le, minima of radiation) m the solar spectrum vhich 
he called D Hallows Miller had afterwards moie rigorously verified the exact coin 
cidence of these bright and dark lines But Foucault* went very much farther and 
proved that the electric arc which shows these lines bright in its spectium not 
only intensifies their blackness in the spectrum of sunlight transmitted through it 
but produces them as dark Imes m the otheiwise continuous spectrum of the light 
fiom one of the caibon points when that light is made by reflexion to pass through 
the arc Stokes about 1850 pointed out the true nature of the connection of these 
phenomena and illustrated it by a dynamical analogy diawn from sound He stated 
his conclusions to Sir W Thomsonf who (from 1852 at least) gave them regularly 
in his public lectures always pointing out that one constituent of the solar atmo 
sphere is certainly sodium and that others are to be discovered by the coincidences 
of solar dark lines with bright lines given by terrestrial substances rendered mean 
descent in the state of vapour Stokes s analogy is based on the fact of synchronism 
(long ago discussed by Hooke and others) viz that a musical string is set in 
vibration when the note to which it is tuned is sounded m its neighbouihood 
Hence we have only to imagine a space containing a great number of such strings 
all tuned to the same note Such an arrangement would form as it were a medium 
which when agitated would give that note but which would be set in vibration by 
and therefore diminish the intensity of that particular note in any mixed sound which 
passed through it 

17 Late in 1859 appeared Kirchhoffs first paper on the subjectJ He supplied 
one important omission m Stewarts development of the theory by showing why it is 

* L Institut 7th Pebruary 1849 see Phil Mag 1860 i p 193 

f Bnt Assoc Presidents address 1871 $ Ann ot Phil Mag 1860 
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necessary to use as an absoibing body one colder than the source in order to produce 
reversal of spectial lines Ihis wc will presently consider Kiichhoffs proof of the 
equality of radiating and absorbing po^eis is an elaborate but unnecessary piece of 
mathematics exiled foi in consequence of his mode of attacking the question He 
chose to limit his icasomng to special wave lengths by introducing the complex 
mechanism ot the colours of thin plates and a consequent appeal to Fourier s theoiem 
instexd of to the obviously peimissible assumption of a substance imperfectly tians 
parent foi one special wave length but perfectly tiansparent for all others , and he 
did not as Stewart had done carry his reasoning into the interior of the body 
With all its clxboration his mode of attacking the question leads us no farther than 
could Stewait s Both are ultimately based on the final equilibrium of temperatuie 
in an enclosure required by Carnot s principle and both are as a consequence equally 
inapplicable to exceptional cases such as the behaviour of fluorescent or phosphorescent 
substances In fact (sec Thermodynamics No CXXXI below) iCarnots pnnciple is 
established only on a statistical basis of averages and is not necessarily true when 
we xic dealing with portions of space which though of essentially finite dimensions 
aic extremely small in comparison with the sentient part of even the tiniest instrument 
foi mea^urmg tempcixture 

lb Kirchholf s addition to Stewait s icsult may be given as follows Let radiation 
'i of the same paiticulai wavelength as that spoken of in ^ 14 fall on the substance, 
6? of it will be absoibed and (1 — e)r transmitted This will be recruited by the 
radiation of the substance itself *^0 that the whole amount foi that particuhr wave 
length becomes (1 — e) / + eR or r — e(r — R) Thus the radiation is weakened only 
when R <7 a condition which lequiios that the source (even if it be a black body) 
should be at a highei temper ituio than the absoibing substance (§ 4 above) But 
the con\eisc is ot course not necessarily true This pait of the subject as well 
as the special work of Kirchhoff and of Bunsen, belongs properly to spectrum 
analysis 

19 liom the extension of Prevosts theory obtained in either of the ways just 
explained wc see at once how the constancy of the radiation in an enclosure is 
maintained In the neighbourhood of and pcipendiculai to the surfaces of a black 
body it IS wholly due to radiation ncai a tiansparent body wholly to tiansmission 
A body which leflects must to the same extent be deficient in its radiation and 
tiansmission thus a perfect leflectoi can neither radiate nor transmit And a body 
which polaiizes by leflexion must supply by ladiation what is requisite to render the 
whole radiation unpolaii/ed A body, such as a plate of touimaline which polarizes 
tiansmitted light must radixtc light polarized in the same plane as that which it 
absorbs Kiichhotf and Stewait independently gave this beautiful application 

20 Empirical formule leprc'acnting more oi less closely the law of cooling of 
bodies whethci by radiation alone or by simultaneous radiation and convection have 
at least an histone interest What is called Newtons Law of Cooling (see p 462 above) 
was employed by Fourier in his Theone Analytique de let Chaleur Here the rate of 
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surface-loss was taken as proportional to the excess of tempeiatuie over surrounding 
bodies Foi small differences of temperatuie it is accurate enough in its applications 
such as to the coirections for loss of heat in experimental determinations of specific 
heat &c but it was soon found to give results much below the truth even when the 
excess of tempeiature was only 10 0 

21 Dulong and Petit by caiefully noting the rate of cooling of the bulb of a 

laige thermometer enclosed m a metallic \es&el with blackened walls from which the 
air had been as far as po«>sible exti acted and which was maintained at a constant 
temperature were led to propound the exponential formula to repiesent the 

radiation from a black surface at tempeiature t As this is an exponential foimula 
we may take t as lepresenting absolute temperatuie for the only result will be a 
definite change of value of the constant A Hence if be the temperatuie of the 
enclosure the rate of loss of heat should be A{ot-a^) or Aa^ The quantity 

A was found by them to depend on the nature of the radiating suiface but a was 
found to have the constant value 1 0077 As the appioximate accuracy of this ex 
pression was verified by the experiments of De la Provostaye and Desains foi 
temperature differences up to 200 C it may be well to point out two of its con 
sequences (1) Foi a given diffeience of tempeiatures the ladiation is an exponential 
function of the lower (oi of the higher) temperatuie (2) For a given tempeiatuie 
of the enclosuie the radiation is as (10077)®-! or 0(1 + 00036(9 -h ) wheie 6 is 
the tempeiatuie excess of the cooling body Thus the (so called) Newtonian law gives 
4 per cent too little at 10 0 of difference 

22 Dulong and Petit have also given an empiiical formula for the latc of loss 
by simultaneous radiation and convection This is of a highly artificial chaiactei the 
part due to radiation being as m the last section while that due to convection is 
independent of it and also of the nature of the suiface of the cooling body It is 
found to be proportional to a power of the pressure of the suiiounding gas (the 
power depending on the nature of the gas) and also to a definite power of the 
temperatuie excess The reader must be lefened to French treatises especially that 
of Desains foi further infoi matron 

23 Oui knowledge of the numerical late of suiface emission is as yet scanty 

hut the following data due to Nicol* may be useful in approximate calculations 
Loss in heat units (1 Ih water raised 1 C m temperatme) per squaie foot per minute 
from ’ 

Blight copper 1 09 0 51 0 42 

Blackened coppei 2 03 1 46 1 3o 

The temperatures of body and enclosure were 58 0 and 8 0 and the pressure of 
contained air in the three columns was about 30 4 and 0 4 inches of mercury 
respectively The enclosure was blackened 


• Pjoc P S B ra 1870 p “>06 
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24 Scanty as is our knowledge of radiation, it is not at all surprising that 
that of convection should be almost ml except as regards some of its practical 
applications Here wo hive to deal with \ piobleni of hydiokinetics of a charactei 
oven in common cases oi fir highci difficulty than many hydrokmetic pioblems of which 
not even appioximate solutions have been obtained 

25 What is called Dopplers Piinciple has more iccently^ led Stewart to some 
cuiious speculations which a simple example will easily explain Suppose two parallel 
plates of the s ime substance perfectly trxnsparent except to one definite wave length 
to be moving towards or fiom one anothei Each, we piesume will radiate as befoie 
and on that account cool, but the radiation which i caches either is no longei of 
the kmd which alone it can absoib whether it come diiectly from the othei oi is 
pait of its own or of the others radiation reflected fiom the enclosure Hence it 
would appeal that relative motion is incompatible with tempeiature equilibrium in 
an cnclosuic and thus that there must bo some effect analogous to resistance to 
the motion We may get ovci this difficulty if we adopt the former speculation of 
Stewart lefeiied to in buckets in ^13 above For this would lead to the result 
that as soon as eithei of the bodies has cooled ever so slightly the radiation in 
the enclosuic should beeomc that belonging to a black body of a slightly higher 
tempeiatuie than befoie and thus the plates would be furnished with radiation which 
they could at once absoib and be giaduallj^ heated to their formei tempeiature 


20 A vcij leeent speculation founded by Boltzmann f upon some ideas due to 
Bartoli is closely connected in principle with that just mentioned This speculation 
IS highly inteicstmg because it loads to an expression for the amount of the whole 
ladiation fiom a black body lu teims of its absolute tempeiature Boltzmanns m 
vestigation may bo put is follows in an exceedingly simple form It was pomted 
out by Oleik Maxwell as a icsult of his elcetio magnetic theoiy of light that 
ladiation falling on the suifaoe of a body must produce a certain pressuie It is 
easy to see (most simply b} the analogy of the viiial equation) that the measure 
of the piessuiG pel s(piaro unit on the surface of an impel vious enclosure in which 
theic IS thcimal equilibiium must be one third of the whole eneigy of radintiun per 
cubic unit of the cnelosed space We may now considei a leveisible engine conveying 
heat horn one black body to anothei at a different temporatuie by opeiations 
alttinately ot the isotheimal and the adiabatic chaiactoi which consist in altciing the 
volume of the cnelosiiu with or without one of the bodies present in it Foi one 
of the fundamental eijuations (p 478 below) gives 


dv 



wfficie t is the absolute tempeiature If f be the piessuic on unit suifaco is the 
cneigy pci unit of volume and this equation becomes 
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Hence it follows at once that if the fundamental assumptions he granted the energy 
of radiation of a hlack body per unit volume of the enclosuie is propoitional to the 
fourth power of the absolute temperature It is not a little lemaikable that Stefan* 
had some years pieviously shown that this veiy expression agrees more clo‘^ely with 
the experimental determmations of Dulong and Petit than does their own empirical 
foimula 

27 It would appear from this expression that if an impervious enclosure con 
taming only one black body in thermal equilibrium is separated into two parts by 
an impervious paitition any alteration of volume of the part not containing the black 
body will produce a corresponding alteration of the ladiation m its mteiior It will 
now correspond to that of a second black body whose temperature is to that of 
the first in the mverse ratio of the fourth roots of the volumes ot the detached pait of 
the enclosure 

28 Lecherf has cndeavouied to show that the distiibution of eneigy among 
the constituents of the ladiation from a black body does not altei with tempeiatuie 
Such a result though appaiently inconsistent with many well known facts appears 
to be consistent with and to haimonize many others It accords perfectly with the 
notion of the absolute uniformity (statistical) of the energy in an enclosuie and its 
bemg exactly that of a black body even it the contents (as in § 2o) consist of a 
body which can ladiate one particulai quality of light alone And if this be the 
case it will also follow that the intensity of radiation of any one wxve length by any 
one body in a given state depends on the temperature in exactly the same way is 
does the whole radiation fiom a black body Unfortunately this last deduction does 
not accord with Mellonis lesults at least the discrepance from them would ippcar 
to be somewhat beyond what could faiily be set down to erioi of expeiimcnt But 
it IS in thorough accordance with the common assumption (§ 14) that the peicentage 
absorption of any particular radiation does not depend on the teinpeiature of the 
source The facts of fluorescence and phosphorescence involving the radiation of 
visible rays at temperatures where even a black body is invisible have not yet been 
dealt with under any general theory of radiation , though Stokes has pointed out a 
dynamical explanation of a thoroughly satisfactory charactei they remain outside the 
domain of Carnots principle 
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In i stuct intcipictat/ion thib branch of boience sometimes called the Dynamical 
riicoiy of licit clcils with the rchtionb between heat and work though it is often 
extended bO as to include all transfoimations of energy Either term is an mfelicitous 
one foi theie is no diicot reference to force in the majority of questions dealt with 
m the subject Even the title of Carnot fa work piesently to be described is much 
bettei chosen thin is the moie modern designation On the othei hand such \ 
Geimin phiise is die howecfendo Kraft deo Wco^'nie is in all lespects intolerable 

It his been shown * * * thit Newtons enunciation of the conservation of energj 
IS i general piineiple of nxture was defective in respect of the connection between 
woik ind heat and that about the beginning of the present century this lacuna was 
completely filled up by the leseaiches of Rumford and Davy Joules experimental 
demonsti xlion of the principle and hi& determination of the work equivalent of heat by 
vaiious totally independent processes have been discussed 

But the conseivation of eneigy, alone gives us an altogether inadequate basis foi 
leasoning on the woik of a heat engine It enables us to calculate how much work 
lb equivalent to an issigned amount of heat, and vice veisa provided the trans- 
formation can be effected, but it tells us nothing with respect to the percentage of 
eithei which can, under given ciicumstancefa be converted into the other For this 
purpose we require a special case of the law of transformation of energy This was 
first given in C arnot s oxtraoidinary work entitled Reflexions sur la Puissance Mot rice 
da Feu Pans 1824* 

The authoi N L Sadi Carnot (1796—1832) was the second son of Napoleon s celebrated minister of war 
himself a mathematician of real note even among the wonderful galaxy of which France could then boast 
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The chief novelties of Carnots woik are the introduction of the idea of a cycle 
of operations and the invaluable discovery of the special property of a reversible 
cycle It IS not too much to say that without these wondeiful novelties theimo 
dynamics as a theoretical science could not have been developed 


Carnots woik seems to have excited no attention at the time of its publication 
Ten yeais later (1834) Clape 3 n'on gave some of its mam features in an analytical form 
and he also employed Watts diagram for the exhibition of others Even this how 
evei failed to call attention properlj to the extremelj novel processes of Carnot and 
it was reserved foi Sii W Thomson (in 1848 and more at length in 1849) to point 
out to scientific men then full value His papers on Carnots treatise following closelv 
after the splendid expuimental researches of Colding and Joule secured for the 
dynamical theory of heat its position as a recognized branch of science James 
Thomson by Carnots methods predicted in 1849 the lowering of the freezing point 
of water by piessure which was verified experimentally in the same year bj his 
brother Von Helmholtz had published two jears before a strikingly original and 
comprehensive pamphlet on the conservation of energy The start once given Rinkine 
Clausius and W Thomson rapidly developed though from very different standpoints 
the theory of thermodynamics The methods adopted by Thomson differed m one special 


The delicate constitution of Sadi was attributed to the agitated cuoumstanoes of the tune of his birth which 
led to the proaoiiption and tempoiary exile of his parents He was admitted in 1812 to the Ecole Polvteohniaue 
where he was a fellow student of the famous Chasles Late m 1814 he left the school with a commission in 
tte Engmeeis and with prospects of lapid advancement m his profession But Wateiloo and the Eestoration 
led to a second and final piosciiption of his father and though Sadi was not himself cashieied he was 

fZrtL! f “^ drudgeries of his semce .1 fut envoyd successivement dans plusieuis places 

fortes pour y faire son mdtiei dingemeui compter des bnques rSpaiei des pans de muraiUes et lever des 
plans destanSa a sentou dans les cartons as we learn from a biographical notice written by his voungei 
brothel Disgusted wi^ an employment which afforded him neither leisuie tor onginal work noi opportunities 
^quning scientific instruction he presented himself in 1819 at the exammation foi admission to the staff coip 
(etat major) and obtamed a lieutenancy He now devoted himself with astonishing ardoui to mathematics 
chemis^ natural tooiy technology and even political economy He vas an enthusiast in music and Sei 
toe aits and he habitually practised as an amusement while deeply studying in theory aU sorts of athletic 
s|^orts including swimmmg and fencing He became captam in the engineers m but left the seivic! 

altogether m the following year His naturally feeble constitution farther weakened by excessive devotir to 
study broke down toaUy in 1832 A relapse of soailatma led to biain fever from which he hTbuHartml v 
recoveied when he feU a vietim to cholera Thus died at the eaily age of thiity six one of the rT,nii+ ,! i ^ 
and onginal thmkers who have evei devoted themselves to science The worl Lmed above was the 
he pubhshed Though of itself sufficient to put him m the very foremost lanH cental iLi: 

of Sadi Carnots discoveiies Eortunately hia manuscripts have been preserved and extracts from them^^have 
been appended by his brothei to a lepiint (1878) of the Puissance Mot) ice Thsso +i, * i, i j ^ ! 

realized for himself the true nature of heat' but had noted Iwn 1 lal i of tto bet Is 
ot finding Its mechanical equivalent such as those of Joule with the pll7plon a^d Ih Z “t i 
fnction of water and mercury W Thomsons experiment with a cuirenT of gas Teed tooul a T 

IS also given One sentence of extract howevei must suffice and it is astonishing to t.hint thlt it w ^ 

Srt™. ^ f \ "T" * I*"!"™”' P»l« « m dtat. i 1. 
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charxcttubtic fiom those of his concniients — they woie based entirely on the expeii 
mental ficts and on noccssary piinciples, and when hypothesis was abbolutely requned, 
attention was caicfully diiected to its nature and to the reasons which appeared to 
justify it 

Thioe specially impoitant additions to pure science followed almost diiectly from 
Carnot b methods — (1) the absolute defimtion ot tempeiature, (2) the theimodynamic 
function 01 cntiopy, (3) the dissipation of energy The fiist (in 1848) and the third 
(in lba2) aveie given by W Thomson The second though introduced by Rankine was 
also specially tieated by Clausius 

In giving a biiof sketch of the science we will not adhere stiictly to any of the 
separate paths puisucd bj its founders but will employ for each step what appears 
to bo mobt oabilj intelligible to the geneial reader And we will aiiange the steps 
m such an oidei that the necessity for each may be distinctly vinhle before we 
take it 

1 General NoUom — The conversion of mechanical work into heat can always be 
effected comiiletdy In fact, fiiction without which even statical results would he all 
but unieah/able iii practical life mterfeics to a maiked extent m almost every problem 
ot kinetics — and work done agamst friction is (as a rule) converted into heat But 
the coiivcibion of heat into woik can be effected only in part usually in very small 
put Thus heat is leguded as the lower or less useful of these forms of energy 
and when part of it is elevated in rank by conveision into work the remainder sinks 
still lower in the scale of usefulness than before 

Jhcie aio but two pioccbsos known to us for the conversion of heat into woik 
VI/ that adopted in heat engines whore the changes of volume of the working 
substance aze employed and that of electromagnetic engines driven by thermoelectric 
ciiiicntb To the latter we avill not again lefer And for simplicity we will suppose 
the woilmg substance to be fluid bo as to have the same pressure throughout or 
if It bo bohd to bo isotropic and to be subject only to hydrostatic pressure or to 
tension uniform in all diiections and the same from point to point 

The state of unit mass of such a substance is known by experiment to be fully 
doteimined when its volume and pressure are given even if (as in the case of ice in 
presence of water oi of water in presence of steam) part of it is in one molecular state 
and part in auothoi But, the state bemg determinate so must be the temperature and 
also the amount of energy which the substance contains This consideration is insisted 
on by Carnot as the foundation of his investigations In other words before we are 
entitled to reason upon the relation between the heat supplied to and the work done 
by the working substance Carnot says wo must brmg that substance, by means of a 
cycle of operations back to precisely its primitive state as regards volume temperature, 
and molecular condition 
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2 Watts Diagram — Watts indicator diagram enables us to lepresent our opeiations 

graphically For if OM (fig 1) represent the volume 
at any instant of the unit mass of working substance 
MP its pressuie the point P is determinate ind coi 
responds to a definite tempeiature definite energy &c 
If the points of any cur\e as PP in the diagram 
represent the successive states through which the 
woiking substance is made to pass the woik done 
lb lepresented by the area MPP M Hence a cycle 
of operations whose essential nature is to bring the 
woiking substance back to its primitive state is 
necessarily represented by a closed boundaiy such as 
PP QQ m the diagram The aiea enclosed is the 
excess of the work done by the working substance 
over that spent on it during the cycle [This is positive if the closed path be described 
clockwise as indicated by the airow heads] 



o Carnots Cycle— Eox a reason which will immediately appear Carnot limited 
the opeiations in his cycle to two kinds employed alternately during the expansion 
and during the compression of the workmg substance The first of these involves 
change of volume at constant tmip&aUre, the second change of volume without duect 
loss or gam of heat [In his hypothetical engine the substance was supposed to be 
m contact with a body kept at constant temperature or to be entirely surrounded 
by non conducting materials ] The corresponding curves in the diagram are called 
isothermals or Imes of equal temperature and adiabatic lines respectively We maj 
consider these as having been found for any particular working substance by the 
direct use of Watts mdicator It is easy to see that one and only one of each of 
these kmds of Imes can be found for an assigned initial state of the working sub 
stance, also that because in expansion at constant temperature heat must be constantly 
supplied the pressure will fall off less rapidly than it does m adiabatic expansion 
d™® Z. til® adiabatic lines FQ P'Q cut the Imes of equal tempciatuie 

FF QQ downwards and to the right Thus the boundaiy of the aiea PPQQ does 
not cioss Itself To determme the behavioui of the engine we have therefore only 
to find how much heat is taken in along PP and how much is given out in Q Q 
Then difference is equivalent to the work expressed by the area PPQQ 


4 Camiots Pnn<nple of P^e^Mity-1% will be obseived that each opeiition 
of this cycle is stnctly , foi instance to take the worxing substance along the 

path PP we should have to spend on it step by step as much work as it gave out 
m passmg along PP and we should thus lestore to the source of heat exactly the 
amount of lieat which the woiking substance took from it during the expansion In 
the case of the adiabatics the work spent during compression is the same as that 
done during the coiiespondmg expansion and there is no question of loss oi gam of 



TH ERMOD YNAMICS 


473 


cxxKr ] 

If however a tiansfei of heat between the woil mg substance and its surroundings 
have taken place on account of a finite difference of temperature it is clear that such an 
operation is not leversible Strictlj speaking ibotheimal expansion or contraction is 
unattainable in practice hut it is (without limit) more closely approximated to as the 
operation is more slowly perfoimed The adiabatic condition on the other hand is moie 
closely appioxiniated to in piactice the moie swiftly the opeiation is performed We 
have an excellent instance of this in the compression and dilatation of air caused by the 
propagation of a sound wxve 

And now we have Cainots invaluable proposition a reversible heat engine is a 'peifect 
engine — perfect that is in the sense that no other heat engine can be superior to it 
Befoie giving the proof lot us see the immense consequences of this proposition 
Eeveisibility is the sole test of peifection <50 that all heat engines ^whatever he the 
working substance provided only they be reversible convert into work (under given cir- 
cumstances) the same fraction of the heat supplied to them The only ciicumstances 
invoked are the tempoiatuics of the source and condenser Thus we are furnished with 
a general principle on which to reason xbout tiansfoi matron of heat altogether inde- 
pendently of the properties of any paiticulai substance 

The proof as Carnot gave it on the hypothesis of the materiality of heat is 
ecb absardo It is as follows Suppose r heat engine A to be capable of givmg more 
work fiom a given amount of heat than is a reveisible engine B the temperatures 
of source and condenser being the same for exch Use the two as a compound engme 
A ’v^orking direct and B reversed By hypothesis B requires to be furnished with 

part onlj of the work given by A to be able to restore to the source the heat 

abstracted by A and thus at every complete stroke of the compound engine the source 
has its heat restored to it while a certain xmount of external work has been done This 
would be the Perpetual Motion 

5 The Basis of the Second Law of Thet modynamics —Carnot s reasoning just given 
IS based on the hypothesis that heat (oi caloric) is indestructible and that (under certain 
conditions) it docs work in being let down from a higher to a lowei temperature just 
as does water when falling to a lower level It is clear from several expressions in his 
work that Cainot was not at all satisfied with this view even in 1824 and we have 

seen that he soon after waids reached the tiue theory But it is also clear that 

such an assumption somewhat simplifies the reasoning for in his hypothetical heat- 
engine all the heat which leaves the boiler goes to the condenser, and vice veisd m 
the reversed working The precise point of Cainots investigation where the supposed 
indestructibility of heat introduces error is when after virtually saying compress from 
Q to a state Q dotei mined by the condition that the heat given out shall be exactly 
equal to that taken in during the expansion from P to P he assumes that on 
farther compressing adiabatically to the original volume the point P will be reached 
and the cycle completed J Thomson in 1849 rectified this by putting it in the 
tiue form — compress from Q to a state Q such that subsequent adiabatic compression 
will ultimately lead to the state P 
T II 
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We have now to considei that if an engine (whether simple or compound) does 
work at all hy means of heat less heat necessaiily reaches the condenser than left the 

boiler Hence if theie be two engines A and B as before and the joint system be 

worked m such a way that B constantly restores to the bouice the heat taken fiom it 

by A we can account foi the excess of work done b} A ovei that spent on B 

solely by supposing that B takes more heat from the condenser than A gives to it 
Such a compound engine would transform mto work heat taken solely from the con 
denser And the work so obtained might be employed on B so as to make it coniey 
heat to the source while farther cooling the condenser 

Clausius in 1850 sought to complete the proof by the simple statement thxt 
this contradicts the usual behaviour of heat which always tends to pass from w aimer 
bodies to colder Some yeais later he employed the axiom it is impossible foi a 
self acting machme unaided by any external agency to convey heat from one body 
to another at a higher temperature W Thomson in 1851, employed the axiom it is 
impossible by means of inanimate material agency to derive mechanical effect fiom any 
portion of matter by cooling it below the temperature of the coldest of the suriounding 
objects But he was careful to supplement this by further statements of an exticmoly 
guarded character And lightly so foi Clerk Maxwell has pointed out that such 
axioms are as it were only accidentally correct and that the tiue basis of the second 
law of thermodynamics lies in the extreme smallness and enormous number of the 
particles of matter and m consequence the steadiness of their average behaviour Had 
we the means of deahng with the particles individually we could develop on the 
large scale what takes place continually on a veiy minute scale in cvciy mass of 
gas— the occasional but ephemeral, aggregation of waimei particles in one small region 
and of colder in anothei 


6 The Laws of Thermodynamics —I When equal quantities of mechanical ohect 
aie produced bj any means ivhatever fiom purely thermal sources or lost in puitly 
thermal effects equal quantities of heat are put out of existence oi aio gcnciatod 
[To this we may add after Joule that in the latitude of Manchester 772 foot pounds 
of work aie capable of raising the tempeiature of a pound of watei fiom 50 F to 61 F 
Th^ corresponds to 1390 foot pounds per centigrade degree and in metiicil units to 
42o kilogramme metres pei calorie] 


n If an engme be such that when it is woiked backwaids, the physical and 
mechanica agencies in e.e^ part of its motions are all reversed it pioducos as much 

« f “ hy any thermodynamic engine, with the same 

tempeiatures of source and lefrigeiator fiom a given quantity of heat 


to ^ TemperaUre~We have seen that the fraction of the heat supplied 

to It which a reversible engine can convert mto work depends only on the tempeiatures 
of the and of the condenser On this result of Carnots Sir W ThomsL based 

Ms Jsolute definition of temperature It is clear that a certain freedom of choice 

tne new scale and that of the air thermometer Ihus the definition ultimately fixed 
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on aftei cvhiubtivc cxpeuments luns — The tempeiatures of two bodies are propor- 
tional to the quxntities of heat respectively taken in and given out m localities at 

one tempciaturc and xt the othoi lespcctively, by a material system subjected to a 

complete cycle of peifectly leversible thermodjmamic operations and not allowed to 
j)xit with 01 take in hext xt any other temperatuie, oi the absolute values of two 
temperatiiies xie to one anothei in the pioportion of the heat taken in to the heat 
1 ejected in a perfect thermodynamic engine working with a source and refiigeratoi 
at the highci and lowci of the temperatures respectively* If we now refer again 
to fig 1 we see that t xnd f being the absolute temperatures coriesponding to PP 

and QQ xnd H H' the amounts of heat taken in during the operation PP' and 

given out dining the operation Q'Q respectively we have 

whateve7 be the values of t and t' Also if heat be measured in terms of woik 
we have 

ir-ir' = area PP'QQ 

Thus with X levGibible engine working between temperatures t and t the fraction of 
the hext supplied which is convcited into work is — 

It IS now evident that we can construct Watts diagram m such a way that the 
lines of equal tempeiatuie xnd the adiabatics 
may togethei intercept x senes of equal aieas 
Thus let PP' (fig 2 ) bo the isothermal t and 
on it so take points P P P ' &c that as 
the woiking subbtance px&ses fiom P to P' P 
to P" &c, t units of hext (the unit being of 
xii} xbbigned value) shall in each exse be taken 
in Let QQ HR &c be othei isotheimals so 
diawii thxt the buccessive areas PQ' QR 
&c between any tv o selected adiabatics may 
be equ xl Then is it is clear that all the 
successive aieas bctw( on each one pair of iso 
theimals xie equal (exch representing the aiea 
t-t)y it follows that all the quadiilateial areas 
in the figure xic equal 

It IS now eleai thxt the area included between PP' and the two adiabatics 
PQR P'Q'R IS essentially finite being numeiically equal to f Thus the temperature 
for each isothermal ib represented by the corresponding aiea This is indicated in the 
cut by the intioduetion of an aibitraiy line 8 S' supposed to be the isothermal of 
absolute zero The lower parts of the adiabatics also are unknown so that we may draw 
them as we please subject to the condition that the entire areas PS y P S PS &c 
shall all be equal To find on the absolute scale the numerical values of two definite 
temperatures such as the usually employed freezing and boihng points of water we 

Trans R 8 E May 1864 
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mufat theiefore find their ratio (that of the heat taken and the heat lejected by a 
leveisible engine woiking between these temperatures) and assign the number of degiees 
in the interval 


Thomson and Joule experimentally showed that this latio is about 1365 Hence 
if we assume (ao m the centigiade scale) 100 degrees as the range the temperatuies 
in question are 274 and 374 nearly 


8 JEntropg — Just as the lines PJP QQ Sac, are characterized by constant 
temperature along each so we figure to ourselves a quantity which is characteristic of 
each adiabatic Ime— being constant along it The equation of last section at once 
points out such a quantity If we write ^ foi its value along PQ <f>' for PQ we 
may define thus 

From the statements as to the equality of the areas m fig 2 the reader will see 
at once that the aiea bounded by f t (p m - j>) We are concerned only 

with the changes of <f> not with its actual magnitude so that any one adiabatic may 
be chosen as that for which <f)=0 


9 The Dissipation of Energy — Sir William Thomson has recently introduced the 
term thermodynamic motimty to signify the possession the waste of oihich is called 
dissipation We speak of a distribution of heat in a body or system of bodies as 
havmg motmty and we may regard it from without oi from within the system 

In the first case it expresses the amount of work which can be obtained by 
means of perfect engines employed to reduce the whole system to some definite 
tempeiatuie that say of the surrounding medium In the second case the system 
IS regarded as selfcontamed its hotter parts acting as sources and its colder parts as 
condensers for the perfect engine 


As an instance of internal motivity we may take the case of a system consisting 
of two equal portions of the same substance at different temperatures say a pound of 

boihng water and a pound of ice cold water If we neglect the (small) change of 

specific heat with temperature it is found that when the internal motivity of the 

system is exhausted by means of perfect engines the temperature is about 46 C 

being the centigrade temperature corresponding to the geometrical mean of the original 
absolute temperatures of the parts Had the parts been simply mixed so as to dissipate 
the internal motmty the resulting temperature would have been 50 C Thus the 
work gamed {le the original mteinal motmty) is the equivalent of the heat which 
would raise two pounds of water from 46 C to 50 C 


As an instance of motmty regarded from without we may take the simple case of 
the working substance in § 2 on the hypothesis that there is an assigned lower tern 
peratme hmit As there is no supply of heat it is clear that the maximum of work 

will be obtained by allowing the substance to expand adiabatically till its temperature 
sinks to the assigned limit 
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Thus if P (fig 3) be its given position on Watt’s diagiam, PQ the adiabatic through 
P and PQ the isotheimal of the loiter temperature 
limit Q IS determinate and the motivity is the <p 
area PQFM If again we wish to find the motivity 
when the initial and final states P and P' are given 
with the condition that the temperature is not to 
fall below that of the state P the problem is re 
duced to finding the course PP' for which the area 
PP'M'M IS greatest As no heat is supplied the 
couise cinnot rise ibove the adiabatic PQ and by 
hypothesis it cannot fall below the isothermal P'Q — ^ 

hence it must be the broken Ime PQP Thus 

under the circumstances stated the motivity is lepresented by the aiea MPQP'M^ 

If any other lawful course such as PP' be taken, there is an unnecessary waste of 
motivity lepresented by the area PQP 

10 Elemieiitdiy Theo modynamto Itelatio'ns — From what piecedes it is clear that 
when the state of unit mass of the working substance is given by a pomt in the 
diagram, on isotheimal and an adiabatic can be drawn through that point and thus 
<j> and t are detciminate for each particulai substance when p and v are given Thus 
any two of the foui quantities p v t ^ may be regarded as functions of the other 
two chosen as independent variables The change of energy from one state to 
another can of course, be expressed as in § 9 above Thus putting E foi the energy 
we have at once 

dL = td(f)—pdv (1) 

if <j> and V be chosen as independent variables and if heat be measured as above 

in units of work This equation expresses in symbols the two laws of thermodynamics 

For it states that the gain of oneigy is the excess of the heat supplied over the woik 
done which is an expicssion of the fiist law And it expresses the heat supplied 
as the pioduct of the absolute tempeiatuie by the gam of entropy, which is a 
statement of the second law m terms of Thomsons mode of measuring absolute 
temperature 

!3ut wo now have two equations in paitial differential coefficients 

/dE\ . (dE\__ 

\d(f>J ' \dvj ^ 

From these we have two expressions for the value of 
Equating them we aie led to the theimodynamic relation 

\dv/ \d<j>J 

the differential coefl&cients being again partial 
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This expiesses a property of all ‘ working substances deined as m § 1 lo 

state It in woids let us multiply and divide the right hand side by t and it then 
reads — 


The rate at which the temperatw e falls off per unit increase of volume in adiabatic 
expansion is equal to the rate at which the pressure inco eases per dynamical unit of 
heat supplied at constant volume multiplied by the absolute temperatuie 

To obtain a similar result with v and t as mdependent variables we have only 
to subtract from both sides of (1) the complete differential ditff) so that 

diE— t(f) = — <j)dt — pdv 
Proceeding exactly as before we find 



In words this result luns (when both sides are multiplied by t) 

The late of increase of pressure mth temperciMre at constant volume multiplied bv 
the absolute temperature w equal to the rate at which heat must he supplied pei unit 
men ease of mlume to keep the temperatiae constant 


Veiy slight vaiiations of the piocess just given obtain the following 
expiession — * 



which aie to be interpreted as above 


vai leties 


of 


11 iMrease of Total Energy undei various Conditions —The expression (1) of 
§ 10 may be put in various forms each convenient for some special purpose We Le 
one example as sufficiently showing the processes employed Thus suppose we msh 
0 find how the energy of the working substance varies with its volume wIL the 
perature is kept constant we must expiess dE in terms of dv and dt Thus 

^ * ( dt) * (S) 

But we have by § 10 under present conditions 


’it] = (^'\ 

.dv) \dt) 


Hence 




a result assumed m . previous artrole (Eadutiok No CXXX above) 

H tie TOrkmg substanoe have the pmpertjr (that of the so called ideal perfect gas) 

pv = Rt 
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we see that foi it 



= 0 


The energy of (unit mass of) such a substance thus depends upon its tcmpeiature 
alone 


12 Specific Heat of a Fluid — Specific heat in its most general acceptation is the 
heat lequircd under some given condition to laise the tempeiature of unit mass by 
one degiec Thus it is the heat taken in while the working substance passes by some 
assigned path from one isothermal t to another ^+1, and this may of couise have 
as many values as there are possible paths Usually howevei but two of these paths 
are spoken of and these are taken parallel respectively to the coordinate axes in 
Watts diagiim so that we speak of the specific heat at constant volume or at con 
stant piessuie In what follows these will be denoted by c and 7 respectively 

Take V and p for the independent variables as in the diagram and let /c be 
the specific heat coiicsponding to the condition 

f(v p) = const 


Then 

'cdt = td<p = t(^^dv + ^dpy 

while 

o 

11 

ind 

(it = ^dv + ^ dp 
dv dp ^ 

Thus 

d(l> df d<l> df 

dv dp dp dv 

dt df dt df 

dv dp dp dv 


This expression vanishes if / and <j(> vaiy together le in adiabatic expansion and 
becomes infinite if f and t vary togethoi le in isotheimal expansion, as might easily 
have been foreseen Otherwise it has a finite value It is usual however to choose 
V and t as independent variables while we deal analytically (as distinguished from 
diagrammatically) with the subject Fiom this pomt of view we have 

tedt = t dv + ^ d^ 

But the last term on the right is by definition edt^ so that 

(fc — c) dt = t^ dvy 


%:d;t ’\-%dv=^0 
dt dv 


with the condition 
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Thus 


dv dt / dv 


which IS a perfectly general expression As the most important case let f represent 
the pressure then we see by § 10 that 


and the formula becomes 


d<]) dp 
dv ” dt 

— ‘(S), 


dv 


13 PyeHies of an Ideal Substance which follows the Laws of Boyle cv>id 
Oharl^ -Closely approximate ideas of the thermal behaTiom of a gas such as air 
at ordinary temperatures and pressures may be obtamed by assuming the relation 

pv = Rt 

fc-e = (- 

V I V 

a relation given originally by Carnot 
Hence in such a substance 

d<l> = cf + (h-c)^ 

4>~<f)o = C log t + (i — c) log V 
In terms of volume and pressure this is 

^-4>o-c logpfR + Z, log ?; 
the equation of the adiabatics on Watt s diagram 






-JRt 

c 


k/c m terms of R The value of 72 ^ determination of the ratio 

r r.i - 

a ,«an«y (o, d.„ct detar„.a.t.o” fe 
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14 Efecst of P) essui e on the Melting or Boiling Point of n Suhstance — By the 
second of the thermodynamic relations in § 10 above we have 

(dp\^(d<f)\ 

\dt/ \dv) 

But if the fraction e of the working substance be in one molecular state (say liquid) 
in which Vq is the volume of unit mass while the remaindei 1 — e is in a state (solid) 
wheie Fj is the volume of unit mass we have obviously 

^; = eFo + (l -e)V^ 

Let L be the latent heat of the liquid then 

fd<^ \ __ td(f> _ L 
\dv)'~tl Fo"- FO de " i(Fo-Fi) 

Also as m a mixtuic of the same substance in two different states the pressure 
remains the same wink the volume changes at constant temperature we have dpjdv = 0 
so that finally 

which shows how the tcmperatuie is alteied by a small change of pressure 

In the case of ice xnd watei Fj is greater than Fq so the temperature of the 
freezing point is lowered by increase of pressure When the proper numeiical values 
of Fo Vi and L are introduced it is found that the freezing point is lowered by 
ibout 0 0074 C for each additional atmosphere 

When water and steam are in equilibrium, we have Vq much greater than Fi 
so that the boiling point (as is well known) is raised by pressure The same happens 
and foi the same reason, with the melting point, in the case of bodies which expand 
in the xct of melting such as beeswax paraffin cast non and lava Such bodies 
may therefore be kept solid by sufficient piessure, even at temperatuies far above their 
ordinal y melting points 

This IS in a slightly altered form the reasoning of James Thomson alluded to 
above as one of the first striking applications of Carnots methods made after his 
woik was recalled to notice 

15 hffect of Pressure on Maximum Density Point of Water — One of the most 
singular properties of water at atmosphenc pressure is that it has its maximum 
density at 4 C Another, first pointed out by Canton in 1764, is that its com 
piessibility (pei atmospheie) is gi eater at low than at ordinary temperatures — being 
according to his measurements, 0 000 049 at 34® F and only 0 000 044 at 64 F It 
is easy to see (though it appears to have been first pointed out by Puschl m 1875) 
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that the second of these pioperties involves the lowering of the maximum density 
point by increase of pressnie To calculate the numerical amount of this effect note 
that the expansibility like all other theimal properties may he cxpiessod is a function 
of any two of the quantities p v t say in the present case p ind t Then \vc 
have for the expansibility 

Also the compressibility may be expressed as 




The relation between small simultaneous increments of pressuic and temper itiuc 
which are such as to leave the expansibility unchanged, is thus 




Now the expansibihty is zero at the maximum density point, foi which thoicioic thiM 
equation holds But the equations above give 




so that 


maLy°^s°^^ tempeiatuies undei atmospheiic piessurc vines xppioxi- 


1 + 


144000 


Thus we have and from Cantons experimental icsult xbove stxti cl 

'^e gather that (roughly at least) 

W = - 0 000 005 = - 0 000 000 3 

-o'oisc so 

223 atoosphe^, Hu, tutag ucuonut ot L S rf 8 u "i” 

d,u,.tj puM ft.ez.ugpo« i 27^'' * 7 ‘ 

^ ubou. 377 u.»«ph,7e, ,7 
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16 Mot^vity and Entropy Dissipation of Energy —The motivity of the quantity 
H of heat in a body at temperature t is 

H(t-to)jt 

wheio t^ IS the lowest available temperature 
The entropy is cxpiesscd simply as 

Hjt 

being independent of any limit of temperature 

If the heat pass by conduction to a body of temperature t' (lower than t but 
highei than ^o) change of motivity (^e the dissipation of eneigy) is 



which is of couise loss while the correspondmg change of entropy is the gain 



The numerical values of these quantities differ by the factor so t^at if we 
could have a condenser at absolute zero there could be no dissipation of energy 
But wc see that Clausius s statement that the entiopy of the universe tends to a 
maximum is practically meiely another way of expressing Thomsons eailier theory of 
the dissipation of cneigy 

The whole point of the matter may be summarised as follows When heat is 
exchanged among a numbei of bodies pait of it being tiansformed by heat engines 
into woik the woik obtainable (le the motivity) is 

2{S)^toMH/t) 

The woik obtained however is simply 

Thus the waste oi amount needlessly dissipated is 

-toXiHIt) 

This must be essentially a positive quantity except in the case when perfect engines 
have boon employed in all the operations In that case (unless indeed the un 
attainable condition to = 0 weie fulfilled) 

S (Hit) = 0 

which IS the general expression of reversibility 

17 WorJs on the Subject— -Carnot ^ work has as we have seen, been reprinted 
The scattered papers of Rankine Thomson and Clausius have also been issued in 
collected forms So have the expeiimental papers of Joule The special treatises on 
Thermodynamics are very numerous, but that of Clerk-Maxwell (Theory of Heat) 
though in some respects lather formidable to a beginner is as yet far superior to 
any of its rivals 
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[From a Memoir prefixed to Ranhnes Sczentific Pa^&s 1881 ] 


The life of a genuine scientific man is from the common point of view almo&t 
always uneventful Engiossed with the paramount claims of mquiiies raised high above 
the domain of mere human passions he is with difficulty tempted to come foiwaid 
in political discussions even when they aie of national importance, and he roo-ards 
with suiprise if not with contempt the petty municipal squabbles in which local 
notoriety is so eagerly sought To him the discovery of a new law of natuie or 
even a new experimental fact or the mvention of a novel mathematical method no 
matter who has been the first to reach it is an event of an older altogether different 
from and higher than those which aie so profusely chronicled m the newspapeis It 
18 something true and good foi ever not a mere temporary outcome of craft or 
expediency With few exceptions such men pass through life unnoticed by almosi 
unknown to the mass of even their educated countrvmen Yet it is they ^who far 
more than^y autocrats or statesmen aie really moulding the history of the times 
to come l(Un has been left entirely to himself in the struggle for cieature cLfoT 

rMt tr r: -rrr :irr — ^ 



OXXXII ] 


MACQUOEN BANKINE 


485 


little gioup of thmkerfc. to whom after the wondrous Sadi Caiuot the woild is 
indebted foi the pure science of modem thermodynamics Weie this all it would 
be undoubtedly much But his services to applied science wcie lehtivoly even 
greater By his admiiable teaching his excellent text hooks and his original memoirs 
he has done more than any other man of recent times for the advancement of 
British Scientific Engineering He did not indeed himself design oi constiuct gigantic 
stiuftuies, but he taught or was the means of teaching thit invaluable class of 
men to whom the projectois of such works entrust the calculations on which then 
safety as well as then efficiency mainly depend For, behind the great architect or 
engineer and concealed by his portentous form there is the real worker without 
whom fiiluie would be ceitam The public knows but little of such men Not evciy 
\oii Moltke has his sei vices publicly acknowledged and rewarded by his Impciial 
employer ’ But he who makes possible the existence of such men confers lasting 
benefit on his country And it is quite certain that Rankine accomplished the task 

* iit * 

In concluding the scicntihc part of this brief notice of a true man, we need 
scarcely point out to the icadci how much of Rankine s usefulness was due to steady 
and honest woik The unsciontihc aie prone to imagine that talent (especially when 
as in Rankine 8 case it uses to the level of genius) is necessarily rapid and off- 
hand in pioducing its fruits No greater mistake could be made The most poweiful 
intellects work slowly and patiently at a new subject Such was the case with Newton 
and so it is still Rapid they may bo and in generxl aie in new applications of 
piinciples long since mastered, but it is only youi pseudo scientific man who foims 
his opinions at once on i now subject This tiiith was piecminently realized m 
Rankine who was prompt to reply when his knowledge was sufficient but patient 
and reticent when he felt that more knowledge was necessary With him thought 
was never divoiccd from woik — both were good of their kind — the thought profound 
and thoiough the woik x 'woikman like cxpiession of the thought Few if any 
piactical onginceis hxve contiibutcd so much to abstract science xnd in no case has 
scientific study been xpphed with more effect to practical enginceimg Rankmos name 
will ever hold a high plxcc in the history of science and will worthily be associated 
with those of the great men we have recently lost And when we think of who 
these were how strangely docs such a list — including the names of Babbage, Boole 
Brewster Leslie Ellis Forbes Heischel Rowan Hamilton Oloik Maxwell Rankine, and 
others, though confined to physical oi inx*thematical science xlone — centrist with the 
astonishing utterance of the Prime Minister of Great Britain and Ireland to the effect 
that the present is by no means an xgo abounding m minds of the fiist oidei ' Ten 
such men lost by this little countiy within the last dozen jears oi so — any one of 
whom would have made himself an enduring name had he lived m any preceding ago 
be it that of Hooke and Newton or that of Cavendish and Watt ’ Nay moie even 
such losses as these have not extinguished the hopes of science amongst us Every one 
of these great men has by some mysterious inflluence of his genius, kindled the sacred 
thirst for new knowledge in younger but kindred spirits, many of whom will certainly 
rival, some even may excel their teachers^ 
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[Contemporary Review January 1878] 

At the ^eiy outset of our woik two questions of great impoitiucc coint i)io- 
minentlj forward One of these I have reason to conclude fiom long cxptiiuicc is 
probablj a puzzling one to a great many of you the other is of paianiounl con- 
sequence to us all And both are of consequence not to us alone but to the whole 
county in Its present fevensh state of longing for what it but vaguely undcistuuls 

These questions are What is Natural Philosophy ^ uid Uoio 

AT , ^ question, must suffice for the present The teini 

iti'l tf employed by Newton to describe the study of the powers of 

natuie the in\ estigation of forces fiom the motions they produce and fhi ont 1 f 
Of th, ^ult, th, expla..non of other phe.oo.eJ 
propel discussion mathematical methods are indispensable Tb^ p 

r ht^z“prr‘r 

.he ithorr.r;eZo‘t^d':rrre„‘v.hrti “fT**'" 

ceotones wLh'’have 'raoe'*fte^°publLtion'°o*ttic ‘"““f 

scarceh a single step of any considerable Lgnitude has bten'^rT''^'" 

»,oence .he boooda., be.we» .he. wbreh J properl, .h^L]S” if te 1.7.1 

TJniTerBjtj Ootoba“i^*T 877 ‘I'® ordinaij oouise of Natural Philosophy m Edinbuigh 
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philobophei s inqumeb xiid thit which is altogether beyond his piovinco is at present 
entiiely indefinite Thoie cm be no doubt that in many impoitant respects oven life 
itself lb dependent upon puiely physical conditions The physiologists have quite 
leccntly seized foi their own inquiries, a gieat part of tho natuial philosophers 
ippiratus, md with it his methods of expeiimentmg But to say that even the very 
lowest foim of life not to spexk of its higher foims still less of volition and conscious 
ness cxn bo fully eiplmned on physic il principles alone — le by the mere relative 
motions xnd inter ictions of portions of inanimate matter, however lefined and sublimated 
IS simply unscientific There is absolutely nothing known in physical science which 
ein lend tho slightest suppoit to such an idea In fact it follows at once from the Lawi, 
oj Motion thit a miteiial system, left to itself has a perfectly determined futuic 
le tint upon its configuiition md motion it any instant depend all its subsequent 
cli luges, so thit its whole histoiy past md to come is to be gathered from one almost 
instiutaueous it sufficiently comprehensive glance In a purely material system there is 
thus noceshat lit/ nothing of the nature of i free agent To suppose that life oven in its 
lowest form is wholly miterial involves therefore either a denial of the truth of 
Newtons hws of motion oi an erroneous use of the term matter Both are alike 
unscientific 

Though tho sphere of oui inquiries extends wherever matter is to be found and 
IS thcicfoie coextensive vith tho physical universe itself there are other things not 
only without but within that universe, with which oui science has absolutely no power 
to deal In this room we simply recognize them and pass on 

Modern extensions of a veiy general statement made by Newton enable us now to 
specify much more definitely than was possible in his time the range of physical 
science We may now call it the Science of Matter and Energy Those are, as the 
whole woik of the session will be designed to prove to you the two leal things in 
the physical universe, both unchangeable m amount but the one oonsistmg of paits 
which pic SCI VO then identity, while the other is manifested only in the act of trans 
toimation and though measurable cannot be identified I do not at present enter on 
an exposition of the nature oi laws of either, that exposition will come at tho proper 
time, but the tact thit so short and simple a definition is possible is extremely 
instructive showing is it unquestionably docs what very great advances physical 
science has made in recent times The definition in fact is but little infeiioi in 
simplicity to two of those with which most of you aie no doubt already to a certain 
extent familiar — that of Geometry as tho Science of Pure Space, and of Algebra as tho 
Science of Pure Time 

But for to day at least, om second question viz How is Natwi al Philosophy to be 
taught^ IS of more unmcdiate impoitance Tho answer in an elementary class like this 
must of course be — popularly But this word has many senses even in the present 
connection — one alone good the othcis of vanously graduated amounts of badness 

Let us begin with one oi two of tho bad ones The subject is a very senous one 
for you and therefore must be considered carefully in spite of the celebrated dictum of 
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Terence Oiseqxiium amicos veritas odium pant (In other wordb, Fhttci yoin xuchcnot 
and tickle then ears if jou seel to mgiatiate youiself with them, Ull them the 
tiuth if }on wish to raise enemies) But science is one foim of tiiith When tin 
surgeon is com meed that the knife is required it becomes his duty to opoixtc And 
Shakspeaic gi\es us the proper answer to the time seiving caution of Icicnco and 
Cicero m the well known woids Let the jade wince 

One of these wholl;y bad methods was recently verj well put by a Satwday ciitic 
as follows — 

The name of Popular Science is, in itself, a doubtful and somowhxt invidious one, btiii^ 
commonly taken to mean the superficial exposition of results by a spoal oi oi wiitci who ^liimstU 
under tands them imperfectly, to the intent that his hearers oi leidcis bo iblo to till tboui 

them without understanding them at all 

Clerk Maxwell had previously put it m a somewhat dififeient foim — 

The forcible language and stalking lUustrataons by which those who aio pist hopo of even bem 
l«giimer mai be prevented from becommg conscious of intellectual exhaustion Loforo the houi Ins 


4.k ^ science teaching It ippcus howcKi 

It there is a great demand for it moie especially with audiences which snk amuse 
ment rather than instruction and this demand of course is satisfied Such in 
audience gets what it seeks and I may add exactly what it doseivcs 

.Not quite so monstious as that just alluded to yet fai too common is tlu 
essentiillj vague and highly ornamented style of so called science tcichiim The 
jections to this method are of three kinds at least— each independently latil ^ 

aitogfit isz im^etr 0^: yr t t 

k?.., 1. fano; that ha h„ 1, rtll“ .hT',"/^ 

found mvsterv m the words he ha^ ho ^ k u l 

penetration After a very few\ttJ;: ht“^^ 

been driven awav altogether whose infellw P “ aespaii How many i mm his 
advance of Phvsics mefely by th!t he contiibuted to the 

Of h. .»ch» .ea. U IpfZJX 00 ^retarhar ~ 

be what was meant ^ t he fxncies it cannot possibly 

And T“L « 

cornu .ongs is destructive of^ll relish tv the t “ music h-ill 

-.non n„,e. «nd» S«Un 

R. f appetite had giown 

Bv what It fed on, 
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the action on the listener is made to react on the teacher and he is called upon for 
further and fuithei on ti ages on the simplicity of science Sauces and spiccs not only 
impair the digestion they cieate a craving for other stimulants of evoi increasing 
pungency and deleter lousne&s 

But thirdly No one having a tiue appreciation of the admirable simplicity of 
science could be guilty of these outiages To attempt to introduce into iiO%ence the 
meretricious adjuncts of woid pamtmg &c can only be the woik of dabbleis— not of 
scientific men, just as 

‘‘lo gild lefin^d gold to punt the lily 
To thiow a peifume on the violet, 

To biQOoth the ice oi add anothei hue 
Unto the lainbow oi %vith tapoi li^^ht 
To beel the be'iutooiis eye of heaven to ^iinisli 
Is wasteful arwL ridiculous eveess 

None could attempt such i woik who had the smallest Inowledge of the tiue boiut7 of 
nature Did he know it ho would feol how utlorlj mideqnate \s well to uncillcd 
for were all his greatest efforts. For agrm in Shakspeares words such r com so 

‘ Makes ■iound opinion mck and tiuth ^uspu-ted, 

Foi putting on so uew \ fashioned lobo 

In the gloat majority of popuhi scientific works the author rs a rule, has 
not an exact kno\i ledge of his subject and does his host to avoid committing him 
self among difl&cultios which he must it leifat tiy to appear to explain On such 
occasions he usually has recourse to a flood of vague goneiilitics than which nothing 
can be conceived more pernicious to the leally intelligent student In science ‘hue 
language is entuely out of place, the stern truth which is its only basis, rcquiics 
not meiely that wc should novel disguise a difhculty but on the contiiry tint we 
should call special attention to it as a piobible source of valuable mfoimaliou If you 
meet with an author who like the cuttle hsb endeivouis to cscipo fiom a difficult 
position by daikening all aiound him with an inky cloud of verbiage, close the book it 
once and seek information elscwheie 

But I must come back to the really important point which is this — 

True sconce %s m %tself s%mple and should be euplmned m as sample aivd defiiixte 
language as possible 

Word pamtmg finds some of its most appropriate subjects when employed to deal 
with human snobbery or human vice— where the depiaved tastes and wills of mortals 
are concerned — ^not the simple and immutable truths of saence Bittks muidcrs 
executions, political legal and sectarian squabbles, gossip ostentation toadyism ind 
such hke are of its propei subjects Not that the word paintei need bo himself 
necessarily snobbish oi vicious — tar from it But it is here as our best poets and 
satirists have shown that his truest field is to be found Science sits enthroned, hke 
the gods of Epicurus far above the influence of mere human passions, he they 
virtuous or evil and must be treated by an entirely different code of rules And a 
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great deal of the very shallowebt of the pseudo science ot the present daj piobably 
owes its ongin to the habitual use with reference to physical phenomena of toims 
or synonyms whose deiivation shows them to have reasonable application to humxn 
bemgs and their actions alone — not at all to matter and energy In dealing with 
such pseudo science it is of course permissible to me, even after what I have said 
to use word pamtmg as far as may be thought necessary 

The Pygmahons of modem days do not require to beseech Aphroditd to ammate 
the ivory for them Like the savage with his Totem they have themselves ihoady 
attributed life to it It comes as v Helmholtz says to the same thing as 
Schopenhauers metaphysics The stars are to love and hate one another feel pleasure 
and displeasure and to try to move in a way coiresponding to these feelings The 
latest phase of this peeuhar non science tells us that all matter is alive , oi at least 
that it contains the promise and potency (whatever these may be) of all teiiestrial 
hfe All this probably origmated in the veiy simple manner already hinted it vi/, 
in the confusion of terms constructed for application to thinking bemgs only with 
others applicable only to brute matter and a blind following of this confusion to lis 
necessarily preposterous consequences So much for the attempts to introduce into 
science an element altogether incompatible with the fundamental conditions of its 
existence 


When simple and defimte language cannot be employed it is solely on account 
of our Ignorance Ignorance may of course be either unavoidable or inevcnsahle 

It IS unavoidable only when knowledge is not to be had But that of which 
there is no knowledge is not yet part of science All we can do with it is simply to 
confess our ignorance and seek for information 

As an excellent illustration of this we may take two very common phenomena a 

rainbow and an mrora— the one to a certain extent at least thoroughly understood, 
the other scarcely understood in almost any particular Yet it is possible that in oui 
latitudes at least we see the one nearly as often as the other Foi, though theio 
aie probably fewer auroias to be seen than ramoows the one phenomenon is in gencial 
much more widely seen than the other A rainbow is usually a mere local pheno 
menon dependmg on a ram cloud of moderate extent, while an auiora when it occuis 
may ex^d over a whole terrestrial hemisphere Just like total eclipses lunar and 
^lar Wherever the moon can be seen the lunar eclipse is visible and to all dike 

But a total solar eclipse is usually visible from a mere strip of the earth— some hftv 
miles or so in 


The branch of natural philosophy which is called Geometrical Optics is based upon 
three experimental facts or laws which are assumed as exactly true and as repre 

f propagation of light in any one uniform medium, 

d the laws of ite leflexion and refraction at the common suiface of two such media, 

"L tL? p^^tljs mathematical consequences of 
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Hence if these laws were iigoiously tiue and represented all the tiuth nothing 
hut mathematic xl invcstigxtion based on them would be ie(^uiied for the complete 
development of the phenomenx of the lainbow— except the additional postulate also 
derived fiom expeiiment that falling diops of water assume an exact spherical form 
and as dxtx foi numeiicxl calculation the expeiimentally determined refractive index 
for each i xy of light xt the common surface of air and water 

Thus foi instance we can tell why the lainbow has the foim of a portion of a 
circle sui rounding the point opposite to the sun , why it is red on the outer edge , 
what IS the ordei of the othei colours and why they aie much less pure than the 
ledj why the whole of the backgiound enclosed within it is brighter than that just 
outside, xnd so on Also whj theio is a second (also ciicular) lainbow why it is 
concentiie with the fust, xnd why its colouis are aiianged in the reverse older &c 

But, so long xt lexst xs we keep to Geometrical optics we cannot explain the 
spuiious bows which aie usuxlly seen like ripples within the piimary and outside the 
second i xmbow , noi why the light of both bows is polarized and so forth We must 
xpply to X highei hi xneh of oui science , and we find that Physical Optics which 
gives the lesults to whieh those of geometiicxl optics aie only approximations, enables us 
to suppl) the explxnition of these phenomena xlso 

Wlxen we tuin io the xuioia we find nothing so definite to explain This may 
to some extent it lexsi xeeouiit foi our present ignorance We remark no doubt a 
general lelxtiou between the dncction of the exrths magnetic force and that of the 
stiexincis but thdi xppexiance is cxpiieious and variable in the extreme Usually 
they hive i pile gietn coloui which the spectioscope shows to be due to homogeneous 
light, but in veiy hiu displxvs they xie sometimes bloodied sometimes blue Auroral 
xiches give sometimes x sensibly continuous spectrum , sometimes a single bright line 
We c in imitate nixny of the phenomenx by pxssing electric dischxrges through rarefied 
gises, xnd W( find thxi the siiexmeis so produced are influenced by magnetic force But 
we do not ytt know foi eeitxxn the source of the discharges which produce the aurora 
1101 do we even know whxt substxnco it is to whose incandescence its light is due We 
hnd by a slxtisticxl method thxt xuioixs like cyclones arc most numerous when there 
XK most spots on the sun, but the connection between these phenomena is not yet 
known Htie in Ixct we xie only hegiiiniug to undeistand and can but confess our 
Ignorance 

But do not imagine thxt there is nothing about the lambow which we cannot 
explain even of thxt which is seen xt once by untiained observers All the phenomena 
connected with it which we can explxin arc mathematical deductions from observed 
ficts which xie assumed in the imestigation But these facts are in the mam them 
selves not yet expl lined Just as there are many exceedingly expert calculators who 
habituxlly and usefully employ logarithmic tables without having the least idea of what 
a logarithm really is oi of the manner in which the tables themselves were onginally 
cxlculated, so the natuixl philosophei uses the obseived facts of refraction and reflection 
without having as yet xny thing bettei than guesses as to their possible proximate 
cause And it is so thioughout oui whole subject assuming one result we can prove 
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that the others must follow In this direction great advances have been made and 
every extension of mathematics lenders more of such deductions possible But when we 
try to reverse the process and thus to explain our hitheito assumed lesults we are met 
by difficulties of a verj different order 

The subject of Physical Astronomy to ^hich I have already alluded gives at once 
one of the most stnkmg and one of the most easily intelligible illustrations of this point 
Given the law of giavitation the masses of the sun and planets and then relative 
positions and motions at any one instant — the mvestigation of their future motions until 
new disturbmg causes come m is entirely within the power of the mathematician But 
how shall we account for gravitation^ This is a question of an entuely different 
nature from the other and but one even plausible attempt to answer it has yet been 
made 

But to resume The digression I have just made had foi its object to show you 
how closely full knowledge and absolute ignorance may be and aie associated in many 
parts of oui subject — absolute command of the necessaiy consequences of a phenomenon 
entile ignorance of its actual natuie or cause 

And m every branch of phvsics the student ought to be most carefully instructed 
about matteis of this kind A comparatively small amount of mathematical training 
will often be found sufficient to enable him to trace the consequences of a known truth 
to a consideiable distance, and no such training is necessary to enable him to see (pro 
vided it be properly presented to him) the boundary between our knowledge and our 
ignoiance — at least when that ignorance is not dnectly dependent upon the inadequacy 
of our deductive powers 

The work of Lucretius is perhaps the only really successful attempt at scientific 
poetry And it is so because it was written before theie was any true physical science 
The methods throughout employed are entirely those of a prion reasoning and there 
fore worse than worthless altogether misleadmg Scientific poetry using both words 
in their highest sense is now impossible The two thmgs are in their very nature 
antagomstic A scientific man may occasionally be a poet also, but he has then two 
distmct and almost mutually incompatible natures , and when he writes poetry he 
puts science aside But on the other hand when he wiites science he puts poetry and 

all its devices aside Mark this well* A poet may possibly with great effect on the 

unthinking multitude write of 

‘ the hugei orbs which wheel 
In circuits vast throughout the wide abyss 
Of ummagined Chaos— till they reach 
-^theieal splendour ’ 

(The word ‘ummagined may puzzle the reader but it probably alludes to Ovids 
expression sine imagine For this sort of thing is nothing if not classical > The 
contempt in -whicb scholars even no-w hold mere physicists is proverbial And 
they claim the right of u«mg at will new words of this kind in whose company 

even the tiemendous empyrean would perhaps, not be quite out of place ) 
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But whether this sort of thing be poetry oi not it is in no sense science Huge 
and vast and such like (foi which if the rhythm permit you may substitute their 
feimilais Titinic gigantic &c) good honest English though they be are utterly 
unscientific words In science we restrict ourselves to small and great and these amply 
suffice for all our wants But even these teims are limited with us to a mere relative 

sense, xnd it can only be through ignorance or forgetfulness of this that more sonorous 

terms are employed The size of e\ery finite object depends entirely upon the unit in 
terms of which jou mcasuie it There is nothing absolutely great but the Infinite 
A fey moments reflection will convince you of the truth of what I ha\e just said 
Let us onlj go by easily comprehensible stages from one (so called) extreme to the 
othei Begin with the smallest thing you can see and compare it with the greatest 
I suppose you hive all seen a good baiometei The vernier attached to such an 
instrument is usuilly lead to thousindths of an inch but it sometimes lea\es you in 
doubt which of two such divisions to choose This gives the limit of vision with the 
unaided eye Let us theiefoie begin with an object whose size is about 1 2000th of 
an inch Let us choose as our scale of relative mignitude 1 to 250 000 or there 
abouts It IS neiily the proportion in which each of you individually stands to the 
whole popuhtion of Idinbuigh (I xm not attempting anything beyond the rudest 
illusti xtion bee inse that will amply suffice for my present purpose ) Well 250 000 times 
the (liametei of our niininudn visibile gives us a length of ten feet or so ^three or foui 
pxccs Inci eased xgxiii in about the sxme latio it becomes more than 400 miles some 

whcie about the distance horn Edinburgh to London Perfoim the opeiation again 

ind jou get (xppio\imatoly enough for oui puipose) the suns distance from the earth 
Opel ate once moie xiid you have got beyond the nearest fixed star Another such 
opei xtion vxould give i distance fxi beyond that of anything we can ever hope to 
sec Yet you have le ached it by repeating at most Jive times upon the smallest 
thing you can see an operation in itself not very difficult to imagine Now as there is 
absolutely nothing known to science which can preclude us from carrying this process 
faithcr so there is absolutely no reason why we may not in thought 7eve')se it and thus 
go back from the smallest visible thing to various successive orders of smallness And 
the fiist of these that we thus reach has already been pointed to by science as at 
least 1 rough ippioxim xtion to that coarse giainedness which we J now to exist (though 
we shall ncvei be able to see it) even in the most homogeneous substances such as glass 
and water Foi several trains of reasoning entuely independent of one another but 
based upon experimental facts enable us to say with certainty that all matter becomes 
heterogeneous (in some as yet quite unknown way) when we consider portions of it 
whose dimensions arc somewhere about 1 500000 000th of an inch We have as yet 
absolutely no information beyond this, save that if there be ultimate atoms thej are at 
least consideiably moie minute still 

Next comes the very important question— Ifow far is expeiimental illustration 
necessary and usefuU Heie we find excessively wide divergence alike m theory and 
in practice 

In some lecture theatres experiment is everythmg, in otheis the exhibition of 
gorgeous displays illustrative of nothing in particular is said occasionally to alternate 
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with leal or imagined (but equally sensational) danger to the audience from which they 
are preseived (or supposed to be preserved) only by the extiaoidinary presence of mind 
of the piesiding peiformeis — a modem resuscitation of the ancient after dinner amuse 
ment of tight i ope dancing high above the heads of the banqueteis where each hid 
thus a very genuine if selfish interest in the nerve and steadiness of the artists 

Contrasted in the most direct mannei with these is the dictum not long ago laid 
down — 

‘ It may be said that the fact makes a stronger impression on the boy through the medium 
of his sight — that he beheves it the more confidently I say that this ought not to be the case 
If he does not believe the statements of his tutor — ^probably a cleigyman of matuie knowledge, 
lecognized abilit}- and blameless charactei — his suspicion is irrational and manifests a want of the 
po^^er of appieciating evidence— a want fatal to his success in that branch of science which he is 
supposed to be cultivat n^^ 

Between such extremes many couises may be traced But it is better to dismiss 
the consideration of both simply on the ground that they ate extremes and theiefore 
alike absurd 


Many facts cannot be made thoroughly intelligible without experiment , many otheis 
lequire no illustration whatever except what can be best given by a few chalk lines on 
a blackhoaid To teach an essentially expeiimental science without illustrative expeii- 
ments may conceivably be possible in the abstract but certainly not with piofessors and 
students such as are to he found on this little planet 

And on the othei hand you must all remember that we meet heio to discuss 
science and science alone A University class room is not a place of public amuse 
ment with its pantomime displajs of led and blue fire its tricks whethei of piestigiation 
or of prestidigitation or its stump oratory The best and greatest experimenter who 
e\er hved used none of these poor devices to win cheap applause His language (except 
perhaps when non experimenting pundits pressed upon him then fearful Greek names ioi 
his splendid discoveiies) was evei the veiy simplest that could be used his experiments 
whethei hnlhant or commonplace in the eyes of the mere sight seer were chosen solely 
with the object of thoioughly explaming his subject, and his whole bearing was 
impressed with the one paramount and solemn feelmg of duty alike to his audience and 
to science Long ages may pass before his equal oi even his iival, can appeal but the 
great example he has left should be imitated by us all as closely as possible 

Nothing is easier in extempore speaking as I dare say many of you know by 
trial than what is happily called piling up the agony For as has been well said, 

‘ men there be that make 
Parade of fluency, and deftly play 
With points of speech as jugglers toss their balls 
A tinkbng crew, from whose hght squandered wit 
No seed of viitue grows ’ 


Eve^ one who has a little self confidence and a little readiness can manage it without 
troahle But it is so because in such speaking there is no necessity for precision in 
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the use of woids and no objection to any epithet whatever, even if it be altogethei 
nciisplaced But the essence of all such discourse is necessaiily fancy and not fact Here 
during the serious work of the session we aie tied down almost exclusively to facts 
Fancies must appear occasionally, but we admit them only in the caiefully guarded 
foim of a refeience to old opinions oi to a good working hypothesis' Still facts 
are not necessarily diy not even if they be mere statistics All depends on the way 
in which they are put One of the most amusing of the many clevei songs written 
and sung by the late Professoi Rankme m his moments of relaxation was an almost 
literal transcript of a prosaic statistical desciiption of a little lush town taken from 
a gazetted i He was a tiuly original man of science and therefore exact in his state 
inents, but he could be at once both exact and interesting And I believe that the 
intrmsic beauty of science is such that it cannot suffer in the minds of a really 
intelligent audience however poor be the oratorical powers of its expounder provided 
only he can state its facts with clearness Oratorj is essentially art and theiefore 
essentially 7iot scimoe 

There is nothing false m the theory at least of what aie called Chinese copies 
If it could be fidly earned out the lesults would be i,s good as the original — in 
fact undistmguishable from it But it is solely because we cannot have the theory 
carried out in perfection that true artists aie forced to slur over details and to give 

‘ bioad otfcctb they call them The membeis of the Pie-Raphaelite school are 

thoroughly light in one pait at least of then system unfortunately it is completely 

uniealizable in piactico But the broad effects ' of which I have spoken are tiue 

ant though pel haps in a somewhat modified sense of the word (which not being 
a scientific one has many shades of meaning) To introduce these bioad effects 
into science may be artful but it is ceitainly unscientific In so called populai 

science if anywhere Ans est celare %nsc%ent%am The nitful dodge is to conceal 
want of knowledge Vague explanations however aitful no moie resemble tiue science 
than do e\en the highest flights of the imagination whethei m Ivanhoe oi Quentin 
Dun ward Knickerbockers JSfew York or Macaulays England resemble history And when 
the explination is bombastic as well as vague its type is the same as that of the well 
known speech of Sergeant Buzfuz 

One ludicrous feature of the high falutin style is that if you adopt it you thiov 
away all your most formidable ammunition on the smallei game and have nothing 
proportionate loft foi the laiger It is as if }ou used a solid shot from an 81 ton 
gun upon a single skirmishei * As I have alieady said you waste your giandest teims 
such as huge vast, enormous tiemendous, on youi more millions or billions, and 
then what is left lor the poor trillions ^ The tiue lesson to be learned from this is 
that such terms are altogethei madmissible m science 

But even if we could suppose a speaker to use these magnificent words as a genuine 
description of the impression made on himself by certain phenomena you must remember 
that he is describing not what is known of the objective fact (which except occasionally 
fiom a biographic point of view is what the listenei really wants) but the more oi less 
inadequate subjective impression which it has produced oi which he desiies you to think 
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at has produced on 'W'hat lie is pleased to call his mind Whether it be his own 

mmd 01 that of some imaginary individual matters not To do this except perhaps 

when lecturing on psjchology is to he unscientific Tiue scientific teaching I cannot 
too often repeat re(j[uires that the facts and their necesscb'iy consequences alone should 
be stated (^and illustrated if required) as simply as possible The impression they are 
to produce on the mind of the readei or heaier is then to be left entirely to himself 
No one has any right to suppose much less to take for granted that his own notions 
whether they be so called poetic instincts (to use the lowest term of contempt) or 
half comprehended and imperfectly expressed feelings of wonder admiration or awe 'ue 
either more true to fact or more sound in foundation than those of the least scientific 
among his readeis or his audience When he does so he resembles a mere leadei of a 
claque * * * If your minds cannot relish simple food they aie not m that healthy 

state which is required foi the study of science Healthy mental appetite needs only 
hunger sauce That it always has in plenty and lepletion is impossible 

But you must remember that language cannot be simple unless it be definite, 

though sometimes from the very natuie of the case it may be very difficult to under 
stand even when none but the simplest terms are used Multiple meanings for technical 
words are totally foreign to the spirit of true science When an altogether new idea 
has to be expressed a new word must be coined for it None but a blockhead could 
object to a now word for a new idea And the habitual use of non scientific words in 
the teaching of science betrays ignorance or (at the very least) wilful indefiniteness 

Do not fancy howevei that you will have very many new words to leain A monbh 
of Botany or of Entomology as these aie too often taught will introduce you to a 
hundredfold as manj new and strange teims as you will require in the whole course of 
natural philosophy, and among them to many words of a far more difficult com 
plexion than any with which solely for the sake of definiteness we find ourselves 
constrained to deal 

But you will easily reconcile yourselves to the necessity for new terms if you bear 
in mmd that these not only aecuie to us that definiteness without which science is 
impossible hut at the same time enable us to get iid of an enormous number of 
wholly absuid stock phrases which you find in almost every journal you take up 
wherevei at least common physical phenomena are referred to When we are told 
that a building was struck by the elect) %o jlmd we may have some difiiculty in 
understandmg the process, but we cannot be at all surprised to leain that it was 
immediately thereaffcei seized upon by the devouring element which raged unchecked 
till the whole was reduced to ashes I have no fault to find with the penny a liiiei 
who writes such things as these it is all directly m the way of his business and 
he has been trained to it Perhaps his graphic descriptions may occasionally rise even 
to poetiy But when I meet with anjdihiag like this — and there are but too many 
works professedly on natural philosophy which are full of such things — I know that 
I am not dealing with science 

A wild and plaintive wail for defimteness often comes from those writers and 
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lecturers who uo habitually the most vague A few crocodile tears are shed appear 
an CCS aic piescivcd and they plunge at once into greater mistiness of verbosity than 
beloic 

Oonsidcimg the actual state of the great majoiity at least of our schools and our 
clcineutaiy text hooks I should piefei that you came here completely untaught in 
physical seieiice "iou would then have nothing to nnlearn This is an absolutely 
incalculable gun XJnleirning is by fai the hardest task that was ever imposed on 
a student oi oii any one else And it is also one of those altogether avoidable tasks 
which when we have allowed them to become necessaiy irritate us as much as does 
a peitectly luipiofitxble one — such as the piison crank or shot drill And m this lies 
by far the gic itest lesponsibility of ill wiiteis and teachers Meiely to fail m giving 
instiiictioii IS bad enough but to give filso information can be the work only of utter 
ignoi mu 01 of ciielessness amounting so fai as its effects go almost to diabolical 
wickedness 

Lveiy one of you who has habitually made use of his opportunities of observation 
must have ilieady seen a gical deal which it will be my duty to help him to under 
stand Jiut I should piefci it possible to have the entire guidance of him m helping 
him to undei stand it And I should commence by warning him in the most formal 
inimid agimst the study of books of an. essentially unscientific character By all 
means ht him icad fiction and ioman.ee as a relaxation fiom severer studies, but let 
the hclion be devoted to its legitimate object human will and human action, dont 
let it t impel with the tiutbs of science From the Arabian Nights through Don 
QuiJLotc to Scott the student has an ample field of really profitable reading of this 
kind, but when ho wishes to dudg let him carefully eschew the unprofitable oi 
rathci pciJUGious species of literary fiction which is commonly called popular 
science 

Ah I have alieady said in this elementary class you will require very little 
mithemiticil knowledge but such knowledge is in itself one of those wholly good 
things ol which no one can ever have too much And moreover it is one of the 
few things which it is not vciy eisy to teach badly A really good student will learn 
mithemitics ilmost m spite of the badness of his teaching No pompous generalities 
can gloss ovu ui incoiicct demonstration, at least m the eyes of any one competent 
to imdeibtind a coiicct one Can it be on this account that there are so many more 
aspii lilts to the teaching of physics than to that of the highei mathematics^ If so 
it IS 1 veiy serious matbci foi the pi ogress of science m this country as bad at 
Icist as wis the case in those old days when it was supposed that a man who had 
noioiiously failed in eveiything else must have been designed by nature for the vocation 
of bchoolm astci , a tiuly wondeiful application of teleology 

But even this queei kind of Dominie was not so strange a monstrosity as the 
modem minikms of paper science who are always thrusting their crude notions on 
the woild, the anitorai&tb who have never dissected the astronomers who have never 
used a telescope oi the geologists who have never carried a hammer » The old 
metaphysical pietendeis to science had at least some small excuse for their conduct in 



498 ON THE TBACHINC OF NATURAL PHILOSOPHY [CXXXIII 

the fact that true scieace was all hut unknown m the days when they chiefly flourished 
and when their a priori dogmatism was too geneially looked upon as science But 
that singular race is now well nigh extinct and in then place have come the paper 
scientists (the baibaious word suits them exactly) — those who with a strange mixtuie 
of half apprehended fact and thoroughly appietiated nonsense poui out continuous 
floods of information of the most self contradictoiy chaiacter Such wi iters loudly claim 
the honours of discovery foi any little chance leinark of theiis which research may 
happen ultimately to substantiate but keep quietly in the backgiound the mass of 
unreason in which it was originally enveloped This species m\y be compared to midges 
perhaps occasionally to mosquitos contmually pestering men of science to an extent 
altogether disproportionate to its own importance m the scale of being Now and then 
it buzzes shnlly enough to attract the attention of the gieat sound hearted but un 
reasoning because non scientific pubhc which when it does inteifeie with scientific 
matters can haidly fail to make a mess of them 

Think for a moment of the late vivisection ctusade or of the anti vaccinators What 
absolute fiends in human form were not the whole lace of leally scientific medical men 
made out to be at least m the less cautious of these heated denunciations? How 
many camels are unconsciously swallowed while these gnats are being so carefully strained 
out IS obvious to all who can take a calm and therefoie a not necessarily unreasonable 
view of the matter 

But the victims of such people are not in scientific ranks alone Every man who 
occupies a prominent position of any kind is considered as a fit subject foi then attacks 
By private letters and pubhc appeals gratuitous advice and remonsti ince are perpetually 
intruded upon him If he succeed in anything it is of course because these unsought 
hints were taken if he fail it is because they were contemptuously left unheeded ' 

Enough of this necessary but unpleasant digression I hnow that it is at least quite 
as easy to understand the most recondite mathematics as to follow the highest of 
genuine physical reasoning, and theiefoie when I find apparently profound physical 
speculation associated with mcapacity for the higher mathematics I feel convinced that 
the profundity cannot be real One very necessary remark however must be made 
here not in qualification but in explanation of this statement One of the greatest 
of physical leasoners Faraday professed as most of you are aware to know very little 
of mathematics But in fact he was merely unacquainted with the technical use of 
symbols His modes of regarding physical problems were of the highest order of mathe 
matics Many of the very best thmgs m the recent great works on Electnaty by 
Clerk Maxwell and &u William Thomson are (as the authors cheerfully acknowledge) 
little more than well executed translations of Faraday s conceptions into the conventional 
language of the higher analysis 

I hope that the time is not far off when no one who is not (at least in the same 
sense as Faraday) a genume mathematician however he may be otherwise qualified will 
be looked upon as even a possible candidate for a chair of Natural Philosophy in any of 
our Universities Of course such a danger would be out of the question if we were 
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to constantly bear in mind the sense in which Newton undei stood the term Natural 
Philosophy There is nothing so well fitted as mathematics to take the nonsense 
out of a man as it is populaily phrased No doubt a man may be an excellent mathe 
matician and yet have absolutely no knowledge of physics, but he cannot possibly know 
physics as it is unless he be a mathematician Much of the most vaunted laboratoiy 
work IS not neaily of so high an ordei of skilled labour as the every diy duty of a good 

telegraph clerk especially if he be in charge of a syphon lecoidcr And many an 

elaborate memoii which fills halt a volume of the tiansactions of some learned society 
IS essentially as unsightly and inconvenient an object as the mounds of valueless dross 
which encumbei the access to a mine and destroy what otherwise might have been an 
expanse of fruitful soil 

There aie many ways in which those mounds may grow The miner may be totally 
Ignorant of geology and may thus have bored and excavated in a locality which he 
ought to have known would furnish nothing Or he may have by chance or by the 
advice of knowing friends hit upon a really good locality Even then there irc many 
modes of failuie two of which are vciy common He may fail to lecognize the ore 
when he has got it and so it goes at once to the refuse heap possibly to be worked 
up again long xftei by somebody who has a little moic mineralogical knowledge — as 
in the re<"ent exse of the mines of Laurmm Hcie he may be useful — it second hand 
Or if it be fossils or crystals, for instance foi which ho is seeking hib procedure may 
be so rough as to smash them irreparably in the act of mining This is dog in the 
mingei with i vengeance But, an} how he geneially manages to disgust oveiy other 
digger with the particular locality which he has turned upside down, and thus 

exercises a '^eal, though essentially negative, influence on the progiess of mining 

The pxiallel heie hinted at is a very apt one and can be traced much farther 
Foi theie aic othei peculiarities in the modes of working adopted by some miners, 
which have then exact countcipaits in many so called scientific inquiiics, but foi the 
piesent we must leave them unnoticed 

There is but one way of being scientific but the numbei of ways of being 
unscientific is infinite and the temptations alluring us to them aic numerous and 
strong Indolence is the most innocent in appeal anco but in fact piobably the most 
insidious and dangoious of all By this I mean of course not more idleness but that 
easily acquired and fatal habit of stopping just short of the final necessary step in 
each explanation Faraday long ago pointed this out in his discourse on Mental 
Ineitia Manj things which aio excessively simple when thoroughly understood are 
by no means easy to acquire, and the student too often contents himself with that 
half learning which, though it costs consideiable pains loaves no permanent impression 
on the mind while ‘one struggle more would have made the subject his own for 
ever after 

Science, like all other learning can be leached only by continued exertion And, 
even when we have done our utmost we always find that the best we have managed 
to achieve has been merely to avoid straymg very far from the one true path 
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For though science is in itself essentially simple and is ever best expressed in 
the simplest terms it is my duty to warn you m the most formal manner that the 
study of it IS beset with difficulties, many of which cannot but constitute real obstacles 
in the way even of the mere beginner And this forms another of the fatal objections 
to the school teaching of physical science For there is as yet absolutely no known 
road to science except through or over these obstacles and a certain amount of 
maturity of mmd is required to overcome them 

If any one should deny this you may at once conclude either that his mental 
powers are of a consideiably higher ordei than those oi Newton (who attributed all 
his success to close and patient studj) or what is intrinsically at least somewhat more 
probable, that he has not yet traversed the true path himself But it would be a 
meie exercise of unpiofitable casuistiy to inquire which is the less untrustworthy guide 
he who affirms that the whole road is easy or he who is continually pointing out 
fancied difficulties 

Here as m everythmg to which the human mind or hand can be applied nothing 
of value IS to be gained without effoit and all that your teacher can possibly do foi 
you IS to endeavour so far as in him lies to make sure that your individual effoits 
shall be properly directed and that as little energy as possible shall be wasted by 
any of you m a necessarily unprofitable direction 
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